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PREFACE 


The Introduction and Chapter I were printed off in 
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should take note of at once. Chapter IT, whose completion 
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For help in this I owe an overwhelming debt to Dr. W. W. 
Rogosinski, who not only supplied much of the material, 
but criticised and corrected my text in the last detail, 

I wish also to express my gratitude to the printers 
Messrs. C. F. Hodgson & Son for their courtesy and great 
forbearance over a difficult 20 years. 

June^ 1944. J. E. h. 



Tmtkoductiok 


CONTENTS 


PAOS 


1. Notation ... 2 

2. The inequalities of Holder and Minkowski 4 

3. The selection principle 25 

4. Theory of functions of a real variable 26 

5. Fourier series 49 

6. Some theorems of analysis situs (topology) 66 

7. Harmonic functions ... ... ... ... ... ... ... 68 

8 The behaviour of certain special functions of a complex variable 91 

Chapter 1 

9. The maximum modulus principle ... ... ... 103 

10. Some classical theorems 112 

11. Preliminary results on conformal representation ... ... ... 119 

12. The theory of the linear function 126 

13-16. Riemarm’s existence theorem ... ... ... ... ... 130 

17. The conformal representation of limit-domains ... 140 

18-20. Boundary problems in conformal representation ... ... 143 

Chapter II 

21. Subharmonic functions ... ... ... ... ... 162 

22. Subordination ... ... 163 

23. The “ principle of subordination 171 

21-26. The functions P, (?, R ('* Picard functions) 186 

27. Functions 8 and 8 schlicht ” functions) ... ... 205 

28. Various developments 226 


Addenda and Corrigenda 


233 



2 


Notation. 


1. Notation. We use the symbol A(x, y, ...), or sometimes 
for a positive constant depending only on the parameters shown 
explicitly; in particular A will denote a positive absolute constant. We 
use K for a positive constant depending in general on all the parameters 
of the context. We use S for a number satisfying ] 3 1 ^ 1. A'&, K’s, and 
S ’s are not in general the same from one occurrence to another ; if we 
wish to preserve their identity in the course of an argument we affect 
them with suffixes 1, 2, .... 

e(i), en, etc., denote functions tending to 0 as their argument tenda 
to the limit (finite or infinite) under consideration. The symbol o(l)’ 
is available for such functions, and the e notation is used only to mark 
a distinction; we use it for functions that are independent of some 
parameter or parameters. 

The symbol e without an argument, and also d, denote as usuaE 
positive constants (“arbitrarily small’'). 

Certain letters used as indices (exponents) will denote numbers sub-^ 
ject to special conditions, fx may be any real constant, positive or nega- 
tive. The remaining letters denote positive constants, and, moreover, are- 
restricted by the following inequalities : 

X>0, r>l; 1<2?<2, ^>2; 0<^<1, 0<p<l. 

We shall occasionally allow ourselves the licence of extending the- 
ranges of A, /c, p to include 0, those of /a, A, ?c, r, q to include + oo , and 
that of p to include — oo ; but in such cases we shall always indicate the^ 
extension explicitly, [The commonest indices are A and r. p and q 
do not occur in Vol. 1. The definitions are repeated from time to time,, 
and the reader need not memorize them.] 

We write t' = t/(t— 1), where t is any one of the special indices’ 
(supposed, however, not to have the value t = 1). A dashed letter does 
not necessarily belong to the class denoted by the undashed letter : thus 
p' and q' are respectively of types q and p, and X', k\ p' may be negative. 

The relation between t and V may be expressed in two further ways,> 
with which the reader should make himself familiar : 

«-!)(<'- 1) = 1. 

The integrals with which we shall be concerned are generally ex- 
tended over a bounded set of points. Such a set of points can be reduced 
by a trivial transformation to lie within any given interval : we shall 
suppose always, unless the contrary is stated (and this does sometimes 
happen), that all sets jE, e, ... are contained in the interval (— tt, ir)^ 
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which we denote by We write Ei c for **Ei is contained in E%'\ 
and denote Eo— jB by CE, 

By HKy the “product** of two sets of points H and Jf, we mean the 
set of points common to H and K. 

A function /{d) to be considered in Eq is likely to have some natural 
relation to the period 27r, On balance it pays to lay down the con- 
vention that “/ is continuous in Eo’* shall include the relation 
/(— tt) = /(tt). In theorems about functions not necessarily continuous 
it is generally possible to alter arbitrarily the value of the function at 
a single point. In such circumstances we shall tacitly suppose that 
f(^n)=z f{iT) and that /, defined originally in Eo, exists everywhere 
and has the period 27r. This convention enables us, for example, to treat 
an interval fc on the same footing when it projects out of Eo 

as when it does not. 

Unless the contrary is stated all given functions are supposed measur- 
able : other questions of measurability are generally trivial, and we do 
not discuss them. 

When |/(0)|^ is integrable in the sense of Lebesgue in a set E we 
say that / belongs to the class in E. We write also for brevity L 
in place of 

The “sign of or, in symbols, sgn;^, is defined to be 0 if ^ = 0 
and zl\z\ otherwise, i denotes the conjugate of z = sgn F. 

The symbol [/jjv denotes / if and N ,&gnf if l/| > JV. 

£E] 2 V’ denotes that part of the set E for which the modulus of the variable 
does not exceed N, 

By a null-set we understand a set of zero measure, by a null-function 
a function that is zero except in a null-set. f=(j>, or, in words, “/ 
is equivalent to ^’*, means that / = 0 except in a null-set, or that 
/— 0 is a null-function. 

We shall use the following abbreviations : — 

p.p. (“presque partout’*) for “almost everywhere** or “almost 
always** {i.e, “except in a null-set**), [“a.e.** is insufficiently vivid and 
is apt to be mistaken for other things] ; 

b.v. for “bounded variation** and “of bounded variation** ; 

a.c. for “absolute continuity** and “absolutely continuous**; 

u.b.v. and u.a.c. for “uniform(ly) b.v.’* and “uniform(ly) a.c.*’; 

t.v. for “total variation’*. 

By a “trigonometrical polynomial** we understand a finite sum of 

type 

2 (Cn cos nd-{‘dn sin iid). 
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2i The ineqmUties of HUder and Minkowski. 

2 . 1. We suppose until farther notice, unless the contrary is stat^. 
that all letters denote numbers that are positive ox zero. The sums with 
which we deal are in general taken over ah infinity of terms j but in 
o«r proofs we may suppose them finite, and coinidete the argument by 
a trivial passage to the limit. There is a single exception to this rule ; 
*5heorem 4 of ,|2.82. Here “convergence” is mentioned explicitly 
and given a special treatment. 

Hfilder’s inequality is 

(H) (r>l). 

Minkowski’s inequality is 

(M) {T.ia+bfY''^ (A:>1). 

We first prove these results, then develop them at length, and finally 
collect everything for reference in Theorems 1 and 2. 


2 . 2. Let U^' - Sa', = 26*', W = lab. We have 


(1) 


For 


where 

X = a'Fi-V’-, 


and differentiation shows that t(x) is a minimum (for x ^ 0) when x = 1, 
in which case t = 1. 

It follows from (1) that if A is any positive constant 

ab = Xa.X-*6<X’-— + 

^ r r 

Summing we have 

W' F*" 

(2) W<X’--^+X-^-^. 

We may suppose in (H) that U, F!>0, in which case, if we choose A so 
that 

X'-U’’- = X-’-'F’-' = (X’-D'0''’'(X-’''FO^/’-' = UV, 


<2) becomes 




VV 

r' 


UV, 


and this is (H). 
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The inequality (M) is trivial when fc = 1 ; supposing then & >► 1 Uve 
have, by (H), 

T* = :E(a+bf = 

(3) < |2(a+6)'*! 

and the desired result follows. 

(M) evidently extends directly (or by induction) to more than two seta 
of numbers (a), (6); we have, in fact, 

(4) {2(a+&+c+...)'‘P''^‘< • 

Besults corresponding to (H) and (M) exist also with integrals in 
place of sums, and in (4), where a double summation is involved, there 
are also mixed forms. For the most part the proofs are substantially 
the same for sums or integrals ; wdiere this is so w^e shall generally give 
only the argument for sums ; where it is not the integral case is the 
more difficult and we consequently select it. In stating results we select 
sometimes the sura, sometimes the integral form. We suppose in our 
proofs tliat the range of integration is bounded; extensions to infinite 
range are trivial when they are valid, and we do not consider them until 
our final summing up. Our integrals are Lebesgue integi’als. We 
actually require none but elementary integrals in Volume 1, but the 
subject is more easily treated in the general field, and the full results are, 
in any case, required in Volume 2. 

For the “integraUintegrar’ form of (4) the argument transforms as 
follows : The case /c = 1 is trivial. Supposing then k > 1 we have 

T'‘ = j dy ( = j I j/ ) 

or 

which is the desired result. 


2.3. Let now / and g be functions, possibly complex, for which 
3^0, Then 




This is, in fact, what may be called the “mean"’ form of (H) (for 
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integrals). The 2jr’s may be retained or omitted at our pleasure, since 
they occur to the same power — 1 on both sides. We prove now that 
the sign of equality in (1) holds t if and only if each of 

(2) \S\'~c\gY', where c = 

an^ 

(8) sgofg = ~ c ( <? I where a is a real constant, 

hold in the set of 6 for which / ^ 0. 

It is easily seen that equality does hold in (1) subject to (2) and (3). 
Suppose now that equality holds. Then, in the first place, it continues 
to hold when the integrand fg is replaced by 1 / 1 | g | . Let X = c~h 
Then (indeed for any X) 

(4 + 

and equality in (4) happens only if |/|*’ = * (2) is false there 

exists a set, not null, in which (4) holds with inequality, and therefore 
a non-null set in which the difference of the two sides exceeds some 
positive 8 1 . Then 

\\f9 \d9<^ jj/r d0+ ^ jj g VdO. 

Since in any case 

J EQ—f * 

t The reader will find in VoL 2 that the conditions for equality (here and in §2.76) can 
be important weapons of argument: it is a mistake to suppose that they are of purely 
academic interest. 

} We shall often have to use the principle involved here, which is that if > 0 in 
a set of positive measure, then, for some 5, ^ > 8 in a set of positive measure. The principle 
can he generalized into the following form. 

Suppose that with every 0 of a set E of positive measure there are associated h positive 
numbers ...» fhW; k finite real numbers Mi(0)f M^{0)f ...» and I positive 

integers Ni{0)t ...» Ni{0). Then there exists a •positive number n, a finite /i*, I positive 

integers ^ 1 ,^ 5 , vi^%ll independent of 0, and a perfect set E* of positive measure contained in 

JB, such that for every 0 of E* 

<pn{0) > a (n<b), \M„{0)\<fi (n^k)^ Nn ^ ph {n^l). 

In fact, let H {p,q \ r^ r-, ...» ri) be the set of 6 of ^7 for which > jp' ' (w < /i), 

I i < 2 (n /c), Nn « vn (n < 1). Every 0 ot E belongs to some set H, and E = sif, the 
summation being taken over all positive integral i>, t*], r . Since 'X has a denumerable 

number nf terms, some H has positive measure with E, since mE ^ 2mB. H contains a 
perfect set E* of positive measure, and this satisfies the required conditions, with 

Pu-rn. 
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we have by addition 

= (7 +-7) Mr ( f ) MAg ) = M ,{ f ) M ,.{ g ), 

contrary to hypothesis. Thus (2) must hold. 

Finally, for equality in (1) we must have 

\jgd6 = e^A \fg\d6 

J».i Jn, 

[ . \S9 |(1— «~‘^8gn/gr) dB = 0. 

> ^ K\ 

The real part of the integrand being non-negative, we must have 
\Jg\\l —U(e-*^agnfg) } = 0. 

Since the set in which /g = 0 ia equivalent, by (2), to the set in which 
/ = 0, we have sgn /g) = 1 and so sgn /g = 1, except when 

/ = 0. This completes the proof. 

The case of sums is much simpler. 

Consider now the case of equality in the (M) inequalities, supposing 
everything non-negative. There is equality in all cases if fc = 1. If 
le>-l the condition for equality in the ‘‘integral-integral” form is that 
/(x, y) — F(x)(}iy) p.p. in x and p.p. in y. In fact, for equality in (5) 
of §2.2 the ®-integrand8 must be equal p.p. in *. By the (H) result 
equaUty requires 

= c(ar), 

p.p. in y, where c{x) is independent of y. This proves the result. 

In the “ sum-sum” form (4) the condition is that = can, <!» s c'a., ... 
for all n, where c, c', ... are positive constants. 

2 .4. The inequality (H) remains valid if the index r is replaced by a 
ju < 1 and the sign of inequality is reversed, provided only that ju 0 
[negative values of fx are permitted]. Similarly (M) is true if fc is 
replaced by fx'^1 and the sign of inequality is reversed, provided fi^O. 

To prove this let ns denote the inequality (H) by I {a, b, r), and the 
inequality with reversed sign by I*. If now .« = —X < 0. and we write 
« = b = I* (a, b, —X) is equivalent to l\a, /8, 

which is true, It n— p [0 < p < 1] and we write a = (a/8)*/', 5 s: /8~*/% 
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then J* (a, b, p) is equivalent to I (a, l/p), which is true. Thus our 

assertion about {H) is proved. In the case of (Af) we have only tO' 
carry out our former proofs, using I* in place of I. 

2 . 5. Lbmma a. (2a) > (2a*)''* (* > 1). 

For (2a)* = 2 { (2a)*-> . a } > 2 { a*"' . a f . 

[The simplest case of the lemma is 

(1 +a')* > 1 4- x* (a: > 0).] 

The inequality (H) e.vtends at once to the form 
(1) ( 2a J . . . I < (2 1 a !»•■) "-‘(S [ 6 j''*)*/'-^ . . . , 

where the r’s are connected by 



and the o’s, b’s, ... are not necessarily positive. To prove this we write 
the product ab ... as a/3 and use (H) with r = ri. In the sum 2/8’’^ we 
now write /8 as by and use (H) with r = Tj, and so on. We thus obtain 
( 1 ). 

We observe next that (i) remains true subject only to 

(») n > 1, j „ > 1 - y > 1. 

Ill fact, let 211/r = h, or 2] {rk) = 1. Then, by Lemma a, 

i 2a6 . . . f I < (2 1 a | V* ..,\t 1 ^ [n { 2(| a = H (2 1 a 

The inequality (1), subject to (2), may be replaced by the “mean” 
form 

^2a/;...|<Il(-i2|a|’-)‘'’', 

in which n is the number of terms in each set of numbers (a), (b), .... 
This inequality does not hold subject to (3). We shall call inequalities 
“homogeneous” + when they are true equally in ‘‘sum (integral)” or 
“mean” form. 

We conclude this paragraph by noting some easy variants and con- 
sequences of (H). The integrals are all taken over (— «■, «•), and /, g, ... 
are not necessarily positive. 

( 4 ) 


t The homogeneity is in tho range of summation or integration. 
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: [Trivifli' tan k =* ],'Other>^ise a consequence of (if) with / r^laced 
by S' by = ... ■ 


if 

where 


h'^lt A; ^ 1, /t+A>M, 



[For \fg 1 = \fg^ |V^ (|/| y/*. (| g | W' , 

This is the special case g = 1 ot (4). The parallel form is 


( 8 ) 



(8) is not homogeneous [nor is (7)] . If we suppress the factors 1/n the 
inequality becomes false; indeed, when the a’s are non-negative, it 
becomes true with sign reversed, as is seen at once from Lemma a. (The 
result corresponding to this in the theory of integrals has little interest.) 


2 . 6. We prove next (a’s and b’s not necessarily positive) : 

(1) (2 la 1 61*)'/* < (2 1 a-l-6l*)‘/* < (2 1 al*)*/*+(21 6 1*)'/* (k > 1) 

(2) 21a|‘‘-2161*<21a+6l*<21al*+2|61' (0<«<1). 

In each of (1) and (2) the left-hand inequality reduces to the right- 

hand one if we replace o by o-|-b and 6 by —6. The right-hand inequality 
of (1) iis (M). To prove that of (2) it is enough to show that 
(a-l-6)'' < a'-l-b* for a, 6 > 0 : this reduces to 


(l-l-®)’'<l+a!'' (x>0), 


which is easily verified by differentiation (since k— 1 ^ 0). 
We can combine (1) and (2) as follows. For A 0 let 


o = a (A) = 


J1 (A<1) 
il/A(A>l)' 


Then 

(8) (2 la l *)“-(2 1 6 lY < (2 la-f 6 ir < (2 1 o 1 Y -|-(2 1 6 1 *)*, 

or, what is the same thing, 

(8') ((2|o+6h*-(2|al*)«( < (216l*)«. 
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The remaining results in this sub-section involve constant factors. 
Their value lies in application and the precise values of the constants 
are without importance. We have first a result roughly equivalent in 
application to (30. 


< 4 ) 

where 

JSa(«, b) 


|sla-}-61^-2|ai"|<2|M*+i«A(«, ft) (X>0), 

|0 (X < 1) 

|^,((2 1 a |0*-*/"(2 |ft|0*'*+(2 1 a| Y/*(2 1 ft [O'-''* ) (X>1). 


This is proved [in (2)] if A. ^ 1 ; suppose then A > 1. The function 

{ (1 +#)'' — 1 — [ /(» -fx*-*) 

is bounded in [consider x < i<x<2, x>2 separately], 

and non-negative, by Lemma a. 

Hence, writing li for Ax, we have for non-negative a, b, 


0 < (a-|-ft)*-a*-ft* < B(o*->ft-f aft*-0, 

0 < 2(a+ft)»-2a* < 2ft*+7i(2a^-‘ft-|-2aft^-0, 

while finally 


2a^->ft < (2o0'-'/^2ft0‘/\ 2aft*-‘ < (2a0’/*(2ft^)'-''\ 

The case a ^ 0, ft ^ 0, is therefore disposed of. Consider now the 
general case ; we have 

(6) A = 2|a-|-ft|"-2|al^ < 2|ft|^-|-fex(a, ft) 

a fortiori from the positive case. On the other hand, by the same argu- 
ment. 


(6) -A = 2|a*l-21rt-|-ft|^ 

= 2|(a-|-ft)-|-(-ft)l"-2|a-|-fth<21-ftl*-|-i2x(«+&, -b). 

If A is positive (d) gives us what we want. If, on the other hand, 
A is negative, then Bx(.a+b, —b) ^ Bxia, ft), [since 1 — 1/X>0] and 
(6) gives what we want. This completes the proof. 

Next we have two simpler results. For A ^ 0 

<7) 21a-f-ftl^<^x(21alH2|fth, 

( 8 ) (2 1 a - l-ft i (2 kl '‘)'/*+(2 1 ft ^ } . 

with extensions to more than two sets. 


For |a+ft|*< |2Max(|a|, |ft|)}'^ < 2\|o|'‘+|fth. 
Thus (7) is true with Ax — 2^. Further 

21a-|-ftl^<2\2Max(2|al\ 2lfth, 
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*nd BO (2 1 a + b < 2* Max 1(2 1 a (2 1 6 [ 

< 2'+'/^ (2| « |Y/H(2 1 b , 

■which proves (8). 

We now prove that, for A > 0, 

<9) i/ 1^1/— /nl^id-^O a« «-♦ 00, f/«cn 

<10) if j^l/-/»Nd-^0, j^l/* then f =/ in E. 

In fact, by (3)' (for integrals), 

provided j |/|^dd is finite. If the last integral is not finite we can con* 
dude that for any fixed E 

f l/» N0 > J I 1* ^ J 1 [/].v r de 

and so oo, since the last expression tends to oo with E. 

Thus (9) is true whether|l/|*dd is finite or infinite. 

It is not difficult to deduce (9) also from (4). 

For (10) we have /»— / = (/»—/)+(/*—/«), and so 

\\/*-f\^de < A, |M0} 

by (7). Since the right-hand side tends to zero the left side is equal to 
jzero, and the non-negative integrand is equivalent to zero. 

2 . 7 . The vieans 

2 . 71. We define, for any finite 0, 

= (sLi/n«)‘". 

A„(/) = log 

For /u = + CO we define as the greatest number M such 

that for every e |/| > M—e in a set of positive measure, or as oo if no M 
exists. We call this number also Max(|/{) or the maximum of I/I: 
equivalent functions have the same maximum, and for any / there exists 
Dn equivalent /*(= [/]jr)> of which M is the maximum in the ordinary 
sense. Similarly we define Min|/|= M_» = c^~* as the least m such 
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that l/ICm+e in. a set of positive measure. For a continuous / M 
and m are, of course, Max | / 1 and Min | / 1 in the usual sense. Finally 
we define 

Ao = logMo = ^ j_^log|/|<f^. 

This integral has a definite value (possibly + oo of — 00 ) unless the 
integral over the positive values of the integrand and that over the nega- 
tive values are both infinite. In the latter case we regard Aq as taking 
all values from — 00 to + oo , and interpret statements about it in the 
obvious way (e.g. ^ Aq would mean A^ = + ). = 0 is a genuinely 

exceptional suffix, but the gloss enables us to remove those points of 
difference that are merely trivial. 

We observe that 

(1) = — A^(l//) (— GO < /X < + ), 

a result which enables us to infer propositions about negative /x from 
those for positive /i. 

2 . 72. We prove next : 

(2) A^-^A+oo CLS A^“>A-«, as cr. 

It is enough, by (1), to prove the first. If < +00 there exists an 
f* such that 

1/1 = |/*1<M., 

and 80 M^if) = < Af„. 

On the other hand, | / 1 !> — e in a set E of measure 8 >- 0, 

Ijm > Af. — e, lim -M). > 

M— 

Hence K = oo we have, for an arbitrarily large Ky 

I/I > in a set of positive measure S, 

/ g \ i/»* 

E'^j , lim Af,. > K, lim Af,, = oo . 

2 . 73. We show next : is an increasing function of /* (fn the wide 
sense). We have to show that A,,, ^ A,., if jU) >' /ii. It >- 0 this 
follows from §2.6(7) [with l/l*** for/, h = and (1) above then 
shows that it is true also for fit < 0. (Incidentally we see that 

Af+o = lim 
>+o 
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«xiste, «nd similtoly for M_0') It is therefore sufficient to prove 

( 1 ) K>\ ( m > 0 ), 

and to this end we may suppose > M^<. ao. Then, since 

l 5 g|/) = Maxaogl/f. 0 )<^,l/K 
1 f' + 

we have log |/1 dd < oo , 

and a fortiori Aq = ^ 1/1 dd < oo . 

[This means incidentally that Ag has a definite value less than oo ,] 
Supposing, as we may, that Ag > — qd . we have now 

1/1'* = exp 0*logl/l) > 1+M logl/l, 

m; > l+Mo. 

and so M^.^— lim Af„ ^ lim(l+(i*Aj)^/'‘ =: exp Ag = Afg. 

fi— >.+0 

Since is increasing for /i* > 0 this gives Ou > 0 ). 

a . 74. Continuity of A^, M^. We define now (as above) 

A±o = liBn A-m* ^±0 == 

/*— >-±0 

As above we have 


*(1) A— 0 ^ Ag A.|.o, ^ -fil+o* 

We show now : 1 / ^i >0 and A^, is finite, then A^ is continuous for 
every ju in 0 < /t < pi, and is continuous on the left at ft ^ ft^. 

In the first place A,» is finite in 0 < /a < /ti since A^ ^ A,,, < + ® 
and A^ = — 00 gives = 0, / = 0, ilf„ =0, A^, = — ee> . Let now ft 
tend to a mo> where 0 < /wg < m, but only from below if Mo = A*i* Then 
we have 

a function of class L independent of ft. By a well known theorem 
[proved below as Theorem 10 ] , 

hn j!/Nd = jliml/|'‘dd = f|/|'-dd. 

•or Af„ -► AT,,,. 

Suppose now further that Ag is finite ; we shall show that A,^ is con- 
tinuous in +0 < ft fii— 0 . It is enough to prove that A, = A4.0 or, on 
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account of (1), that A+o < Ao- Suppose first that |/| is bounded be- 
low by a positive constant, which we may suppose, on grounds of 
homogeneity, to be 1. Then log | / 1 ^ 0 and 

|/|'‘< l+M'log|/|+0«log|/|)*(H-l/|»^>) 

(2) 

where ^ I/1)®(1 +|/| dd < co 

since M),, < oo . Hence 

lim < lim(l+/*A<,+/«®/)’/'* = exp Ag, 

M-> +0 

the desired result. Finally, no longer supposing |/ 1 bounded below, let> 
/* = Max(|/i,«-'). Then 

A+o(/) ^ A+o(/n) 

^ Aq(/«) 

by the bounded case. This being true for all n v/e havef 
A^if) = lim Ao(/n) > A+o(/). 

n-~>Qo 

This completes the proof. 

We conclude with one or two simple observations. 

(8) 1/ 0^fi.<. /*!, < 00 , and A^ = — ao , then A^+o = — oo . 

For A|»+o(jr) ^ A(»+o(yn) — A^(y»), 

and this tends to — oo whether /u > 0 or ju = 0. 

(4) The relatione A^ < oo , A,,+o = + oo are (simultaneously) possible- 
for a M > 0. 

(6) — 00 = A_o < Aj <: A+o = + 00 is possible. 

The function /= i|0|(logl01)®j has the property (4), and’ 
/= exp(l0|“*sgn0) has the property (6). 

The results of the subsection, collected and extended to negative p 
by means of (1), are given in (10) to (18) of Theorem 1 below. The facts 
are simpler than the arguments, and the best classification involves some 
rearrangement, which the reader may profitably verify. 


I By Theorem 11 Cor. below, /„ being monotonio. 
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2 . 75. Convexity. 

Lbmua Suppose 0<.a^$^y, a<y, and My{f)<. co'. Then 

(1) 9=^E|. = 

In other language, log(Mi) is a convex function of X.+ 

The result is trivial unless a <; < y, which we suppose. 

Then 0 < S < 1, and if r = a/(/93) = (y— a)/(y— )8) >1 , we have 

Mf < = Mi 

We show next that equality can occur in (1), with a < < y, only if 

there exists a set EcEq such that \f\ = c in E and /=0 in CE, c being 
a positive constant, and that in this case (1) is true, with the sign of 
equality, for all a, y [satisfying 0 < a ^ /S < y]. 

The last part is evident. If now equality holds in (1) it holds in (2). 
Hence 1/|“ = c [/I'*', by (2) of §2.1, and this leads at once to the first 
part. 

As a corollary of Lenxma we have : If < Xj, Mx,(/,J tends to xerO' 
aB»i->eo, and My,(fn) is bounded, then M),(f„)-*’0 for X<Xa. 

Besults parallel to these bold also, of course, for means of sums. 
Thus, if Sa = (2 1 a 1“)*^“ and we suppose in the first instance that there- 
are n a’s, we have 

n-^loSp < 

We may, however, drop the n-factors on account of homogeneity, an(f 
may then suppose the a’s infinite in number by a passage to the limit'. 
Thus 

Ss < SlS\-^. 

where d is the number in (1), and equality can hold, for a < /d < y and 
S, < 00 [in which case S« < oo by Lemma a] only if all o’s are- 
zero except a finite number, and for these |a| = constant. If thie 
happens, then eqnality does hold for a, /3, y. 


t ^(x) is a convex function of x if, for any interval a < a; < S ^(x) < ^(«), where ^(«) 
is the linear fnnotion of x which agrees with f{x) at » ^ a and x 0. Or, if " the aro lies- 
below the chord ". 
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2 . 76. The three-term inequalities in § 2 . 75 are. homo^neous. - We 
consider now two-term inequalities; these are non-homogeneous, and 
’"rneans” and “sums (integralsT’ behavfe differently. We have seen 
already ^that Af,(/) < Myif) ia < y\ and Lemma a shows that 

iSiy .;('a ^ y). [Thus ineans and nums are ' monotonic in opposite 
senses. Neither monotony is implied, of course, by the convexity.] . We 
proceed to consider the’ conditions for equality in the (non-trivial) case 
« < y. The results are : • , ■ 

<1) If a <Y and My<.oo, thiti JIf,' = My if and only if !/ i ^ c, tohere 
c is a constant, and then equality holds for all a, y. 

(2) If it <.y and S, < oo , tlun S. = Sy if and only if all a's are zero 
but one, and then equality holds far all a, y. 

Let j8 = |(a-f-y). Then, by Lemma /S, S^^Sy, and so 

M, — Mf — My, S„ = 8it^.8y (if the extremes are equal). These require 
respectively ]f\ = ^ when ^ is everywhere 0 or c; |a| = c for a .finite 
mmiber v of «’s, the rest being zero. If E is the set in which ^ = c we 
have 

c(mEl2-7rfl' = M,= My = c{mEl2irfl->, 

whence mE — Similarly 

= 8a = 8y= 

and V = 0 or 1 if c ^ 0. These facts establish (1) and (2). 

2 . 77. We conclude by determining the limits to which the monotonic 
function tends as a-*0 and a-> <x> . 

(1) Jy S,< ® for all o>’0 then S,->a> as a-*0 unless there is only 
one a different from zero, in which case is the same for all a. 

For if ai,aa^0 laii'+losl* > f for a<ao and S, >(f )'/•-> oo . 

(2) J/ S. < ® for some sufficiently large a, then S,-»Max |« | as a-^oo . 

Clearly | a | = ju = Max 1 a | > 0 can occur for at most a finite number, 
V say, of o’s, otherwise S|a|“ would diverge for every a. Hence 

(&)■ = . +2i;. 

where every 6,< 1. Further, the last series is convergent for a ^ oo, 
say, otherwise S, = * for every a. But then 2bJJ is uniformly con- 
vergent for e ^ oo, and so tends to 2 lim = 20 = 0 as a -> oo ; Thus 

{8alftT-*V, 8a->ft. 
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2 . 81. We now sum up the results obtained so far in a number of 
separate theorems. We do not always give the parallel results for both 
sums and integrals, and shall treat as sufficient a reference to a “sum” 
result where the application requires the “integral” one. 

In Theorems 1 to 4 we use the index conventions : 

M real, X > 0, A; > 1, r > 1 ; 0 < * < 1, 0 < p < 1 ; t' = t/it-l). 

Other letters denote in general arbitrary complex numbers. We recall 
the definitions 

M^(/) = A^(f) = 


subject to the gloss explained in § 2 . 71. 


= Max 1/1, ilf_, = Min 1/1. t 

Si=21al\ 


Theorem 1. We have the following inequalities, integrals being 
taken from —it to it, unless otherwise stated. 

More generally 


( 2 ) 

( 8 ) 





(2) remains true subject to 






(4) 1^Ja^«1‘ 

( 6 ) 


f In tbo modified sense of § 2 . 71. 


c 
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for any h, k satisfying h'^l, fe > 1, h+k > hk, where 




1 - 


h’ 


(7) 

(8) In (1), (2), (4), (5), (6) we may suppress the factors ~ and 

suppose the integrals taken over any set E, of finite or infinite measure. 

(9) When everything is positive the inequality (1) is true with reversed 
sign when r is replaced by a non-zero ju < 1. 

We have further the following results, supposing [tn (10) to (18)] 
that I / 1 M not almost everywhere zero or almost everywhere ao . 

(10) A^(/), are increasing functions of p. (in the wide sense). 

In particular jMm-o(/) exist. 


(11) M,,(f) -* M „ (/) = Max \f\ as 00 , 
M„.(f)-*M-„(f)=Min\f\ as /u 

(12) If A^„ A„ are finite and pi < pq, then A^ is continuous in 
Ml ^ M ^ P%‘ [Either jui or p^ may, of coarse, be 0.] Suppose Pi^O 
and A,,j is finite, then A„ is continuous in the interval (0, pi) taken closed 
at Ml and open at 0. Further A^-»>A<, as u-*0 in (0, mi) [bnt Ajinay be 
± 00 ] ; in particular, if mi >■ 0, then is continuous in 0 ^ m ^ Mi- 


(13) At a fixed point p>0 the alternatives are : 


(i) — 00 < A,, < 00 , A,._o = A,,, A|»+o is either A,, or oo . 

(ii) = A|»+o = 00 , — 00 < A„_o < oo . 

(14) At a fixed p<.0 the alternatives are : 


(i) — 00 < A^ < 00 , A, 4 +o = A,i, Aj»_o is either A^or — oo. 

(ii) A^ = A^_o = — 00, — 00;^ A^ <00. 

(16) At p = 0 the alternatives are : 


(i) —00 < A<, < 00 , A+o = A(, or +oo , A_o = Aq or — oc . 

(ii) A_o = A^ = A+o = 00 . 

(iii) A_ = Aq = A+o = — 00 . 
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(16) In (13) to (16) all possibilities left open can actually occur. 

(17) cannot have a finite discontinuity at any p. 

(18) Except at p = 0 one or other of A^+o, A^_o is equal to A^. 

(19) Let 0 < a < jQ < y, My(f) < «o . Then 

(20) Equality occurs in (19) if and only if |/| = c tn some set E 
and / = 0 in CE, and then it occurs for all a, fS, y (satisfying 
0 < a < ;8 < y). 

(21) If 0 < a < y and My(f) < oo , then — My if and only if 
I/I = c, and then all Af, are equal. 

(22) If Xi < X3, Afx,(/J-»-0 as n-*<x>, and Afx,(/n) is bounded as 
»->oo , then Afx(/n)->0 for all X < Xg. 

(23) is a decreasing function of X (m the wide sense), 

(24) If 8 \<. CD for all X > 0, then 00 as X->0, unless there is 
only one a dijferent from zero, in which case Sx is the same for all X.+ 

(25) If S\<. CD for some sufficiently large X, then Sx"*Max|a| as 
X-^ 00 . 

(26) Let 0 <.y, iS«<oo. Then 

S. < S* where S - 1-& - 

(27) Equality occurs in (26) only if all a*s are zero except a finite number 
for which \a\ is constant, and then equality occurs for all a, j8, y. 

(28) If 0 < a < y and < <» , then 8 a = Sy only if all a*s but one 
are zero, and then all Sa are equaLX 

Theorem 2. 

(1) (2|a+6ir*'<(2|al>)''*+(S16l‘)'/*= (* > W 


t If n is the number of a*8, then ; this result is the analogue of ** 

as X->0 (provided some Mx<<x) )**. 

t The analogue for integrals (as opposed to means) is : if 

then / = 0 except in a sub-set of E of measure unity, in which |/| = c. 


o2 
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More generally 

1 m I / m \n ' 

(8) (jal I ^ ■ 

<6) (jjj/(®.y)%| '?*) < j(jl/(«. y)l*<**) ^V' 

(2) may be generalized to 

■(6) fs I S Cmdm, H 1 1 ^ 2 I (J,tt I fs 1 n > 

(6) may he generalized to 

<7) ( j| ^^y^ ^y 1 1 ' 

< j ( 2^) I* I 'A(®) I I I 

«nd similar extensions may be given to (3) and (4). 

(8) Equality occurs in (1) if and only if all b's are zero or else b = ca, 
where c is a positive constant. Equality occurs in (5) if and only if 
8gn fix, y) is constant where it is not zero, and fix, y) = Fix) Giy), 
p.p. in X and p.p. in y. 

<9) When everything (but the index) is positive the inequalities (1) to (5) 
are true with the reverse sign if k is replaced by any non-zero ju < 1. 

(10) (21al‘)^/^-(2)6l*)^/*<(21a+bl^^/*<(21al‘)'^^^ (*>1) 

(11) 2|al*-2l6|*<Sla+5l*<21al*+216|* (0<(c<l).t 

(12) 1 (S 1 a+ 6 1^)«-(2 1 a 1^)« I < (2 1 6 1^)‘, a = J Jj. 

(18) (2 1 a+6+c+. . . 1^ < (2 U 1 Y+(2 1 b l^)-+(2 [ c p)“+ . • . . 

(14) I (2 1 a+i+c+ . . . l^)‘-(2 1 a h)« | < (2 1 i +(2 1 c l'^)‘+ .... 

(16) |2|a+&|*-2|ah|<2|6|H2i. 

t For non-negative a, h there exist the following oompanions to (10) and (11) : 

2{a + 6)* > 2a* + 26*, {2(a + 6)*}W* ^ (Sa*)V* + (26*)W*. 

The first is an immediate corollary cf Lemma a, the second is a caM of (9). 
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where It = 0 if and 

E = A^(CL\a I b 1 a 1 1 b 

if \>1. * 

(16) • S|a+6|^<4x(2lal^+2161^). 

(17) (Sla+6|^)'A<^x{(S|ar)’'"+(S|61^)'/H. 

(18) If f |/-/,]Ad0_*o as n-*<c, then f \f\^dd, 

JJi JE JE 

where the right-hand side may be finite or infinite, 

(19) If f \f-f^\>^de^O and f then f*=f. 

JE Je 

2 . 82. To the preceding theorems we add two more, of which the 
first constitutes a kind of converse of (H). They arise naturally out of 
our considerations of the case of equality in (if). 

Theorem 3. Suppose that r > 1 and E is any set of finite non-zero 
measure. Suppose that (/ being any complex function) 



for every bounded function g such that 


( 2 ) ^lwde = r'>o. 

Then 

(8) 

If f is real it is sufficient for (3) that (1) should hold for every real 
bounded g satisfying (2). 

We may suppose U ^ 0. If now we take g to be a suitable constant 
in [£];vr and zero elsewhere [the constant being chosen so that (2) is 
satisfied] , our hypothesis asserts, among other things, that / is integrable, 
and so measurable, in [£?]Ar, and so measurable in E. 

It is sufficient to show that 


( 4 ) 
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If the left side is zero there is nothing to prove. If not, choose 

9 = 

and the constant t so that (2) is satisfied, i.e. so that 



Since g is bounded (1) holds, by hypothesis. This gives 


uv. 


Eliminating t between (5) and (6) we obtain (4). 

Theorem 4. Suppose that, all letters denoting non-negative numbers, 
'Scinbn is convergent for every set of b's for which 26^ is convergent. 
Then 2a is convergent. There are corresponding results for the con- 
vergence of infinite integrals (of both kinds). 

Note that this theorem is not a trivial consequence of Theorem 3 (for 
sums). 

It is sufficient to consider the series form, and to prove : if 2an 
is divergent there exists a set of d’s such that 261^ is convergent and 
2an6n divergent ; or, writing an = an, a^bn = Uun, to prove : given a diver- 
gent 2an we can find a set of tn such that 2an^,i is divergent and 2anin 
is convergent. For this it is sufficient to take tn = l/sn, where 

Sn = ai+a2+--«+an- 
fFor 2— diverges with 11 (l— — ) = 11^^, 

L Sn \ Sfi/ Sn 

and on the other band 




dx 


<K 


•] 


2 . 91. Theorem (Young). Let <p(x) > 0, ^{y) > 0, ^(0) = \/r(0) = 0, 
and let y = <f>{x), x = yfr(,y) he strictly increasing, continuous, and 
inverses of each other in x'^0, y'^0. Then, t/ o ^ 0, b ^ 0, 

( 1 ) ab < f <l>(x) dx+ [ \fr{y) dy, 

Jo Jo 

and equality occurs if and only if b^ <j>(a). 


t Note that sgn/ = 8gn 
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Either a = ^(a) < b =: ^(/8), or else /S' = y^(b) ^ a = ^(o') ; say the 
former. Then /S^o. 


‘a rft 

1 ^dx -{- 1 \frdy—ab 
'0 Jo 


= j^^(a5)rfa!+ j xd^(x)—ab 
= /8^(/6i)— j ^{x)dx—ab 


The inequality 

< 2 ) 


>/8^(/8)-08-o)^(/8)-a6 = 0. 


, ^ or , b’' 
— + 7 - 


is the particular case tpix) = It generalizes to 


(8) abc... <2— for 2— = 1. 

r r 

for more than two numbers a, b, c, .... This, in turn, generalizes as 
follows. 


2.92. Theorem. Let ^i(x), ... ^m(x) he continuous, strictly in- 
creasing functions of x in x'^0, and ^»(0) = 0 (n ^ m). Let 
and let x — X„(y) be the function inverse to y = $«(*)• 
Suppose now that the tp^ nre connected by 

m 

(1) UX„(y) = y (y>0), 

1 

or, more generally, hy 

(1)' H Xniy) < y (y > 0). 

1 

Then for a„^0 (n ^ m), 

<2) n a„ < 2 I p„{x) dx. 

1 1 Jo 

We may suppose that no a^ is zero. Consider 

r^rt 

<8) Fitti, aj, . .. a„) = 2 I (f>„(x) dx ia„ > 0), 

Jo 

subject to 

<4) G = fla„ = t, 

1 

where t is a positive constant. P is evidently bounded below, and it 
tends to 00 as any a„ tends to infinity. It follows (since F is continuous) 
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that F attains its absolute minimum for some set of a«’s, none of which 
is zero. 

For this set we have, by a theorem of the differential calculus, 

/K\ 3 (t t\ t ^ \ 

(6) = ® <“<">■ 

for some value of independent of n. (5) gives 

**(<*») — ?r; 

OCin 

(6) a» = XnOd ) ; 

and taking the product for n^m, 

(7) t = nz„(\<) 

< \t, by (1)'. 

The right-hand side of (7) being a strictly increasing function of A, 
the equation (7) has at most one solution for A given t. Hence there is 
exactly one solution A ^ 1, for which (6) gives a minimal set of a„. For 
this set the (minimum) value F* of F is 



Transform the integral by x = Xnii), "'hen = ^/X»(f). 

We have 


( 8 ) 








Kt 


cmXnii) 


= ux„i\t) ■- i. 


Hence for any set Ui, ... a^, 


F>F* = < = no„ 

the desired result. 

The relation (1) is the generalization of the relation between a pair 
of inverse functions yjr. To see this, let y = ^(a;), x = Then 

xy = $(*) = ^(y) ; « = {xy), y = Sf-' {xy), 

xy = (a;^) {xy). 

For a general function ^(a;) there is no extension, universally true, 
of (H) in product form. 
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3. Theorem 5 (the '^selection principle''). Suppose that the numbers 
fi(n,m) exist for all integral values of n and m, and are hounded for 
each fixed m and varying n. Then there exists a strictly increasing 
sequence ni, n^, ... and a set of numbers Pi, ... such that for each 
value of m, p(nr, 7n) tends to P^ as od . 

The numbers P(n, 1 ) have at least one limit point Pi say, and we 
can select a strictly increasing sequence Su or ni,i, ...» such that 
^(wi,r> l)-^Pi. The numbers Pinion 2) have a limit point, jSa say, and 
we can find an (increasing) subsequence S 3 of Si, or n 2 , 2 , ...» for 

which Phh,T,%->p 2 - Further we may evidently suppose that 
for example by choosing = 711 , 2 . The process can 
be continued indefinitely : there exists Pz and Ss, or 713 , 1 , ^* 8 , 2 . a 
subsequence of S 3 with 713,3 > 712,2 and so on. Consider now the in- 
creasing sequence S, or 7ii,i, 713,21 ^ 3 , 3 , .... For each m we have 
^(72,77i)->Sw as 7 i->Qo through S,„; hence also i8(7i,77i)~>j8,« as 7 i->oo 
through S, which is a subsequence of aS„,. 

If the variable m (but not 7^) in j8(n, m) is replaced by a continuous 
real or complex variable, the principle ceases to hold. We may, however, 
expect it to hold if P(n, z) has sufficient continuity for its behaviour to 
be dominated by the behaviour of p{n, z^i), where (z^,!) is a set of points 
everywhere dense. We have, in fact, the following important and power- 
ful principle. 

Corollary. Suppose that is confinvotis in a hounded domain D 
of one or two (or any finite number of) dimerusions, and that in any 
closed set D[ interior to D the continuity is uniform in n. Then there 
exists a subsequence (n,,) and a continuous **li7nit-functio7i" f such 
that as r-^oc, uniformly in any closed set interior to D. 

The uniformity of the continuity means that given e there exists 
a d = S(€, D[) (independent of n) such that for all n and all z, z' ol Di 
subject to 1 12 — 2 ;' I < 8 we have 

( 1 ) 1 < e. 

Consider the points of D whose coordinates are rational. They can be 
arranged in a progression (z^) in such a manner that for any z ot D 
there exists a Zn within distance 8 of it for which m ^ M, where 

M = M{S)=iM(e) 

depends only on 8 and D (for example, by arranging that the greatest 
denominator occurring in coordinates of z^ is monotonic increasing with 
771 ). The numbers pin, m) = are bounded for fixed m and varying 
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n. Hence there exists a sequence ni, nj, ... and numbers ui, aj. ... such 
that for each m 

as r-* 00 . [Note that the sequence («,) and the functions ^ do not 
depend on Dj.] Now let D't be any closed set interior to D, a the dis- 
tance from D'i to the frontier of D. and let D[ (so far arbitrary) be the 
set of points of D whose distance from the frontier is not less than ^a. 
Let S be the number associated with D[ and the inequality (1). We may 
allow 8 to be diminished, and may therefore suppose that 8<;]^a. If 
now z is any point of Dg there exists a z^ within a distance 8 of 2 , where 
m ^ Af(8), and z and belong to D'l. Now, given any m, there exists 
a v(e, m) such that 

1 0r(^(m)— 1 < e (/•,«>!<); 

hence, if Max i'(e, m) = N — N{e, S) — N{e, Di), 

we have 

(2) 1 0rfei)— I < € (r, N, m < JU). 

In the inequality 

I — 1 < I 0r(««) I + I ^,(«) — 0,(^m) | + 1 <t>r(llJ — <l>,(Z^\ 

each term on the right is less than e (if r, s'^N), the first two in virtue 
of |«— «»|<8 and (1), the last in virtue of (2). Thus 

I < 3e 

for r, N(«), and all z of D't. It follows that tpAa) tends to a limit 
function /(*) uniformly in DJ. Since Dj is arbitrary, f{z) cannot de- 
pend on it; finally / is continuous at any point of D, as the uniform 
limit of a continuous function This completes the proof. 

4. Theory of functions of a real variable. 

4.1. In this section we set out those parts of the theory of real 
functions which we require later. We sometimes carry our develop- 
ments beyond what is strictly necessary, but have not tried to be 
exhaustive. The extent of knowledge required is nothing like so 
great as is sometimes supposed. There are three principles, roughly 
expressible in the following terms : Every (measurable) set is nearly a 
finite sum of intervals ; every function (of class L^) is nearly continuous ; 
every convergent sequence of functions is nearly uniformly convergent. 
Most of the results of the present section are fairly intuitive applications 
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of these ideas, and the student armed with them should be equal to most 
occasions when real variable theory is called for. If one of the principles 
would be the obvious means to settle a problem if it were “quite” true, 
it is natural to ask if the “nearly” is near enough, and for a problem that 
is actually soluble it generally is. 

When our results are capable of extension to functions that may take 
complex values — and they generally are — ^the extended form is either 
deducible trivially from the real one, or else the proof for the real case 
applies with trivial modifications. We shall therefore take such exten- 
sions for granted, giving only the proof in the real case, and sometimes 
only the enunciation in the real case, when either procedure suits our 
convenience. 

4 . 21. Theoebm 6+. Suppose that f(0) is of class in Eq, and let 
. be given. Then there exist (a) a continuous 0, (b) a strctchwise 
oC^iantl C‘ step- function"') with the further properties: 

(1) I/— 0 I < e, except in a set e of measure less than 8, 

( 2 ) 

<8) ^(x) = x). 

If further f is bounded on one or both sides ^ such a </> can be found 
with the same bound or bounds. 

Theorem 2 shows that if, given /, we can find, first an of a 
certain type such that is arbitrarily small, then, for fixed 

an of another type such that is arbitrarily small, and so 

on to ; then, given /, we can find a function of the last type, such 
that is arbitrarily small. We shall use this argument fre- 

quently, and we have here its first occasion. A precisely similar principle 
is available for a result of the type (1). 

Let /„ = [/]n and let Cn be the set in which /» =56: /. Then 

n==l/»l<l/l in 

^ I }y|^d0 ^ I , 

•/ J Eq 

•and so «»-> 0 as n-> oo , and 

( \f-fn\^d6^\ \2/\^dd-*0. 

J Eq — 


t This is the second principle of § 4 . 1. 

X That is to say : Eq can be divided into a finite number of intervals, in each of which ^ is 
A constant. 
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By the principle explained above we may, in proving (1) and (2), 
now Buppose that / is bounded. We may, for similar reasons, reduce the 
proof further to the case when / is a function which takes only a finite 
number of values ax, og, .... ajr. [If f* is the integral multiple of «' 
nearest to / we have I/*— Let now Cr be the set in which 
f=a,. Then e, = e|.+e5I— e{.", where e" and e"' have arbitrarily small 
measure and e'r is a finite sum of intervals f ; moreover, the dissections 
can clearly be made in such a way that e[, Cg, ... cy are mutually ex- 
clusive and together compose Eo. Then if f* is the function which is 
Or in ei (r = l, 2, ..., N), is arbitrarily small, and f* is 

a stretchwise constant function 0 with the properties (1) and (2). 
By bridging the gaps in the graph of this <f> by sufiiciently steep 
lines [thereby disturbing the values of the function in a set /f 
arbitrarily small measure, and disturbing arbitrarily lit ‘Vj 

we can convert <p into a continuous function, which, by one mc'?49 
such adjustment, can be made also to satisfy (3). The stretchwise 
constant ^ itself can be made to satisfy (3) by an arbitrarily slight adjust- 
ment. Thus we have proved the existence of ^’s of types (o) and (b) 
which satisfy (1), (2), and (3). To prove the last part of the theorem we 
have only to observe that if, e.g., f ^ /8 and f satisfies (1), (2), (3), 
then <f>*, defined to be </>, a, or yS, according as « ^ ^ ^ or 

is of the same type [(a) or (b)] as <p, and satisfies a fortiori the 
conditions (1), (2), (3). 

A less elementary but shorter and more elegant proof proceeds as 
follows. [It appeals to theorems proved a little later, but they are with- 
out logical priority to Theorem 6.] 

Let 

i i/» 

-1/n 

tft is continuous [and satisfies (3)], and it is easily verified that bounds 
of / are also bounds of </>. Since f* is of class L and is therefore almost 
always the derivative of its integral, the functions 

f±i/» 

±«j, f*(.e+t)dt, 

and therefore also converge almost always ’to /*{$) as n-*ao. 

Hence also (sgn tp* -►sgn /• and) p.p. Also 

f |^|Me=( l^*lid<2nr'" dJ |/•(0+^)ldt = ( |/(d)|"d0. 

JEa JBj J— 1/'» JSq JEti 

t This (for an arbitrary set) is the first principle of § 4 . 1. 
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By Theorem 13 (2) holds when n is large, and (1) is an immediate 
consequence of Theorem 9, This disposes of case (a) ; the transition 
to a step-function is, of course, easy. 

4 . 22. Theorem 7. Let f{9) he periodic and of class L^. Then 
-F(0) = 

is periodic and continuous. In particular F(9)-*0 as 6-*0. 

Given e we can find a continuous and periodic ^ for which 

Let $(0) = j’ By Theorem 2 (14) 

< (I r dt) *+ d' /(O-^(t) I" dt) “< 2e‘. 

Since <^(0) is continuous it follows that {^(0)}* and j jF'(0') differ by 
at most 8e' provided 0'— 0 < d(e). It follows that {F(0)}“ and ^*(0) are 
continuous. 

Corollary. Let J and g be periodic, and f of class L’’ and g of 
class L’’’, or / of class L and g bounded. Then 

= J{d+t)g{t)dt 


is a continuous function of 0, 

We have in the first case (writing t— for t) 

1 AHI = I m9+ d)-H(0) I = I ^ 0«-0) dt I 

(4) < j' j 

The first factor is small with 8, by the main theorem, the second is 
Mr'ig)\ and so finite. Thus A£f->0 with 8. 


t This disappearance of an apparent parameter (here 9) will become very familiar. 
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In the second case the right-hand side of ( 4 ) is replaced by 

where K is a bound of | g | , and the conclusion follows as before. 

4 , 23 . Thbobeim 8 (Eiemann-Lebesgue). If E is any set (of finite 
or infinite measure) and | |/|i8 exists, then 



Let [B]jirbe the set of those points of E for which N. Then 

If /(0)e“‘d0|<( |/|d8^0 

as N -><» . It is therefore enough to prove the theorem for a bounded 
set, or for Eo and a periodic /. 

(i) Writing y for vt~^, 

F(f) = (' me^^dd = - T” /(0-,) e*>‘de. 

J-ir •'-ir + Tj 

and, adding and taking half the sum, 

F(f) = j {f(e)-f(e-n)]e*^de 

1 m |< i f \f(e-„)-f(d) I id+i ( 1/(0) I dd+i f 1/(0) 1 de, 

when ei and have measure 17. Each term on the right tends to zero 
as <“>00 (or j;--> 0 ), the first term in virtue of Theorem 7 . 

(ii) It is easy to prove directly from Theorem 6 that it is enough to 
prove Theorem 8 when / is a step function and E an arbitrary finite 
interval. This reduces to proving it when / is a constant, and this is 
immediate,, by direct integration. 

4.31. Theorem 9 (Egorofl)+. Suppose that as n->oo /»(9)“>/(d) 
p.p. in E clEo, and that / is finite p.p. Then there exists a set H, 


t This is the third principle of $4.1. 
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of arbitrarily small measure, such that /»-►/ uniformly in E—H. The 
result holds also if f is (say) + oo p.p. 

The last part foUows by a trivial transformation from the first, which 
we proceed to consider. 

Let >f>n{x) be the upper bound of !/—/,» I for m > » : is a decreasing 

function of n for each x. Let En(e) be the set in which ^ e. For 
fixed e En(e) is a decreasing set, and its limit as »-> oo is included in the 
null-set in which /» does not tend to /. Let now e, tend to 0 as n->ao 
and let 2)a„ be a convergent series of positive terms. 

Since mEn{e)-*’0 there exists an n,. such that mEnAsi) < a^. The 
measure of the set 

r 

00 

does not exceed 2 a^, which is less than rj by choice of r. Consider now 

r 

any point* of J5— JT, and let n > ^ir+s, where s will be chosen presently. 
We have 

\Mef)-f(d) 1 < ^,( 9 ) < <p„„.(d) < 

since 6 belongs to the complementary set of Enr^sier+a)* Since < c for 
s > «oi where Sq is independent of 0, it follows that /w->/ uniformly in 
E-H. 


4 . 32. Theorem 10. If fn-^f p.p. m EdE^y then 

f UdB^ ( fde, 

•Is Je 

provided fn uniformly hounded \y or the product of a uniformly hounded 
function and a function of cIclss L independent of n, or, more generally, 
provided fn has a majorant of class L and independent of n. 

For if F is the majorant of the /„ (and therefore also a majorant of 
/), and H is the set of Theorem 9, we have 



j 1/.-/I 


dQ < lim 


f =lim[ 
Jh Jh 


< lim \ 2Fddy 


and this is arbitrarily small with the measure of H. 

A similar result holds, of course, for a function depending on a 
continuous parameter instead of on n, and the same thing applies to many 
of the theorems that follow. We shall state explicitly only the results 
involving the parameter n. 


t In these oirouxnstances we say that fn converges to / boundedly. 
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, 4.33. Thbobbm 11. (i) Suppose ar(n) > 0, «,(«)-*• «r <m «-♦<». 

Ifhen 

OO ' 00 

(1) liffl 2 Orin). 

' 1 «-»•• 1 

(ii) Suppose /„(6) > 0 atid in EcEq. Then 

(2) f /dd< lim f /*d0. 

Jg n-XeJg 

To prove (i) we need only observe that for every AT 

\ y « 

So,. = lim SorOO < lira 2ar(«). 

II— >«> 

For (ii), the analogue of (i) for integrals, we have [/»].v-»'[/]jv P-P-.. 
and boundedly. Hence, by Theorem 10, 

( = lim f < lim ( /,d0, 

Jg Jg Js 

since /» > 0 and so [/»liv </»• The limit of the left side as N-^ « is 

j fdd by definition, and the desired result follows. 

The proofs are valid whether the right-hand sides of (1) and (2) are 
finite or -foo. When f/rffl is finite (ii) is an immediate corollary of 

Theorem 9. Thus 

lim f (/»-/) dfl > lim f (/„—/) d9-f-liin ( fndQ- ( fdd, 

and of the terms on the right the first is zero, the second non-negative, 
and the third arbitrarily small with mH, whence lim|^> 0. 

Corollary. If /« is monotonic increasing (decreasing) in n for each 
BofE, so that f„ converges to sotnefinE, oncf i/ j^/ndd > — oo«+oo) 
jor some n = v, then 

lim I y„d0 = |^/d0. 

For supposing /„ increasing,/*—/, is non-negative for n>v on the 
one hand, and not greater than /— /, on the other, so that 
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Suppressing the various — we have 

lim f fnd^ = f fdd. 

jE jE 

4.84. Thbobbm 12. Suppose that ar(n)-^ar, for each as ^ 

and that 2 |arh convergent. Then in order that 
1 

(1) lim 2 I ar{n)—ar = 0, 

n — >00 r=l 

it is sufficient, and also necessary, that 

<2) 2 ; ar(»)h-> 2 iarl^ 

The necessity is given by Theorem 2 (18). t For suflBciency we 

assume the truth of (2) and have to prove (1). We have 

lim i 1 ar(n) = lim 2 1 Urin ) lim 2 | a,.(«)|* = ij a, I'"— 2 1 a, | = e^r. 

»->oo N 1 111 

Hence, by Theorem 2 (16), 

Hm 2 1 «,(«)— Or 1^ < Rin A 2 (| a,{n) |*+ | Ur |^) < 2Axe.v. 

Hence finally 

oo 

lim 2 I ar(w)— ar|^ = lim 2 ^ 

1 N 

and the left-hand side must be zero. 

The same arguments establish the following 

Corollary. Let frW (r = l, 2, ...) be a set of non-negative func- 
tions each continuous at 6 = do. If now 

Fid) = 2/,(0) 

is continuous at 6o, then 

lim 2l/.(e)-/r(0o)| = 0, 

and 2 /r(^) w uniformly convergent in some neighbourhood of 0 = Oq. 

The first part is a particular case (with A = 1) of the theorem (for 
a continuous variable 6). For the second (“Dini’s theorem ) we have 

2 frid) < 2/.(0o)+ i\M0)-Md^ |. 

N y 0 


t Indeed the hypotheeis a,.(n)->ar is here unneoeesary, being a consequence of (1). But 
this no longer applies in Theorem 18, the corresponding result for integrals. 


D 
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The first term on -the right is independent of (?, the second is less than «• 
provided that 1^— ^o|<8(«), by the first part, and the result follows at 
once. 

4 . 35. The result for integrals corresponding to Theorem 12 is as 
follows (we have developed certain details) : 

Thbobbm 18. Suppose that /»-♦/ p.p. in and l/l^(id<QO. 

Jeo 

Then in order that 

(1) f 

it is sufficient, and also necessary, that ■ 

( 2 ) ( \/n\^de-*\ \f\>^d6, 

•'Eq 

and in particular it is sufficient that 

(8) f 

J Ed J Ed 

When (2) holds we have also 

(4) (JBcJE?o)- 

In particular, when A. == 1, (2) is a sufficient condition for 

(6) \ fndd^\ fdd (Be So), 

JB Js 

but it is not necessary. 

Finally, if either (and therefore both) of (1) and (2) holds for a par- 
ticular X, they hold for all smaller 

We follow the proof of Theorem 12 so far as is possible. It is in- 
structive to note what elementary device in Theorem 12 corresponds to 
the use of Theorem 9 in Theorem 13. 

In the first place, by Theorem 2 (18), (1) implies (2) (and, indeed, 
without the hypothesis f„-*f p.p.). Suppose now that (2) holds. It 
is easy to see that (2) must hold also when Eo is replaced by any E C E^ 
For writing 

Jn(E) = £|/«1" de, J(E) = 

we have, by Theorem 11, lim7*(jB) > J(E). If now Um /.(B) > J(B), 
we have, by combination with !im/»(CB) > /(CB), lSQcr»(Bo) > /(B^), 
contrary to hypothesis. Thus Hm J„iE) < J(E) and lim (E) = J(E). 
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We can now deduce (1) from (2). By Theorem (9) I/*— /|-*0 uni- 
formly in E^—H, where mH is arbitrarily small. Then 

Also f 1/I*d3. 

Jb lu Jn 

The right-hand side tends to 2.dx I |/|^ dd, by what we have just proved, 

J H 

and this is arbitrarily small with mH. It follows that 



is arbitrarily small and therefore zero. 

Since (3) implies (2), by Theorem 12, it is sufficient for the truth 
of (1). 

The result (5) is, of course, included in (4). To see that, however. 
(2) (with A = 1) is not necessary for the truth of (5), consider the example 

f„ = 0(e = 0), /, = « (O<|0l<«->), /,=-» (»-*<! 3|<2n-»). 

/» = 0 (|e|>2n-’). 

Here /(0) = 0, but f l/«|d0 = 2. 

Jjfo 

To prove the last part of the theorem we have only to observe that if 
1 !/»“"/ 1 tends to zero for a particular \ it does so also for any smaller 

jkq 

A, by Theorem 1 (10). 

4.41. Let (ui, jSi), (uj, jSa), ..., (ay, M he any finite set of non-over- 
lapping, but possibly abutting, intervals contained in Eq. A function/ is 
said to be of bounded variation (b.v.) in E^itaK exists such that 

f= 2 |/08j-/(aj |< Z 

m=l 

for all such sets of ifatervals. If, further, given e, there exists a 8 = d(e) 
such that t < e for every such set of intervals whose total measure does 
not exceed 8, the function / is said to be absolutely continuous (a.c.). 

If / depends on a parameter n and if numbers corresponding to K, 
8 above exist which are independent of n, then /» is said to be uniformly 
b.v. or uniformly a.c. (u.b.v. or u.a.c.). 

d2 
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In what follows we use e to denote the set of points belonging to any 
finite set of non-overlapping intervals contained in jE?o, and (a„, ^n) 
(n = 1, 2, N) for the intervals themselves. We shall sometimes use 
the symbol e to denote also the mode of dissection of the set e into 
intervals. [Note that distinct modes of division e may correspond to the 
same set of points e.] 

Any measurable set E is of the form e-f-Ei— E 2 , where mJSi, mE% 
are arbitrarily small. liet now mEi, mEft, and Max awl 
zero in any manner. Then it is known that if / is a.c. the number t 
tends to a unique finite limit T(/, E), depending only on / and E, and 
additive in E. T is called the total variation (t.v.) of / in E. 

For a b.v. function and an interval ap, the t.v. is defined to be the 
upper bound of t tor all modes of division of ap with an e. The t.v. for 
an e is defined as the sum of the t.v.’s for the intervals composing e (this 
depends on e only qua set of points). When / is a.c. and £? is an e there 
is evidently consistency with the definition of T(/, E), We shall never 
have occasion to apply the conception of the t.v. of a b.v. function in 
an arbitrary E, and since it would require a long explanation we shall 
ignore it. 

The further results contained in Theorem 14 and 15 are also known. 

Theorem 14. (i) A b.v. function is the difference of two positive and 
increasing functions, which may be supposed continuous if f is con- 
tinuous. (ii) A b.v. function f has p.p. a finite differential coefficient 

and /' belongs to the class L. (iii) If f is non-decreasing and con- 
tinuous, then 

</(«-/(«) («>«). 

Theorem 15. A function f a.c. in Eo is of the form 

[ g(&)d6+c, 

Jo 

where g is of class L in Eo and cis a constant. Further 

T(f.E)=\ \g\d6. 

Js 

so that T tends uniformly to 0 with mE (i.e. uniformly in E)}. Con- 
versely the integral of a function of class L is a.c. 


t This is true by definition when is an e. 
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4 . 42. Theobbm 16. Suppose that f has the property 

for every set e, where r>-l and G are constants. Then there exists a 
function g of class L' such that 


( 2 ) 

and 

( 8 ) 


fid) = Wd$+c 

Jo 


f jgrde^G. 

JSo 

Conversely (2) and (3) together imply (1). 

The converse is immediate, since 

by Theorem 1 (10), whence the sum taken over the left-hand side does 

not exceed 1 | gr ^ G. 

J Eq 

Suppose, then, that (1) holds. We have first, by Theorem 1 (4), (8), 

f |/(/8»)-/(a,) i = 2 I Ad < (s 1 |'Ad)*'’‘(SA0)’/'' < G^l'imefl’'. 

Since this tends to 0 with me f is a.c., and so, by Theorem 16, is of the 
form (2). Consider now a sequence of divisions of e% being, say, 
..., 0^^), in which Max | dSli— We define a flr„(d) for 

all 0 of Eq by 

^+1 ^ 

Then if e is taken to be (1) is identical with the inequality 


(4) 

Now is of the form 


( 117 .( 0 ) 1 ' 


de^G. 


gmt/(€n+en). 
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For a 0 at which g{0) is the differential coefficient of its integral the 
numerator is 

hence except for a null-set in 6. Hence, by Theorem 11, 

f Urn [ |g',l’'d0<G. 

4 . 61. Thbobem 17. If /„ is u.a.c. then 



where p, is of class L and c^is a constant depending on n+. Also, gir i 
«, there exists o 8 = 8(e), independent of n, such that, if E is any st* 
(not necessarily independent of n) for which mE ^ 8, then 

T(f„E)= [ \g„\d6<e. 

Js 

For (for fixed n) T(/«, E) differs arbitrarily little (see § 4 . 41) from a 
finite sum t taken for a set e of measure arbitrarily near mE. 


4.52. Thborbm 18. Suppose that fn-*f p.p. in in order 

that both f shall be of class L and [ \/»—f\d6 shall tend to 0 it is 


IS necea- 


necesimTy and sufficient that I \fn\dd is u.a.c.» and, again^ it 

rtf Jo 

sary and sufficient that \ fndQ is u.a.c. {Hence also the last two con- 


ditions are equivalent.) 


The equivalence of the u.a.c. of ^\fn\dd and follows from 

Theorem 17 and we need only consider the first condition. 

If j \fn\dd is u.a.c., we have J \fn\dO <1 whenever mE <m, say. 

Then Ef^ can be divided into [2x/^t]+l intervals e (at most) for each of 

which j \fn\d6 < 1 ; hence j \fn\dQ is bounded, and, by Theorem 11, 

/ is of class If. We may therefore suppose, in both the necessary and the 
suf&cient cases of our theorem, that /,» and/ are of class L, and incident- 
ally finite p.p. Then there exists a set H, with mR < d, such that 


f Note that/u need not be unifonuly bounded i* coneider, e.^., the case » c« « n. 
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/»— uniformly in E^—H. We have, therefore, on the one hand 

<1) <o(l)+e(i)+( |/«|, 

J ff 

and on the other 

<2) ( |/»1 < f \fn-f\d6+ ( 1/1 de < [ l/„-/i dd+ei(^) (mE < S), 

JB JE JE JBo 

'where e(d) and e^iS) are independent of n, H, and E, and tend to 0 'with 
8. If now j \fn I dd is u.a.c., the last term on the right-hand side of 
(1) is less than ea(8), and it follows that \ |/»— /IdO-^O. Conversely, if 
J IfnldO is not u.a.c., there exists an a > 0 and a sequence £?i, E 2 ^ ... for 
which and |/,Jt?0>a. If now we take E En in (2) and 

JjSti 

make n-> oo , we have 

lim[ 1/*— /ld0>a. 

Jb. 

It follows that, if the integral last written tends to 0, must 

he a.a.c. 

4 . 63. THBoasM 19. Suppose that /»-*•/ p-p- in E^. Then in order 

that f shall be of class L and 1 |/„— /|<f0-»O (or in order that \ fndd 

^hall be u.a.c.) it is sufficient^ and also necessary ^ that a function 
exists such that <f>{t) = ^{t)lt increases fo 4“® with t and 

<1) f ^(\fn\)d6<K 

J Sq 

for all n. 

Suppose that (1) holds. Given any set E let /* = mE, and let Ei be 
the sub-set of E in which l/» | ^ /»"*, E^ = E—Ey. Then 

f l/» 1 < f /*"* d6 = = ei(M), 

JKi JjSi 

and 

f ( \ fn\ d9 ^ E/^(m~*) = ei(M), 
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80 that j /ncZd is a.a.o. The snfficieaoy part of the theorem is therefore 

established (in virtue of Theorem 18). 

In proving the necessity part ve may suppose that j/ndd is u.a.o., and 
also that/« (and so /) is non-negative (Theorem 18), and we have to estab- 
lish the existence of a $ giving (1). As in § 4 . 52 we have I Add <. K\ 

Let S Oh be a convergent series of positive terms, cn a positive function of 
m tending to 0 as rn-* oo . Let be a positive increasing function and 
the set in which /, > T^. Then 

^ f /ndd < ^Max [ /„d8 < 

In virtue of the u.a.c. it is therefore possible (as a little reflection shows) 
to choose the function such a manner that 


( 2 ) 


L/‘ 


dO (all 


Let us now define $(t) = t^(t) where 

{Tfn ^ t 


Then 


f$(/;)d0=(f + i: f )Mifn)de 

JSq »K— 1 J JpMf, n— 

< 2wri+ i e;' f AdO < 27rri+ S a« = AT. 
»»=1 1 


CoBOLLiBY 1. Suppose that f p.p. in r > 1, and I |/n < G* 

JBq 

Then ( |/l’‘d0<G, [ |/»— /|d6->0 and (a/orfiori) f /nd0->[ fd9 
JXq JjBo re JB JS 

for any fixed EcEq, and \ fndO is u.a.c. Finally we have 

f |/»— /N8-»-0/or 0<s<r. 

JlPo 

The first part follows from Theorem 11, the second and third from 
the main theorem. The remaining last part is a consequence of the 

second and Theorem 1 (22), ^since ^ ^A-fVd6y\ 2A:VrJ. 




Gobollabt 2. Sv^pote that r>l and { Then 

JB, 


d6 is u.a.c. 
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In fact the argument proving 1 |/n|e?d<eO*) is independent of the 
hypothesis /»-*>/. 

4 . 61. “Completion”. Suppose that a function / is defined in a set 
everywhere dense in Eq, but not everywhere in Eg, and let Q be the 
exceptional set, 6q a point of it. Let us denote by £ik{dg, S) the set of 
points 6 satisfying ] (9-0J < d. We shall define /(e,) to be 

lim [wpper bound of f(&) in A{$g, d)], 

«->0 

and shall denote by /.(0) the function that results from this completion 
of the definition. [Taking the lower instead of the upper bound would, 
of course, produce a different but equally satisfactory completion.] 

We often start from a sequence of functions /h which converges to 
a limit / except in a null-set in Eq, To ensure that /. is unique in this 
case we lay down the conventions that Q is the set in which does not 
tend to a limit (this phrase being taken strictly), and that is formed 
from Q and the values of the limit function in Eq—Q, 

We observe concerning completed functions : 

(i) A point do belonging to Q is the limit of a sequence 9^ dg, . . . of 
points belonging to OQ for which 

M9q) = lim/(dn) = lim/c(d„). 

n— 

(ii) If, by assigning appropriate values to / in Q, it is possible to 
obtain a function continuous in Eq, then fc is this continuous function. 

4 . 62. Theoeem 20. Suppose that /« (d) is u.a.c. or u.b.v. in Eo and 

that in a set everywhere dense in Eq, Then fc is respectively a.c. 

or b.v. ; further, in the a.c. case everywhere in Eq, and moreover 

uniformly. 

We consider only the a.c. case; the other is simpler. Consider any 
e, or (an, /8n) {n = 1, 2, ..., N). Some of the On, jS,* may be points of Q. 
Let us suppose, to fix ideas, that belongs to Q, but that no other a or B 
does. Then oj is the limit as i/ -> od of a point of CQ, for which 

/.(ai) = limM-^ 

Then, denoting by e, the set of intervals e, modified by the sabstitation o 

for oi, we have 

f l/.03.)-/,(aJ 1 = Im (l/(/3i)-M)) 1 + 1 |/08O-/(a,) |) 

=: lim lim t{fn, e,). 


( 1 ) 
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Now me, < 2»ie = 2/* (say) if y > and then, by hypothesis, 

<(/«. «!.) < «(/»)• Hence 

lim t(/„ e„) < eCtt) (y > v^, 

tt— >.00 

and so, from (1), <(/,, «) ^ eQi). 

This proves the first part. 

It remains to prove that xiniformly in Eq. Given e there 

exists a 8, independent of 0, such that 

(2) I < e for I 0'— 0 1 < S and all n ; 

moreover (since /« is continuous), we may suppose also that 

(S) l/.(0')-/.(d)|<e for |0'-0|<^. 

Let os divide Eq into intervals less than d by y divisions 0i, 0^ 6, 

belonging to CQ. For a given 0 let now 6, be the division point nearest 
to 0. Then 

IfM-fM) I < e (all n), 
l/M-fM) I < e. 

Finally, by hypothesis, 

i /« (Or) —foiOr) I < e (n > n,). 

From these three inequalities we have 

I fn(0) — /e(0) 1 < 8«, n > Max (iij, n^, n,), 

and this completes the proof. 

4 . 63. Theorem 21. Suppose that /„ ->f in Eq, or in a set every- 
where dense in Eq, and that r > 1, 

/« — [ f l5'»|*'d0^G. 

jo JjSq 

Then ft = 1 gdO-]-e, where g is a function such that I | g ^dd ^ G. 

Jo 3 So 

By Theorem 19, Cor. 2, is u.a.c. Hence, by Theorem 20, /, is 
a.c., and so an integral, say the integral of g. (Consider now any e and 
the sum 

S{fi) = 

1 |p«— 0*1' 

taken over e. Since /*-♦/, everywhere (Theorem 20) we have 

S(/e) = lim S(/«). 
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Hence, since by Theorem 16 (converae part), 

J Sq 

we have also S(/,X O. This being true for all e, Theorem 16 shows that 

f ljrc70<C?.t. 

4.71. Thboubm 22. Let /»(0) = [ ff„dd+c,i (n = 1, 2, ...) be a uni- 

Jo 

Jormly hounded and u.a.c. sequence of functions. Then there exists a sub- 
sequence fnrW), r=l, 2, which converges uniformly to a function 

y(6) = j gd6^c, where g is some function of class L. If further r> 1 
<ind I I gn^dO ^ (?, all this happens, and also | g \^d6 ^ (?. 

JjSTc. 

Let ffj, 02, ... be the rational multiples of tt in JS?o» arranged in any 
way as a progression. By Theorem 5 there exists a sequence rii, nj, ... 
and numbers ai, a^, ... such that, for each m, 


as oo . The sequence <ffrW) is n.a.c. (a fortion, since fi is). It follows 
from Theorem 20 that am is the value at 0 = 6m of a certain a.c. function 

/= j gd6+c, and that uniformly in JSq r->co. This proves 

the first part : the last follows from Theorem 21. 

4 . 8, Convergence in mean. 

4.81, Gonverge?ice on the average. Let fi,f^, ... be a sequence of 
functions, / another function, and let E{y, e) be the set (in in which 
14— /1>€. If now, for each fixed e, limmE(t/, e) = 0, we say that 

fn converges on the average to /(in E^. 

Thsobem 23. Let /i,/a, ... be a sequence of functions, each finite 
p.p., V, e) the set (in E^ in which I/,*— /,.| > e, and suppose that 
for each fixed e mE (/t, v, e)-> 0 as /jl, v tend independently to <ao . Then 
there exists an f and a subsequence (fnX such that fnr'-^f p-p- ols od . 
Also any two such f are equivalent, and fn converges on the average to f 


f Theorem 16 has fulfiUed its purpose in establishing Theorem 21, and is never used 
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Conversely, if /« converges on the average to an f finite p.p., then all tho 
other events happen. 

If inEift., V, e) 0, then, given any convergent series Sen, we can 
find an (increasing) sequence %, ... such that 

mEiiir, «r+I. er) < e,. 

Consider now the series 

= SUr. 

r-l 

oo 

If 6 does not belong to Ey = "2 E(nr, nr+i, er) we have | Ur| < cr for 

r=¥ 

00 

r > I/, and the series converges (absolutely). Since as 

V 

v-*-iX) the set in which the series diverges has arbitrarily small measure, 
and consequently has measure 0. That is, fn, -* f p.p. (for some limit 
function /). 

Next, given «, ti> we have 

(1) l/u-AK® 

except in a set Ei= E(n, e), where mE^<.ri provided n'^v{e,ri), 
r ^ ro(e, i;). Also, by Theorem 9, -> / uniformly in GE^, where 

mE^ < n, so that 

( 2 ) \fn—f\<e 

except in E^. Combining (1) and (2) for r = Max {rg, r^) we have 
|/»— /I < 2e except in a set (depending on n) of measure less than 2f}. 
Hence /» converges on the average to /. 

Suppose now that / and /• are two “limit-functions”. Then we 
have simultaneously 

!/«-/!< e. !/«-/* I<e, 

except in a set EM whose measure tends to 0 as n oo . Since 

I/— /•|<2e except in £?« it follows that the set E(e) in which 

I f—f* I ^ 2e has arbitrarily small measure, and so measure zero. The 

set, lim Eie), in which f* therefore also has measure zero, 
• —►0 

and /*=/. 

Finally, since 

F(ju, V, 2e) C Ein, e)+E(v, e), 

mE(Mt I', c)->0 for each e as if mE(p, e)-*0 for fixed e as 

¥-*■00 , This proves the last part. 
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4 . 82. Strong and weak convergence. If A,>0, / is of class and 

J l/*— as »-^oo, w« say that /, converges strongly to /, 
with index A. 

The simplest case of strong convergence (and, incidentally, of con- 
vergence on the average) in which we do not also have /»-*>/ (p.p., or 
indeed anywhere) is afforded by an /„ whose graph is the real axis except 
for an interval!,, of centre P, and length l„ = o(l) (not too small), upon 
which there is a steep peak, the set of P„ being everywhere dense in Eo. 
For example, we may take the point (where denotes x 

less the integer nearest to sc) for P„ n~^ for In, and /„ = n* or 1 respectively 

in In (and zero elsewhere). Evidently [ if f<2 in the first 

JBq 

case and for all r in the second ; /» converges strongly to 0 with index r. 
On the other hand, familiar facts about rational approximations show 
that any 6 is interior to an infinity of I» (and, of course, exterior to 
another infinity), so that lim fn exists for no 6. 

If r>l, 

(1) ( UnVdd^G, 

and 

<2) there exists an f such that for each 6 of Eo 

we say that /, converges weakly to /, with index r. Two “limit-func- 
tions" of the same sequence are necessarily equivalent, since the integral 
of their difference is identically zero. 

We observe in passing that, subject to (1), (2) must hold for all 6 
if it holds in a set of d everywhere dense in 6 (Theorem 21). 

The simplest example of weak convergence is /, = sin n6. /, con- 

verges weakly to 0 with any index r > 1 (by Theorem 8). 

4.83. Thborbm 24. If /*-♦/ p.p. m Fq, r > 1, and f l/,l’’dd<G, 

J So 

then I \f»—f\d6^0 and (a fortiori) fn converges weakly to f. 

J JSu 

This is merely a restatement of Theorem 19, Cor. 1. 

Theobeh 25. If fn converges strongly to f with index r> 1, then 
fn converges weakly to f with index r. Also |^ |/» |'^d8->'|^ |/|'■d8 as 
» -► 00 if Ec. Eo, 
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The last part is a case of Theorem 2 (18), and it shows incidentally 
that f \fnY^ is bounded. Also f \fn—f\dB-*0, by Theorem 1 (10). 

J«i 

4 . 84. Thbobbm 26. If /« converges weakly to f with index r and 
constant G, then 

[ |/N6<limf |/„N0<G. 

It follows first from Theorem 21 [with /»forp»] that [ Next» 

JSo 

if lim I 1/, YdB = i, there exists a sequence (n*) giving I | /»., |’■d6->Z, or 
JEo Je 

f |/.„N0<i+6 (»»>J»o). 

JEt 

Since the sequence fn^(m7>mo) converges weakly to / with constant 
we have 1 |/l'‘d6<Z+c, whence the result. 

J Eq 


It is false that 


f |/rd6 = lim[ |/n|-(f0; 

a Gegenbeispiel is = sin nO, / = 0. 

4 . 85. Theorem 27. If converges weakly to f with index r and 
g belongs to class I/‘ then 


^Jn9de-*^Jgde {EcE^ 


as n~> 00 , 


We may suppose (by taking gf = 0 in Eo—E) that E = Eo. By 
Theorem 6 there exists a step-function (p in Eo for which 

f \g-ip\^d$<S. 

jEo 

By Theorem 26 / is of class U; hence, by Theorem 1, f^g and fg are 
of class L. Then 

If fngdB-\ /<7d6|<|f (A-/)^d6 + ( {fn-f){g-i>)de 

I J J Bq I I J J7o J Bo 

Since ^ is constant in stretches the first integral on the right is of the 
form 


CA-/)d0- {/n-f)d6] , 
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and tends to 0 in virtue of the hypothesis. The second term on the right 
does not exceed 

of which the first factor does not exceed 

and the second does not exceed It follows that 


f fngdB-\ fgdd < 0 (l)+ 6 (d), 

J Eo J JEfo 


and so that 


[ Ugd6^\ fgdO. 

J JEo J So 

4.86. Theoreu 28. Suppose that r>l, [ Then 

JSt, 

there exists a subsequence /*„ converging weakly (r) to some f 
^for which the convergence of j fn^dd to j fdd being 

moreover uniform. 

= I fndd is the general term of a u.a.c. sequence (Theorem 19, 
Cor. 2) ; also 

1^*1 27rilf,(p < 


By Theorem 22 there exists a subsequence Fn„ converging uniformly 

to some Fi0) — f fdd. [The constant c is zero since Fn (0) = 0, and so 
Jo 

F(.0) = 0.] This proves all but the parenthesis, and that follows from 
Theorem 26. 


4 . 87. Theorem 29. Let (/J be a sequence of functions, each of 
class \ > 0, and suppose that for each given e 

f I/m— /•> < e {/*>•'> *'o(e))* 

J-B'o 

Then, 

(1) there exists a subsequence /*, converging p.p. to some f of class A. 

(2) any two limit functions f, f* of this kind are equivalent, 

(8) /* converges strongly (A) to f, 

(4) /n converges on the average to f. 
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With the notation of Theorem 23 we have 

mEifx, V, n) < f I 1^# < (/*!«'> »'o(«)) • 

Hence for each 7 mE{n, v, ti )-*0 aa fi, v -*-00 and ( 1 ), ( 2 ), and (4) follows 
from Theorem 28, except that we cannot conclude that / is of class L^. 
Finally, if « > vq, 

f l/-/«iMd = f lim |/„^-AN 0 

JEo J «.->« 

< lira j I /«„—/« I (Theorem 11) 

<C j edd = 2 x 6 , 

by hypothesis : converges strongly (A) to /. Incidentally this shows 

that / is of class L^, and the proof is completed. 

If A = A; ^ 1 (the most important case) it is possible to give an alterna- 
tive proof of ( 1 ), (2), (3). This does not depend on the idea of average 
convergence, or on Theorem 9 (but results from combining the argument 
of § 4 . 81 and the proof just given). 

Let Scr be a convergent series. In virtue of our hypothesis we can 
find an increasing sequence (nr) such that 


Then 2^ ^ I 'Uf [ dtB ^ 

and lim f ( 2 |tt,.l)d 0 = 2 [ |«,.ld 0 < 2 x 2 er. 


By Theorem 11 

j ^S|«rl)d0 = jjlim < Uffi j < 2x2ev < *, 

the integrand is finite p.p. and Su, is absolutely convergent p.p. In 
particular /» ->/ p.p. (for some/). But now 

[ 1 /”/* I fnr—fn i’'dd<lim(<« (n>«o) 

and fn converges strongly (k) to /. Thus (1) and (3) are proved, and 
(2) is a case of Theorem 2 (19). 
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Finally, if A = r>- 1, there is another proof of (3) which is worth onr 
notice. 

If V >• vo(l) we have 

JEi) JSn 

«o that we have, for all n, 

( \fnVde^G. 

JjBu 

By Theorem 28 there exists a subsequence fn,^ converging weakly to some f. 
Since fn^—fn converges weakly to f—fm Theorem 26 gives 

f 1/— Urn f \fn„—fn\''dd<e («>Ho), 

JjEo m— 

and this proves (8). 


5. Fourier series. 


5 . 1. Notation. In what follows we suppose always, unless the 
■contrary is stated, that fid) is of class L and has the period 2ir. The 
constants 


< 1 ) 


a, = Onif) = — I fiff) COB nOdO 
TT J-ir 

in > 0) 

bn — bnif) = — 1 /(^) sin nddd 


are called the Fourier cosine and sine coefl&cients of /. For negative n 
we define 


<2) a, = a_„ hn = —b-n ibo = 0) 

<and these equations are then valid for — oo <«<<»). The constants 

<8) C„ = Cnif) = (- » < n < CO ) 

we call the complex Fourier coefficients of / (even if a», are com- 
plex). Clearly 

<4) 


c„ — 
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We indicate the relations of the a„, bn, c„ to / by 

oo 

(5) iao+ 2) (<f, cos nd+ba sin ltd), 

(6) /~ 2 

— CO 

in which there is no implication that the “Fourier series” on the right 
are convergent, or that if they are convergent the sums are equal to 
/(d). If c, = 0 for nCO the “Fourier series” is said to be a “Fourier 
power series". The condition for this in terms of the an, bn is that 
bn = ion for all positive n. 

We write also 


(7) On = a»(d) = a„ cos nd+bn sin nd (— oo < »i < oo ). 
We have the following identities, in which we suppose n>-0 : 

M n 

(8) Sn = s«(d) = Jflo+ 2 a«,(0) = iao+ 2 (a,* cos mB+bm sin m6) 


= 2 Cme' 
—n 


,m$t 


(9) = o-„(d) = = ^ao+ 2 (l- -) a« 

n „i=i \ n/ 

= 2 (l-l 

— n ' 


Considered as derived from an / of which the a’s, b’s, and c*s are 
Fourier coefficients, Sn and <r„ are also written (TniO^f). 

N 

We observe that if Pa- is a “trigonometrical polynomiar' 

—If 

then 

s«(P.v) = P„, o-„(P.v) = 2 (l- Lji) (N^n> 0). 

In particular we have 

«» = f«(/), (Tn {sj^rl/)} = OTnif) if .N’ > w > 0. 

For, e.g., «,(P^) = ^2 ^ {— ^ e-««dd| e^, 

and we have only to integrate term by term. For a similar reason a 
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uniformly convergent trigonometrical series is the Fourier series of its 
sum. 

We write further 

(10) ^(t) = 0, /!) = i {/(a+<)4-/(0~O-2«} , 

(11) = I |/(0+«+/(0-O-2/(0)[, 

(12) ^{t) = [ $o(0 = I 

Jo Jo 

nti fui 

(13) $*(0= l^(u)jdu, |^o(M)lrfi^. 

Jo Jo 

5 . 21. Thbobbm 30. 1/ f is of class L then an, bn, Cn tend to zero as 

n->'x> . If f is b.v. they are of the form 0(h“^) ; if f is a.c. they are of 
the form 0 ( 74 ”^). In any case 

|c«l<^jj/M0 = I. |a„|<27, |i»|<2J. 

The first part follows from Theorem 8. For the second we may 
suppose / real, positive, and decreasing (Theorem 14) t, and then, by 
the second mean value theorem, 

f«i 

Tran = / (— tt) j cos nOdO, 

where — This gives = OCn”^), and the result for 6n is 
proved similarly. 

If / is a.c. it is an integral : say j g(jt) dt+c. Then for n > 0, 

I fcosnOdO = 1 g{t)d^ cosnQdQ 

= _-Lj' ^(e)sinn0d0 = O+o(n-^ 

by the first part. 

The last part follows at once from the definitions of 

5 . 22. Thborbm 31. Suppose that (/ is of class L and) f ^ 
and that F{Q) = j fiOdt—Cod. Then 

c«(2f^=^ (mijfcO). 


t For once, of course, we drop the convention /(-») */(»). 
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For 

= 0-|-wiicin(JF) = fniCn{F)t 

since F(t)—F{—v) = j /(&) dB—2irea = 0. 


5 . 31. Theobem 32. Suppose that f belongs to class L. Then for 
any s 


( 1 ) 

( 3 ) 

where 

( 8 ) 


^ j’ J/(0+O-«f m QiOdt, 

o-,(0)-« = {f{e+t)-s\It(t) dt = -^ £ ^(0 B{t) dt, 


Q{t)=Q,(t) = 


sin (ft 4-^) t 
sin it ’ 


B(t) = = 


sin* jnt 
n sin® it’ 


so that Q and B are even functions of t, B(t) ^ 0, and 


(4) — r <?<*) dt = — (’B(i) dt = 1. 

7rJ» ir Jo 

We have, writing u* = 1— | m | /n (and recalling that / is periodic) , 

«r,(e) = i = i (' /(t) e~”^^dt 

= ^ i«*£y(3+<)e-"'*dt, 

and BO, since <r,— s = cr,^{f~8), 

<rnie)-s-^ Jf{e+t)-s\e-”^<dt = '^^’ Jf(.e+t)-8]B(t)dt, 

n 

where B(t) = 2 This sum reduces to the form in (8) by ele* 

— * 

mentary calculations. The case of is similar [we have Um = 1 (i» ^ 0), 
iio = ^]. We thus obtain the first forms in (1) and (2). The second 
forms are derived by associating the values of the integrand for —t and 
+t. Finally, if we take the special / for which /—s = 1 we have 
^ = 1 in (1) and (2), and this leads to (4). 


6 . 82. Theobem 33. The upper and lower limits as n-* <x> of s» and 
c% are unaffected by any change in /(d) outside an arbitrarily small 
mierool (9—8, 9-\~i), provided only tiuit f remairu of class L in Eo. 



POCBIBB 8BR1ES. 


63 


In fact 

(1) 1 1 f{e+ «+/(0- 0 } Q{t) I = I £ xit) sin (»+i) tdt , 

Avben x(0 = {/(®+O+/(0— ^)} cosec and since (for J < tt) 
jj X < cosec (l/(0+t) I + 1/(0— t) I ) dt 

< 2 cosec j |/(t) I d< < 00 , 

the right-hand side of (1) is o(l) in virtue of Theorem 8. Also (for crj, 

(2) I ^(t) J?(t) di < i I X 1 oosec \tdt < — 1 /(<) j dt = o(l), 

5 . 33. When a trigonometrical series is uniformly convergent it is, aa 
we observed in §6.1, the Fourier series of the function f{6) that is its 
sum, and then f{0) is represented approximately by the polynomial /?n(0) 
when n is large. This is a desirable state of things, but in general no- 
thing so simple is true. In the first place the Cn are unaltered if we alter 
f{6) at a single point ; hence the series and the value of f{6) have, at an 
assigned point, no particular connexion. This fact suggests negatively, 
and Theorem 33 suggests positively, that the * 'average of / at tf**, that 
is to say 

i A^+t)dt, 

h->o J-/I 

or the limit of some liigher mean, is the number, if any, to be associated 
with the series at the point Secondly, the series may fail to converge 
at some or all points ^ ; we may then inquire whether the arithmetic 
mean <r„(^), or some higher mean of 5n(^), converges to a limit in place 
of SnW- What is actually true (though the proof would take us too far) 
is that if some average of / exists at ff, then some mean of Su(^) con- 
verges, and to that value. Now for most important purposes the con- 
vergence of a mean of is quite as good as that of Sn itself. As for the 
distinction between /(O) and its average, there are two principal cases. 
In one / is continuous, and so everywhere identical with its average ; in 
this case the facts are that <rn(0) /(&) uniformly. In the other we are 

satisfied with convergence p.p., and it is a classical result of Lebesgue 
theory that any /(ff) (of class L) has p.p. an average equal to itself. Here 
the facts are that <rn(0)-^/(fl) p.p. 

The “convergence problem” proper for Fourier series, that is, the 
question under what circumstances 5 ||(d) tends to a limit (for a particular 
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6 or for a class of 6), forms for the most part a curiously isolated portion 
of the subject, and we do not need to discuss it. 

5.41. Theorem 34 (Pejer). lff{0)ior any fitnction equivalent to it) 
is hounded above, or below, or both, then, for every value of n, o'»(0) has the 
same bound or bounds as /. If fit) ^C{S) in 0<|#— 0l<d and 
C = Uni 0(8), then linia-«(fl) ^ C, and similarly for lim cr»(Q) and a lower 

bound C' = limC'((S). If fiO) is continuous in Eq, (x^fd) is continuous 

in Eo uniformly in n. 

Suppose, c,g., that fiO) ^ a. Then, by Theorem 32, 

since the integrand i"? non-positive. In the second part, e.g. in the 
case of an upper bouii.I, we may suppose, by Theorem 33, that f ^ C{B) 
for all 6. Then Tlui (r„{6) ^ C(S), and so lim (r»(0) ^ C. The last part 
follows from the first since Aa-r. = = <r«|A/[, 


5 .42. Theorem 35. At a point of continuity of f(,0), ern(&)-*f{6) as 
n->ao. If f is continuous in f?ot, then <r»(0)->/(0) uniformly in Eo. 

We have Trlcrn— /) = j 

Since in 8 ^ t ^ ir 

1 ^o«) 1 Bit) < I i/(0+o I + \A^-t) I +2 jm I } 

we have | j, ' ^ ^ j i { = o(l), 

and uniformly in the second case of the theorem. We have further, in 
the first case, i ^ | e in 0 ^ if ^ d by choice of 8, and in the second 
case this result holds also uniformly in 6, Hence 

i <rn— / 1 < e+ 0 (l) {n > 

in either case, and uniformly in 0 in the second case. 


6 . 43. We denote by A the set of 0 in which, for every c, 




= l/(0)-c| 


t Remember we are Bupposieg (as usual) that s /(ir). 
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at t — 0. It is a classical theorem of the Lebesgue theory that (7A is 
null. For any point 0 of A we have, as t 0 (by positive and negative 
values), 

(1) \j\f(Q+t)-f{e)\dt = o(t), <i>*{t) = o{t), #„(«) = o(«. 


Theorem 36. For any values of 6 and s for ivhich ^*{t) = o(t) we 
have (T},(6 )->s. In particular, at every point of A, and therefore p.p., 
we have o-hCS) ->/(0). 

By Theorem 33 it is enougli to prove that 

I f B{t) czJ ^ f I ^{t) I Ii{t) dt < e(5) (;i > 

I Jo I Jo 

or that 

» j* I 0 i X{nt) dt < €(S), where X(h) = (^*)*. 

Now 

[ I 0 I X(ut) M f = 0(1), 

Jo Jo 

by hypothesis, and 

n[ 1^1 X(;iO d^ ^ = a>(7i“'^) 

Jn-^ Jn*‘ ^ 

where 


(e(u) __ f^ i d^ 
n 




^*{u) du 


■“DS r 


j>(^) 


du\ 


< 0(l)+o(i^~') 

as a->0. It follows that wiu) = o(l), and this proves the theorem. 

[Actually <rn->s if ^(t) = o(t) and ^*(t) = 0(i), and subject to the 
second condition the first is necessary as well as sutficient.] 

Theorem 36 is a suitable text for the following remarks : 

1. Suppose we are concerned with a theorem which asserts that some 
relation, say the convergence of a sequence, holds p.p., i.o. holds except 
in a null-set Z (and suppose that the premisses of the theorem do not 
themselves involve exceptional null-sets — ^if they did, the presence of one 
in the conclusion would call for no remark). If now we happen to be 
told what set Z is, what remains to be proved is a pure approximation 
problem, one of proving that a certain function of n and a fixed parameter 


t The contribution of tho lower limit of the bracket being negative. 
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6 tends to a limit under certain conditions (those which express that ^ 
belongs to CZ). The search for an exceptional Z is therefore often the 
best line of attack on the main theorem. 

2. An exceptional set Z is generally t the set of points 0 at which 
some function (not always the first to hand) is not the differential co- 
efficient of its integral. This is why so many proofs begin with an 
integration by parts, and it is why we sometimes [as in Theorem 44, 
proof (iii)] introduce an integration where it has prima facie nothing ti> 
do with the problem. 

5 . 51. We proceed now to problems of strong and weak convergence. 
Theorem 37. Suppose that # is periodic, and that 

where Hit) > 0 and MiiH) < 1, Then 

We may suppose Mki^) < oo. Then, by Theorem 1 (4), 

and the last factor does not exceed unity. Integrating with respect to 
0 we have 

Miiip) < ^ j' ^ MUi) Hit) dt < Mim 
Theorem 38. If if is of class L and) k^l we have 

J Eo J Eo 

This is a case of Theorem 37, with / for or,, for <p, and B for H. 

5 . 52. Theorem 89. Let Te'^1 and let f be of class L’‘. Then, as 
n-* CO , or,, converges strongly to f with index k : 

( k,(9)-/(9)|*(i0->O. 

J JEu 

Since <r„-*f p.p., this follows at once from Theorem 38 and 
Theorem 13 (3). 


t Theorem as providee an exception. 
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An alternative proof proceeds as follows (and does not use Theorem 
13). We have, by Theorem 37, 

I «r»(0)-/(e) * i/(0+<)-/(0)l iJ(0 df)* 

< ^ = '^*(0. 

where F(0 = | l/(6+t)— /(0)|*^<id. Since F is continuous at f = 0 
(Theorem 7), <r„(0, F) = o(l) by Theorem 35. 

CoBOLLARY. // /i, /, 7iat?c the same Fourier constants, then /i = /2* 
For if / = /i— /a* /) is identically zero, and 

j <^n'^f\d6->0 

requires / = 0. 

We use this result in the sequel only in the last of the four proofs 
of Theorem 43 (it is itself an immediate corollary of that theorem), and 
the reader who is not interested may ignore it. For proof (iv) of 
Theorem 43 to be genuinely distinct from the others, however, it is 
necessary to prove the present result without using “summability” con- 
siderations. We give accordingly another of the many existing proofs. 

Let I a] < TT, and let g{6) be the function that is unity in (0, a) and 
zero elsewhere. It is elementary (and well known) that 

00 

g{0) — 2, (y„ cos «»0+di« sin in$) 

0 

n 

for all ^ of Eo, the sum 2 being uniformly bounded!. Hence 

0 

(V(0)t?0=r 

Jo J —IT 

fir n 

= lim I / 2 {ym cos md+S,n sin 7nd) dO, 

by Theorem 10, 

n 

= lim 2 (ymam+dmiw) = lim 0 = 0. 

The integral of f is identically zero, and f = 0. 


ym 


1— ooB mot 


t Aotaally 


mw 


{m > 0 ). 
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5 . 61. Theorem 40. If /» converges weakly (r) to f, then for each m 

lim = c«(/). 

n->Qo 

We have only to take g = e~'^* in Theorem 27. 

Theorem 41. Suppose thatr>l, that c_i, Co, Cj, ... are arbitrary 
numbers, and that s«(8) = 2 Cme^\ ar„{&) = [s,(8)+...+.s„_i(8)}/n. 
Suppose further that either 


^ I s„{e) ’’dd < G {all n), 
ialln). 


Then there exists an f{6) of class for lohich 


/ ~ 2 c,„e“‘^’, and ^ 1/1 ' dO < G. 


Since by Theorem 2 (2) 

(2) is a consequence of (1), and it is enough to prove the result for con- 
dition (2). By Theorem 28 there exists a subsequence (t„„ converging 

weakly to some / for which ^ j \f\’'d6^G. By Theorem 40 

<!y(f) = lim c,(<r,„.) = lim ( 1 — c, = c„ ; 

\ n m,/ 

that is, f-^'Zc,e'^K 

5 . 62. Theorem 42. Let f be of class L and r > 1. Then (i) 

(1) f i<7»(0)r(f0-^[ i/(0)i’-d0, 

J JEq J So 

whether the right-hand side is finite or infinite-, (ii) the necessary and 
sufficient condition that 1 \fYdQ is finite is that I j <r„(0) is 

, , J 

hounded. 

If the right-hand side of (1) is finite, then o-n converges strongly to / 
by Theorem 39, and (1) follows by Theorem 2 (18l (and a fortiori 
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[ \<rn\'dd is bounded). If f l<r„rd!0 is bounded then f |/|'■d9 is 
J ISy J iio J 

finite, by Theorem 41. These facts establish both parts of the theorem. 

5 . 71. Theobem 43 (“Parseval”). Suppose that f is of class L. 
Then 

— CO V 1 ) iSTT J— ,r 

where either side may be + co {and f may have complex values). 

In the first place the two infinite series are equal, since 
\u-\-iv\^+\u—iv'^ = ‘2(|^^l^+lv|‘^) 
even when it and v are complex, and so 

We need, therefore, only consider the series. We observe further that 
the theorem is elementary when / is a trigonometrical polynomial 

N 

S CnC'^^K For then 

-N 

J-a=jir ( ^ 2 r 2 

‘27rJ_,r \-jV’ -JV / w,n=-JV" 

and the integral of the general term in the last sum is 0 or 2Tr\cn\^ 
according as m or 7n = n. 

We give four proofs of the theorem, in which the depth of the “sum- 
mability*’ theorems appealed to progressively decreases. 

Proof (i). By Theorem 42, 

J’‘= lim J- UcrJ^de 

= lim 2 ( 1 -'”^) !c„,’' 

(by the special case of a polynomial /). On the one hand the right-hand 
side is not greater than 

lim 2 I Cm i® = aS®, 

n — >00 —n 

and on the other, if N is any fixed integer, it is not less than 


lim 

»— >00 




so that it is not less than S® Hence J® = S®. 
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We need not, however, appeal to so deep a result as Theorem 42, Tn 
the first place .the inequality S* ^ J* is elementary. We have, in fact, 

0 < (/-«»)(?-«•) d6 

= (' l/rdd+(' I«»l*d0-2i»f' fe^e-^^dd 

J-w J-ir J_ir 

= 2TJ-»+2xS|c«|*'-47r2|c„|». 

-» -« 

It remains to prove the complementary inequality P < S*, and here 
our remaining proofs differ. 

Proof (ii). Since p.p., have, by Theorem 11, 

which is 

limi 

From this we have, a fortiori, 

J'^ < lim 2 i Cm 

—u 

The remaining proofs apply (at least in their most natural form) 
only when J < oo . In this case 5 ^ J is also finite. 

Proof (iii). Here we assume less than the proposition p.p.”, 

replacing it by Fejer’s theorem. The function 

( 1 ) <i>m = ^\[j{e+t)f{F)dt 

is continuous, by Theorem 7, Cor. Also 

= ^ dtdir 

— Cmif) Cmif) — 1 Cm 1 *. 

By Theorem 35, therefore, 

2 lim (l- 1^) \cm\^ = lim «r,(0, </>) = ^0). 

-n \ n / 
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The left-hand side is S* [by an argument used in proof (i)], and 
^(0) = J*. 

Proof (iv). We argue, as before, that c«(0) = lc»|*. Then ft and 
the sum of the absolutely convergent series 

— eo 

have the same Fourier series. By the uniqueness theorem (Theorem 39, 
Cor.), 

— 00 

Since both sides are continuous the equivalence involves identity : taking 
6 = 0 in this we have 

= f,(0) = J^. 

COEOLLABY. Suppose that f and g are of class L?, and that 
Then 

S CncLttf 2 (®*o»H"6i»i»)| 

— 00 \ 1 

are absolutely convergent, and have the common sum 



Since c»cL»-l-c_«c; = wo may confine ourselves to the 

second series. The absolute convergence follows from that of 2 j c» 1* and 
2lcJ,|®. In proving the identity we may suppose (by taking real and 
imaginary parts and considering separately the four terms thus arising 
from fg) that / and g are real. The integral 

is equali on the one hand, to 

(1) i(ao+ai)*+2Ua»±a;)H(&«± W*} . 

and on the other to 

Hence (1) and (2) are equal, and by subtracting the equation corre- 
sponding to the minus sign from that corresponding to the plus sign we 
obtain the desired result. 
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5 . 72. Thbobbm 44 (Biesz-Fischer). Suppose that the c„ are any 

00 

numbers such that 2 | converges. Then there exists an f of class 

— CO 

L* such that /~ 2 
— » 

This is an immediate corollary of Theorem 41, with r = 2, since 

On account of the great importance of the theorem, however, we give’ 
two more proofs. Let 

/„= 

— n 

Proof (ii). If n ^ wi > 0 

[ \f»-fu\^de=2ir 2 (|c,|»+|c_,|’)<27r 2 <e 

By Theorem 29, tends strongly, and therefore (Theorem 26) 
weakly, to an / of class L^. Hence (Theorem 40) 

Cr(f) = lim Crifn) = Cr I 

91—^00 

that is, /~ 

Proof (iii). Let 

FniO) = \[fnd6-C„e = I (S»«-1), 

F(6) = lim F„(0) = 2' 

the last series being uniformly and absolutely convergent in virtue of 



and the hypothesis. 

Since 

f |/„|V0 = 2ir 2ic«l®<Z, 

F» is u.a.c. (Theorem 19, Cer. 2), and so (Theorem 20) F is of the form 

\* f*d6. Let now / = /*H-Co; then, since F(ir) = F(— r), we have 
Jo 

Cfl (/) = Cfl' 
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If now we have 

T% 

-<bL!:zSl-^Ah (Theorem 31). 
r% n 

Thus Cr(/) = c,. for all r\ or ScaC*"**. 

Finally 

r |/|*d 0 = 27r i |c„l“< 00 

J —It — OO 

by Theorem 43, so that / is of class L*. [We may avoid this appeal to 
Parseval’s theorem by using Theorem 21 in place of Theorem 19, Cor. 2, 
when we may conclude that f* belongs to class L^.] 

The reader should trace all the proofs back to first principles. 

The first proof uses the selection principle, the second the (rather 
deep) existence of a convergent sub-sequence in strong convergence. 
The third is the most direct, and constructs (more or less) a definite 
function /. The underlying idea is that a function of class L* and its 
Fourier series are at least sufficiently closely related for the indefinite 
integral of / to be equal to the sum of the integrated series (the latter 
being uniformly convergent) ; and to construct the integral is to construct 
the integrand. 

The reader may be referred also to the remarks at the end of § 6 . 43. 

5 . 81. Theoeem 45. Suppose that A > 0 and f is of class L^, Then 
there exists a trigonometrical polynomial 

0 ( 0 ) = 2 (Cn cos 7i6+dn sin ?i6) 

0 

such that 

(1) 1/“"^ i ^ ® except in a set of measure less than J, 

(2) 

2 / further f is bounded above, or below, or both, then the polynomial 
^ can be found also with the same bound or bounds. 

This is an important extension of Theorem 6 . By that theorem there 
exists a continuous ■^, with the same bounds (if any) as /, and satisfy- 
ing 

(g) ly — ^ I < e except in a set of measure less than S, 


( 4 ) 
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If now <p = <r«(^) and n > «o(«) it follows, by Theorem 34, that 
has the same bounds as yjr and therefore as /, and, by Theorem 35, 
that (if n« is suitably chosen) 

<6) (all0), 

so that further 

From (3) and (5) we have 

<7) l/“'A I ■< 2e except in a set of measure less than S, 

and from (4), (6), and Theorem 2 (16), 

< 8 ) 

(7) and (8) complete the proof of the theorem. 

Corollary. If f is of class L\ then there exists a polynomial 

Pjfm = s 
0 

■such that < e except in a set of measure less than S, 

and 

Let P.v(6) be the sum of the first lV+1 terms of the expansion of 
^(6) in powers of 6. Then, for fixed </>, |^— Pjvj < e for all $ provided 
N > No- The argument can now be completed as in the proof of the 
main theorem. 

5 . 91. Lemma. Suppose that flfi) is of class L, and that h{$) is 
hounded. Then 

lim f f I h—(r„{h ) } = 0. 

94— >00 J Eq 

By Theorem 86 or„(A)— A-*-0 p.p.; hence, by Theorem 9, (r»— 7t-»0 
uniformly in CH, where mH -< S. Since further (Theorem 84) | o'* | ^ K, 
where X is a bound of | ft |, so that | <rn—h j < 2Z, we have 

I f(h-<r,)de I < £^|/| I A-<r. I dd+2K £| /| 

<( \f\ede-\-2Ke{S) (n>M„) 

JCH 

<J ifidd+2Ke(i). 

JjSo 
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The right-hand side can be made arbitrarily small, and the result 
follows. 

5 . 92. We can now prove the following extension of Theorem 3 : 
Theorem 46. Suppose that r>l, is of class Lt] and 


for every trigonometrical polynomial g satisfying 


(2) 

^^\g\^d6=V'>0. 

Then 


(8) 


Let h(6) be any bounded function satisfying 

(4) 


Then I say that 

^uv. 

(6) 


By Theorem 38 we have 

V(. 

where Vi= Fi(n) ^ V. Also h^O, so that Fi:>0 (n>no). Then 
g = <r^(h)VIVi is a trigonometrical polynomial satisfying (2). 'Hence, 
by hypothesis, 

(6) j ^ I ^ I ^ (m > Ho)- 

But by the lemma, as n->-QO, 

(7) 

and (5) follows from (6) and (7). 

Since (5) holds for every bounded h satisfying (4) the desired result 
now follows by the original Theorem 3. 

t This is, strictly speaking, implied in (1), since that asserts, among other things, the 
existence of the integral I fgd$ for a certain comiant value of g. 


F 
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6. Some theorems of analysis situs. 

6 . 1. A domain is defined as an open connected set of points. The 
symbols A X occasionally d, S, are used for domains. If z^ are any two 
points of D, it is known that Zi and z^ can be joined by a (rectilinear) 
polygon lying in D. We denote the frontier, or boundary, of D by J’(D). 
or sometimes F. D together with its frontier is denoted by D' : this is in 
accordance with the ordinary notation for derived sets. We use the nota- 
tion to denote a domain with the property {D^Y C D; the “ distance 
of D- from F(D) is then positive. 

By “closed contour’* we mean a closed siniplef Jordan curve; by 
“curve** we mean a Jordan curve. By a curve “extending to oo “ we 
mean a locus = 7 j = \fr{t)j where yfrit) are continuous for 

every t satisfying (say) 0 ^ ^ < 1, and tends to infinity as 1. 

We take as known concerning a closed contour G that (1) C divides 
the plane into two domains, an interior and an exterior, and the latter 
contains all distant points; (2) these domains are simply-connected, a 
simply-connected boundedl D being defined by the property that any 
closed contour consisting of points of D contains in its interior no point 
of F{D) ; (8) if ;? = 0 belongs to the interior of C, then 

Ac arg z = increment of arg z round C = 27r. 

We shall take for granted some other, but minor, points of analysis 
situs; in particular, that if a domain A is in one-one continuous corre- 
spondence (point by point) with a simply-connected domain D, then D 
also is simply-connected (more generally A and D have the same con- 
nectivity). 

6 . 2. Further properties of a closed contour G and its interior D. 

(1) Let A, B be distinct points of G. Then G divides into Cg, 
with no common points except A and B, 

(2) A cross-cut q {simple curve lying in D except for its end-points) 
from A to B divides D into q together with simply -connected domains 
Di, Da without common points. Di has q+Ci for frontier, D33+C2. 

These results are well known. 

(8) Oive 9 \ A and B, there is a cross-cut q joining them. 


t I.€. without double points. 

} The ease of an unbounded domain being dealt M^ith by the usual processes of inter- 
preting statements about s » qo . 
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This is equivalent to 

(4) There exists a simple curve L joining an interior point 0 and A 
and lying {except for A) in D. 

[For, if Lj, La are simple curves joining 0 to A and B respectively, 
let P be the last (on L^) intersection of L^ with ; we go from A to P 
on Li, then from P to B on La.] 

Proof of {4 ), — We may suppose that the range of Ms — 
that P is t = izTT, and that -4 is ^ = 0. Let P be the variable point t 
of the curve. The distance AP = p{t) is a continuous function of t with 
^ = 0 for its only zero. The circle 7f, with centre A and radius r less 
than AO and AB, cuts C where p{t) = r, and this has solutions. (P is 
inside K when t = 0, outside it when t = ±jr.) 

Let L(r), /(?*) be the upper and lower bounds of the moduli of the ^’s 
for which p{t) = /*. Then, since p{t) is continuous, p (L(/*) ) = p ^ /(r)) = r. 
Also 0 < Z(/‘) <; L(r), and Ij{r)->0 with r. [If limL = 2d>0, then 
L>S for some arbitrarily small r; r = p(L) ^ min/)(t) >► 0 ; and this 
is false.] 

Let fjL{r) = Min p{t). Clearly 0 < /xf?*) < r. 

The circumference K contains points of L, for its interior contains the 
neighbourhood of A and its exterior contains the neighbourhood of B. 
These points of K interior to D fall into a set of non-overlapping arcs. 
These, taken closed, are cross-cuts of L. I say that so7ne of these cross- 
cuts q[, q'j, ... separate A and B, i.e. join a P+ (P of positive t) with 
a P-. Suppose not. Then every g' joins a P+ to a P+ or a P- to a P-. 
Let ^ 1 , t[ be the ends of gl. Let Oj be the curve derived from G by 
replacing the piece from t^ to t[ by gl, described by a parameter running 
from ti to t[. Let be the first g' that is a cross-cut of Ci (or Lj), and 
derive (7g similarly, and so on.t The infinite process yields a Jordan curve 
C7«, since for any t between ± ir there exists a definite point, continuous in L 
Also A belongs to (7„, since A never lies on a rejected piece (the ends of 
rejected pieces have ^’s of the same sign and magnitude > Z). So, clearly, 
does B, C„ is clearly simple, and encloses a . Also ; hence 

C D. But now the circumference makes no cross-cuts in L)„, and this 
is impossible. 

Let gi, ga, ... be the set of cross-cuts separating A and B; q=^ q(r) 


9 ! 


t No s' joins a t between ^ and i[ to one outside this range, by (2) and the fact that two 
cannot intersect. 


f2 
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that one which C, described positively from A, first meets; and let 

d = d(A,r) = d(r) 

fif the domain, with A on the boundary, that q cuts off [see (2)]; tn(r) 
the upper bound of the distance of a point of d{r) from A. Then 1 say 

(6) m(r)->0 as r-*0. 

For if Cj+g is the boundary of d{r), Ci corresponds to a range of t of 
type — r ^ t r' ; also the extreme t correspond to the junctions with 
q, for which />(f) = r. Therefore | f | ^ L(r) on Gi, and 

Maxp(f)^ Max /o(f)->0, 

Cl |/|<A(i-> 

Max AP = Max AP-*-0, m(r) -*■ 0. 

d C,+t 

Observing now that 

I distance of A from a point of D—dfr) } > ju(r) > 0, 

we choose a sequence r. tending to 0 for which Then a 

point of = g(r»+i), other than an end, is interior to D, and [since its 
distance from A — r»^i < /»(/'«)] is not a point of D—dn, nor (obviously) 
is it one of q». Hence it is interior to dn- Therefore q^+i is a cross-cut 
of d,. By (1) it divides d^ into dn+i and another domain A». 

If now Pn is the mid-point of q», P» and P^+i are on free circular arcs of 
the boundary of A„ and can be joined by a simple polygon Sn lying wholly 
in A» except for the ends. Consider the locus Its moving 

point can be described by x = x(t), y = yir), where r runs from 0 to i 
on Si, from J to f on 8^, and so on. x(t), y{r) are defined for 0 ^ t < 1. 
But since »i.(rJ-*0 we have x{t)^Xa, y{r)^yA as t->1. Completing 
the definition we have a curve L', 0 ^ r ^ 1, from Pi to .d. 

Since all domains of suffix greater than n are contained in dn+\ and 
therefore have no points common with A^, we see that S. cannot cut an S 
of higher suffix. Therefore the curve is simple. We can finally join 0 
and Pi without meeting L'. 

7. Harmonic functions. 

7 . 11. In this section we discuss the classical properties of harmonic 
functions. We take for granted some results belonging to the circle of 
ideas of Green’s theorems and Cauchy’s theorem. 

The formula of Green is 

JL L 
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where P is a domain bounded by L, where L consists of a finite number 
of curves C. If in this formula we take 


and write 
we obtain 
( 2 ) 


^ ox’ ^ Si/ 


A ^ oV . 


’dy’‘' 


lly, 




The three integrands in (2) are invariant for a change of rectangular 
axes, and the last integral is written, in the usual convention, 

1^0 ^ denoting differentiation ‘‘along the inward normar*, and 

ds the element of arc, taken so that the sense of the axes (dw, ds) is 
the same as that of Ox^ OyA 


7 . 12. These formulae have, in any case, no meaning unless the 
curves G are restricted in some way. We shall always suppose, when 
there is a question of integrating along a curve C, that C consists of a 
hiiite number of portions x = y = f^{t) (a < ^ < j8), where f[ and 
fi exist and are continuous in a < f ^ /8, the various portions being 
pieced together in such a manner that C is connected. Such a curve C 
will be called an “elementary curve**. It will be found that the 
apparently ugly restriction does not in the end impair the generality of 
our conclusions. 

The formulae are proved in the first instance when D is bounded, 
and when respectively a and b have first derivatives continuous in D'. 
or <f> has continuous first and ^ continuous (first and) second derivatives. 
In certain important cases, however, we need not assume so much. 
Suppose that has first, and second, derivatives continuous at every 
(internal) point of a bounded D, and that = 0 in D ; further that <f> 
and \lr have continuous first derivatives in D'. Then 



t Tho questions of analysis situs raised by $ 7 . 11 do not involve any fundamental 
difficulty. 
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The deduction of this from the original case proceeds on the same 
lines as the modern proofs of Cauchy’s theorem. The result is valid for 

an Li “just inside” L, and the enclosed Di, and |j as Li-> L. 

The proof that | most difficult part of the argument. 

This much we take for granted, and also the following : Suppose 
that a, i, 9a/3//, aud Sb/dx are continuous in a simply-connected 
domain D, Then if 


(4) 


__ 8ft 

8/y ““ ox 


for all points (x, y) of D, we have 

(5) f (adx+bdy) = 0 


for every closed elementary curve C contained in D, and conversely. 
Further, if 

J = (adx+bdy), 

Ja.fi 

the integral being taken along any elementary curve in D, then J does 
not depend on the path from (a, /3) to (x, y), and 


dx 


= a, 


8 / 


= h. 


7 . 21. A function u{x, y) is said to be harmonic in a domain D if it 
has continuous derivatives of the first two orders, and if = 0 for all 
points of D, u is said to be harmonic at a point P if it is harmonic in 
some neighbourhood of P. A (one valued) function, harmonic at every 
point of D, is harmonic id D (by Borel’s covering theorem). 

It is well known that if f(z) is regular at ^; = x+iy, and fiz) = u+iv 
(where u and v are real), then Au = Av = 0. Thus fiif(z) and are 
harmonic in any domain in which f(z) is regular. 

W© shall sometimes denote, for brevity, the point (x, y) by z, and 
uix, y) by u(z). (The reader must, however, guard himself from sup- 
posing that u is an analytic function of z.) We shall also sometimes 
denote (a?, y) by its polar coordinates (r, Q) and write u{r, Q) for u(a?, y). 


t Practically by definition of 
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Theorem 47. Let Di be a domain bounded by L, a finite set of 
elementary curves, and let u be harmonic in a D containing Dj. Then 

This is true also if L contains part of the boundary of D, provided that 
du/dx, huldij are continuous in D'. 

We have only to take 0 = 1 in (3) above. 


Theorem 48. Let u he harmonic in \z—Zfi\<ir and continuous in 
| 2 — «o|^r. Then 

yo) = ^ j « («o+re**) dd, 

Let p<r,I(p) — ^^ tt(«o4-pe*‘)d0. 

We have 

(1) ^ ~ j" 5n ~ ^ dd. 


Since 

have 


<kt, bu a 
ST" = ’T- cos® 
vp Ox 



sind is continuous in | j ^ j 0 1 < tt, we 



^d6 = 0 . 

Op 


Hence 1 (p) is constant in 0 ^ < r ; also it is evidently continuous in 

0 ^ < r. Hence Hr) = 7(0) = u(zo). 


7 . 22. Theorem 49 {Maximum principle). Suppose that u is harmonic 
in a bounded domain D, and that a constant M exists such that, for an 
arbitrary eand any point P of the boundary F{D), 

u < M+e 

for all points of D near enough to P. Then u^ M in D, and equality 
at any point can happen only if u is the constant M. A similar result 
holds for the opposite inequality. 

Let G (possibly + 00 ) be the upper bound of w in D. It follows by 
the bisection method that there exists some point P of D' such that every 
neighbourhood S of P gives G as the upper bound of u for points of SD ; 
let us consider the class of all points P of P' with this property. If no P 
is an interior point, some P is a boundary point. But then the hypothesis 
of the theorem gives G < M+e, or G ^ M, while u = M at an interior 
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point makes that point a P, and is impossible. If some P is an interior 
point *0 we have, by the continuity of u, u(zo) — G (and G < co). If 
now C, of radius r, is any circle round Zo lying, together with its interior, 
in JD, we have, by Theorem 48, 

u(zc+re*‘)dd = u(zo) = G-^j^ GdB. 

Now the first integrand does not exceed G, But a continuous function 
whose average is equal to its upper bound is necessarily constant, and it 
follows that li = G for all points of C. Thus (since r is arbitrary) u = G 
in the interior of the least circle with P as centre and containing a 
point of F(D). I say now that tt = G throughout D. For it u < G Q,t 
we join P, Q by a polygon lying in D, and it follows by a Dedekind 
section that a point B of the polygon exists, such that u = G on the 
polygon from P to any point short of R, but not from P to any point 
beyond R. By continuity u(R) = G; hence, by the above argument, 
w = G in some circle round B, and this is contrary to what has just been 
proved. Thus the hypothesis m(P) = G for an internal P involves u = G 
throughout D, and then (since u=z G near any boundary point) we have 
G<M+e, or G^M, The statements of the theorem are therefore 
true in either case. 

Another proof proceeds on the lines of Theorem 201 below ; this does 
not require the Dedekind section argument. 

Theorem 50 (Theorem of uniqueness for given boundary-values). 
Lei Uu Wa be harmonic in a bounded D, and let them have the same 
boundary-values. That is, given c and any point P of F(D), then 
tta|<e for all points of D near enough to Pt. Then wi = wj 
throughout D. 

It = is harmonic in D, and satisfies the condition of Theorem 

49 with M = 0. Hence w < 0 in D, and similarly w > 0, 

7 . 31. Let u be harmonic in D. If a function v exists such that 

^ ^ 

dy ’ oy ISx' 

throughout D, then v (evidently harmonic in D) is said to be the function 
conjugate to u. Evidently v+c, where c is a constant, is also a conjugate 
of u. Conversely two conjugates of u differ by a constant (since the 


t Observe that two functions can **haye the same boundary values’’ when they are 
undefined at the actual boundary. The phrase is convenient. 
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difference tv satisfies Wx = tCy = 0). If v is conjugate to u, — m is evidently 
conjugate to v. 


Theorem 51. Let n be harmonic in a simply-connected t D. Then 
there exists a (one-valued) conjugate v, given by 

Also n+i® = /(«), a function of the complex variable z regular in D. 

The follows at once from the last result stated in § 7.12. 

For the last; Q > ' .^e have only to observe that the derivatives itj., tiy, t»,, Vy 
are continuf®*®’^®®^ satisfy the Cauchy-Eiemann equations in D, so that 
f'{z) exists?^* 1/) fo*'^int z of D. 

It follo\| _ _j 9 jrt (and § 7 . 21) that the property of being 

real and h(| ^ to that of being the real part 

of some fufc the required pro* m a neig^ioonrhood of \l\c point, 
htforward 

7 . 41. . 52. Let u and v be any two functions harmonic in 

a bounded domain D whose boundary L consists of a finite number of 
elementary curves C, and let u and v have first derivatives continuous 
in D'. Then 


For 


— j = jj (iiAv~—vAu) dxdij = 0. 


An important particular case of the theorem is that in which D is a 
circular annulus, with centre at, say, the origin. Tf the circles have 
radii n and r^ we have, in fact. 


1 ^ ^ ~ constant (vi < ^ ^* 2 ). 


7 . 42. Consider now a bounded domain D and one special point of 
it, which we may suppose without loss of generality to be the origin 0. 
Let r = (x^+y^)K It is easily verified that log r is harmonic except at 
0. Suppose now that taix, y) is harmonic in D and has first differential 
coefficients continuous in Di, and let 


h = h(x, y) = — logr+o)(a:, y). 

Suppose, further, that D is bounded by L, consisting of a finite 
number of elementary curves, and let c be a small circle, of radius p, 


t If D is multiply-connected the conjugate is many-valued, with moduli of periodicity. 
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round 0. Then, by Theorem 52, 

L = i = “L (“1^ “ 


Now on c ^ J- + ^ 

or p or 

}*”/ [ = -limj" Udd = -27rtt(0), 

and Iim| ph^d9 = 0, 


since ph~>0 and du/d^i is bounded at 0. TjV 
therefore obtain 



Eeplacing now the origin by the point (a 
current coordinates, we obtain : 


Theorkm ;53. Let u be harmonic in D, a dormin whose boundary 
L consists of a finite number of elementary curves, and let u have con- 
tinuous first derivatives in D'. Then for a point (x, y) of D 

In particular we may take h = —log r, where r is the distance 
between (x, y) and (^, tj). 

7 . 43. The Green’s function of a bounded domain. This is defined 
to be the function (if anyt) gi.x,y;$, tf), with the properties (i) gf>|-0; 
(ii) g is Jiarmonic (in ij) for (|, ij) of D other than (x, y) ; (iii) near («, y) 
g.= — logf+(i), where o> is harmonic for all (^, tj) of D; (iv) g tends 
uniformly to 0 as tends to any point of the boundary. 

It is easily shown that (if g exists) gix,y; ti) = g(i, ni ®. y), but 
we nowhere make use of this property. 

Taking h = g in Theorem 53 we obtain 

• 

Theorem 54. Suppose that D is bounded by a simple closed ele- 
mentary curve C, and that g, the Green’s function of D. has continuous 
first derivatives in D' with respect to y [for every fixed [x, j/)J. Let 


f We shall not be oonoemed here with the existence theorem. 
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h be the function conjugate to g. Suppose now that (i) is harmonic 
in D, (ii) u has continuous first derivatives in D'A Then if 17(£, ij) is 
the “boundary value" of u at a point (^, ij) of C we have 



U^ds 

on 







7 . 44. The Poisson integral. It is easy to calculate Green’s func- 
tion for a circle. Let the circle have the origin as centre and radius a. 
Let P be (x, y), an internal point, P' the inverse point of P with respect 
to the circle, Q, or (^, rj), a point within or upon the circumference, p 
and p' the distances PQ, P^Q. It is a familiar geometrical fact that 
p/pf z=zk k{x, y) for all Q of the circumference. The function 

’ ^ -logp+logp'-flog A: 

evidently has the required properties. 

A straightforward calculation gives 

^ __ _ J 

dn- ap^ ”” a a'*— cosCfl-x/r)-}-/-^’ 

where (r, 0), (a, ‘^) are the polar coordinates of (a?, y) and (^, rj). We 
obtain now from Theorem o4 the following important result : 


Titkore^ii 00. Let u be harmonk in a domain containing r^a 
<r* = x^-\-y^)y and let n(cLe'^^) = TJ(\J/). Then for r <Ca 

<1) « = ^ ^ U (V^) P e-f) dxf., 

where 

(2) Pip, i») — A(/), if>) = 1 — 2^ co8^+/>*. 

7 . 45. The equation (1) is called Poisson’s formula, and u the 
'‘Poisson integral of [/”. We shall have to consider the formula subject 
to much less restrictive hypotheses, but at the moment we wish to point 
out other ways by which we may arrive at it, under whatever conditions. 

(i) From the point of view in which a harmonic function is the real 
part of an analytic function f{z) we argue as follows : We may sup- 
pose a = 1. If |;2;ol<l and we denote by C the circle ^ = 


t It is enough, in actual fact, if (ii) is replaced by the continuity of u in ly. 
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K, we have (supposing / regular in 1*1^1), 


( 1 ) 

Also 


I Jc ^-“^0 


o = 4f-^ 

* Jc« — 


M. 


l/i, 


dz 




since 1/z = g on C. 
obtain 

( 2 ) 


In this change the sign of i, and of the whole ; we 

0 = f' (cr-iF)-g^. 

J-ir 


Adding (1) and (2) we have 
(3) 27ri«(^o)+»»(^'o)} = r 

J-ir ' C *0 ' 

and, taking real parts, 


m(^o 


= -[' 

2xJ_, 


e*‘— ^'o 


= -[' 
2^ J. 


UP{ro, d^-x{.)dir. 


(ii) Proof by a transformation of Theorem 47. We shall in time be- 
come very familiar with the idea that a property of the centre of a circle 
m which a function is regular or harmonic can generally be asserted, in 
modified form, of any point of the circle. Poisson’s formula is such a 
modification of the formula of Theorem 47. 

We must observe first that, if f(z) is regular and /'=jf= 0 in X>, and 
the equation ^+iri = 5 = /(«) transforms D (point by point) into a 
domain A of the (^, rj) plane, then the transformation from (a?, y) to 
(f, fy) changes a u{x, y), harmonic in (x, y) of D, into a Ui(^, iy), harmonic 
^ ($9 1)9 of A. Also the conjugate f? of m becomes the conjugate Vi of 
tti. We have, in fact, by simple calculations, 

i. = ^,9 iy = -v.9 ^*+*7x = e7= /'(^):*>0, 

which establish the first part ; and for the second we have only to verify 
that Vf = Vjf =— U(. 

Consider now the transformation t 


( 4 ) 


z 




t This also is destined to become very familiar in the sequel. 
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where l^jc 1. This transforms the unit circle of z, boundary included, 
point by point into the unit circle of ^ (and conversely), and dJ^fdz and 
dzfd!^ are never 0 (in either unit circle). Hence an arbitrary u{x,y'\ 
harmonic in | 2 |< 1 , transforms into an arbitrary Mi(^, ^) harmonic in 

IU<1. 

Take now the formula 

(6) «(0) = ^ j »(«*') d,<j>, 

and let z = and ^ correspond by (4), and fo = Po®*"** We have 
= S = = -i = PiPo, d^, 

and (5) transforms into Poisson’s formula for W* 

7 . 61. We proceed to develop the theory of the formula subject to 
more general conditions. We start afresh from a different point of view, 
suppose in what follows that U = Uiyfr) is any function (of period Stt) 
integrable in the sense of Lebesgnet, and consider the nature of the 
function 

(1) M = WP(r, (r<l). 

and whether the values (7(^) can be considered as in any sense 
“boundary-values” of « on r = 1. 

It is evident that we may differentiate (1) under the integral sign any 
number of times with respect to x and y, provided r<l. Now it is 
easily verified that P(r, y}r—d) is harmonic in (x,y). Consequently we 
have 

Theorem 36. If Ui^r) is of class L, then the function u given by 
(1) is harmonic in r<l, and has derivatives of all orders, themselves 
harmonic functions, in r <l. 

7 . 52. If we take o = 1, « = 1 in Theorem 35, we obtain 
Theorem 67. 

^ j P(r, O—yfr) dy}f = 1 (r < 1). 


t It would suffice for our immediate purposes to suppose U continuous, but the extra 
generality costs us nothing. We shall return to the deeper study of the connexions of u and 
U in Chapter 8. 
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This, of course, is incidentally a result in the theory of definite 
integrals, and may be verified as such. 

Cob. 7/ U{^) is of class L and U ^ G for all yfr, the function u given 
by (1) satisfies u < G. 

Similarly for a lower bound: 

For P>rO, and so j (17— (?) Pd\fr < 0. 

7 . 53. Theorem 68. If U(yfr) has period 2fl- and is of class L, and 
<5 < 1, then 

\i{s, r, e, do) I = 

jUdi. (l^-e«»*|<iJ). 

Thus if z — /->0 uniformly in 6^ and in tlte manner in 

tohich z tends to its limit {hy a path internal to r = l).t j 

We may suppose that 6^ = 0. Then | 1 1 < | d | < Jir, and 

l8iadl<id. Hence |d|<(l— .4)5, and (in the ranges over which \fr 
varies in 7) .45 < ] d j ^ x. ThenJ 

A = (l-j^^+dr sin> ^(^-d) > {1-rf+Ai^r, 
or, since this exceeds J for ?• < i and J4,5® for r > i, 

A > 4 (5), P < (1 -»^) 4 (5)< 2(1 -r) A (5), 
and the desired result follows. 

Let U+i^o) be the limit as 6-*0 of the upper bound of Uirfr) in 
0 < I •fr—yjro I ^ S, U-{yfri)) the corresponding limit of the lower bound. 
The condition that should be a point of continuity of U is 

= f7(^„). 

t Thus the behaviour of the Jeoisson integral of U near is affected only to the extent 
of a uniform o(l) by altering the values of f7 outside an arbitrarily small mterval round = 
(bo as to leave it of olass L), Compare Theorem 83. In fact the Poisson integral of a function 
U behaves very much like the function the limit operation r-^1 replacing 

CO t and the positive kernel P (depending on r), the positive kernel B (depending on fi). 

$ It is useful in tentative work to replace the function P(r, by its effective equivalent 

21 , 

where iy => i -r (in fact the two things differ by less than an A). 
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Theorem 59. // U(\(r) is periodic and of class L, and 
u = u{r, 0) = ^ 

then, uniformly as «->«*"* (m r < 1), 

lim u ^ U+{^^, lim u ^ TJ-iyfr^. 

In particular, if is a point of continuity of U, then 

( 1 ) 

uniformly as z-^e*^^. If U is continuous in {—it, it), then (1) holds 
uniformly in also, and u is continuous in r ^ 1. 

Finally the relation “ lim m = lim I7(Vr) uniformly as z-*-e*'''"” holds 
also when the limit on the right (as ** + <» o>' — ® • 

We have, supposing 11+ (V'o) finite, 

U(^) < U+dr^-he, {0 < .yfr-y/rol < S{r/r„ e)\ , 

where we may suppose S independent of in case U is continuous every- 
where. 

Let U* be the function agreeing with V in ] 1 < S, and having 

the value U+{\l/^^-\-e elsewhere, and let u* be the corresponding Poisson 
integral. 

By Theorem 58 u—u* tends to 0 as and with the maximum 

degree of uniformity contemplated in the theorem. By Theorem 67, Cor., 
we have u* ^ U+{yff^-\-e, whence 

limM < U+(\[r^ 

with the appropriate uniformity. A similar inequality holds for the lower 
bounds and the two inequalities together establish the desired result. 
The cases U+ixfr^ = ±qo require only obvious modifications. 

7 . 54. Theorem 60. Suppose that U (■^) is periodic and continuous in 
[—tt, It). Then there exists one and only one function u harmonic in 
r<il, continuous in r^l, and (for all yfr) taking the value IK^fr) at 
z = 6**. This function u is given by the Poisson integral of 13. 

This important result is an immediate consequence of Theorems 50, 
56, and 59. 

7 . 55. Theorem 61. Suppose that U is periodic and of class L, and 
that u is its Poisson integral. Let v be the conjugate of u in r<.l. 
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v = vir,ff) = ^ U(yp) Qir. ^-0) d^{r+C, 


tohere 


n — 

A(r,y/.-0) • 


For, denoting (r, 0) by «** by 

is differentiable with respect to Zq under the integral sign. It therefore 
cepresents a function of regular in r < 1. Since its real part is 

it follows that its imaginary part is a conjugate, v—G, of u. Since 

<as is easily verified) this proves the theorem. 

1 f' 

Coe. Let v denote the particular conjugate ^ J UQd^/. Then : 
(i) If \U\^Gforallyfr, 


I I ^ 2G , 1+r 

l•l< — logj^r^. 


(ii) In any case 


where 




In fact, we have in case (i) 


M < £ fj « I < 1 1: ^ [.og . wl = f .og i±r , 

and, in case (ii), 

whence we obtain the required results. 
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7 . 6. General theorems. 

7 . 61. We now apply the results of 7.5 to the general theory of 
harmonic functions. 


Theorem 62. A function harmonic in a domain D has in D partial 
derivatives of all orders, themselves harmonic functions. 

Any point of D has a small circular neighbourhood also belonging 
■(when taken closed) to D ; by Theorem 55 u is equal to a Poisson integral 
inside the circle, and, by Theorem 56, has harmonic derivatives of all 
orders there. 


7 . 62. Theorem 63. Let the functiois u„ be harmonic in D and 
continuous in D', and suppose that the boundary values Un of Un con- 
iderge uniformly to some boundary function U. Then tends uniformly 
in D to a function u, harmonic in D, continuous in D', and with boundary 
junction U. Also any derivative of converges to the corresponding 
derivative of u, uniformly in any closed set contained in D. Similai 
results hold for a u(x, y, t) depending on a continuous parameter t in 
place of n. 

We have | Un— Un \<e {m, n > n^). Hence, by Theorem 49, 
' < € for m, n > Uq and all points of D, and iin tends to a limit 
unction u uniformly in D. 

Consider now any circle C in D, and let the values of and u on C 
he denoted by I7„(C) and l/(C). Then 

= mC)+o(l\ 


o*s being uniform in the variable point of C. Inside C we have 


j Un{C)Pd\lr (Theorem 65) 


It follows that 


= Pdxir 

= -^ r U(,C)Pd^+o{l) (Theorem 66). 

27r 


and hence that u is harmonic. 


o 
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Let now C have radius r, and consider Ci, the concentric circle of 

0 0 

smaller radius p. We have in Cu denoting by D either ^ ^ > 

( 1 ) Du» = ;^^Un(ODPdyl^, D»-■^^U(ODPd^/f. 

Now DP is continuous in x, y, ^ if (», y) is in or upon Ci and yfr is the 
amplitude of the variable point of C ; thus 

\DP\<A{r,p) 

in the integrals in (1). Hence 

I Du^-^Du ! < j I C^»(0- V(0 1 I HP I = 0(1), 

and Dun-* Du uniformly in Ci. Since Du„, Du are harmonic (so that 
the argument can be repeated), and since any closed set interior to D can 
be covered! by a finite number of circles Ci, the proof is completed. 

CoR. Suppose (in addition) that D is simply-connected, and that Vn 
is a conjugate of «, and ® a conjugate of u. Then there exist constants c„ 
such that Cn->® uniformly in any closed set contained in D, 


Let 

( 2 ) 



which (by § 7 . 12) is independent of the path. Given any domain Dt 
such that HI C H, Hi can be covered by a finite set of circles each con- 
tained in H, and there exists a K such that any two points of Hi can be 
joined by a rectilinear path lying within the sum of the circles and of 
length not exceeding K. Since Dun->Du uniformly in Hi, it follows 
from (2) that 



uniformly in Hi, and vt and v* are particular conjugates of tu and u. 


7 . 63. Theorem 64. Let Ui, mj, ... be an increasing sequence of func- 
tions harmonic in D. If now «« converges at one point A of D it con- 
verges uniformly to a function u in any closed set contained in D, where 
u is harmonic in D. 


t In virtue of the theorem of Borel. 
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Evidently «, = 2 wh, 

1 

where is, for n> 1, a non-negative harmonic function. 

Let (7 be a circle about A (which we may suppose to be the origin),, 
interior to D and of radius a, and let p < a. In a circle of radius f ^ p 
we have 

^ (-f ' 

(in the notation of § 7 . 62). Now 

a — p 

whence, if n 1, and so 0, 

«>« < ^ r Wn{Od^^r = tc.(4). 

a — p 27 rj-w. a — p 

00 

Since is a convergent series of non-negative terms, it follows that 

2 

'Lwn converges uniformly in r ^ p. 

It is easy to extend the region of uniform convergence to any Di for 
which DiCD. If converges uniformly in a neighbourhood of each 
point of Di it converges uniformly in DI, by l^orers “covering theorem “ 
(a finite number of neighbourhoods can be made to cover Di). If now 
there is not uniform convergence at t every point of Di, consider the set 
E of points of non-uniform convergence J , and let B be the point of 
nearest to A (evidently JBil ^ p). Clearly there exists a circle C', with 
centre at a point P of uniform convergence, lying wholly in D, and 
containing B in its interior. Since converges at P it converges 
uniformly in a circle just smaller than (7^ and so converges uniformly in 
a neighbourhood of B, and, again, in a neighbourhood of every point of 
E near enough to B. This gives a contradiction and completes our proof. 

7 . 64. Theoebm 65. {Analogue of Liouvillc's theorem.) A bounded 
function harmonic everywhere is necessarily a constant. 

It is sufficient to prove that u{r, 6) = w(0). If (7 is | ^ | = JS > r, we 

t Uniform convergence “at’* P means, of course, uniform convergence in someneigb- 
bourhood of P. 

+ By this we mean, of course, to include points of non-convergence. 


02 
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have, supposing | « J ^ fT, 

2Tr {u(.r, 0)—u{O)\ = ^ j 

2»,| M(r, 0)~«(O) I < £ J -P (^. - 1 I Kdyjr 

‘ ^1' I fjB* — r^l — 1^* — 2.Br co8(>^— 8)+r*} 


j , ^ va. 2Br+2t^ 

dyjr < K2t ■ 


B^—2Rr cos(^— 0)+?*^ 

Since this tends to zero as JS->qo the left-hand side must be zero. 


7 . 7. Functions harmonic in a circle or in an annulus. 


7 . 71. Theorem 66. (Analogue of Taylor's theorem.) Suppose that 
u is harmonic in r<R and v is a conjugate of u. Them 


( 1 ) 


where 


u = iao+ ^ wd+6» sin n6) r** 


v+c = 2 (— -ftn COS «0+a» sin nO) 
1 


(>*<22), 


<2) 


I u(Rie^^) cosnyfrdyfr^ bn = [ w(jBie'^0 sin n\Jj'd\Jp, 

irMi J— IT TTjTfci J-r 


/or et?er^ iJi satisfying 0 «< i?i < -B. The series 
<3) 2(|a„| + |6^|)7-" 

w absolutely convergent for r<.R, and (1) w uniformly convergent in 
r ^ JB— 8 and all 0. Further, any expansion of u or of i?+c in a scries 
of the form in (1) which converges uniformly\ on (say) r = ro, necessarily 
has coefficients given by (2). Conversely, if the a's and b's are any 
numbers such that (3) converges for rCR, then the right-hand sides in 
(1) are conjugate harmonic functions in r<R. 

Let Bj < i?i < B. By Theorem 55 we have in r ^ Ba 

Since 

■p(^, 1+2(J^) C08?*(i^— 8), 

a series uniformly convergent in r ^ Ba and all yj^, 6, we may integrate 
term by term in (4), obtaining the first equation in (1) for r ^ Ba. 


t We cannot, as we can for a power series, infer the uniform convergence for r ^ fi -S 
from the convergence at a single point on r ~ Tf 
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Since Q = 2 "sin n (^-8) 

the second equation is proved similarly. 

Since may be arbitrarily near R tlie first part of the theorem is 
proved. The second part is a consequence of 

I «» I + i £ J u{Hye'^) I . A*r». 

i or the uniqueness of the series developments, suppose that 

00 

0) = iao+ " (a» cos m 0+ 61, sin «0) rj, 
where the right-hand side converges uniformly (in $). Then 

cr 

i(ao— ao)+^ cosm0+(6Ii— sinwOf 

converges, uniformly in 0, to 0. We may now multiply by cos nd or sin nO 
and integrate term by term between — tt and tt, and this gives 

(lu“^CLn ~ — 0. 

The uniqueness result, combined with what has been proved, shows 
now that the Ri in (2) is arbitrary. 

For the converse we observe that | ttu I + 1 b,i |)(22 — is convergent, 
so that (for r < R) we may differentiate any number of times under the 
summation signs in (1). It follows that tf, v have continuous derivatives 
of all orders, and, since /•'’ cos 7i0 and r'*’ sin nO are harmonic, that 
All = Av = 0 and u, t? satisfy the differential equations connecting conju- 
gate functions. This completes the proof. 

Cor. If, in particvlar, = 1 and u is the Poisson integral of a 
function Uiyfr) {of class L), then are the Fourier coefficients of U. 
If a u given by (1) has a continuous boundary function U, then b,i 
are the Fourier coefficients of U. 

If U is continuous and a„, 6„ arc its Fourier coefficients, then the ii 
given by (1) is harmonic in rCl, continuous in r ^ 1, and has U as 
boundary function. 

In particular, the Abel limit of the Fourier series of a continuous 
function U exists uniformly and is equal to U. 

For in u = ^jUPdrfr 

we may expand P in a series 

( 6 ) 8 ), 
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uniformly convergent in r ^ 1— S, and integrate term by term. This 
gives 

(6) u — 2 (a* COS nd+/3» sin n6) r*, 

>vhere 

If' If' 

(7) a, = — I XJ cos i8» = — I 17 sin ny^dypr, 

and the series (6) is, like (5), in^formly convergent in r ^ ]— 8. l^y the 
uniqueness of the series development, = a^, fin^hn\ and, by (7), 
«n» /Sn are the Fourier coeflBcients of Z7. 

The last parts are immediate, since u is the Poisson integral of 1/ 
(Theorem 60). 

7 . 7*2. From Theorem 66 we can deduce the following result in 
general theory. 

Theorem 67. Suppose that Ui, are harmonic in D, and that Ui = Uq 
in a domain^ DiCD. Then Ui = Us throughout D, 

If the theorem is false it is evidently j)ossil)le to find concentric circles 
Cl, Cj, with radii ri and r 3 >ri, both entirely interior to 1), and such 
that u = Ml— t/j = 0 in and upon Ci, but not everywhere within C 2 . 
Taking tlie origin at the common centre we have a series development 
for u within Cj. But the coefficients of this series are given by (2) of 
Theorem 66, and the integrands are identically zero if 0 < < n. Thus 

the coefficients are zero, and = 0 in (7.2, which gives a contradiction. 

7 . 73. Theorem 68. (Analogue of LaurcnVs theorem.) Suppose that 
0 <ri<ir 2 y and that n is harmonic in a domain c(mtaining the annulus 
^ 3 ' Then for an (x, y) of ri<r < r^, 

(1) W=Mi+Mc, 

where 

<a) u,lx, y) = -^ -) '^-logS 

(8) y) = -^ .) ^ -logB 

Cl and C, are r = rj atid r = r, respectively, and 


t In the familiar analogue for analytic funotions /(«) it is enough to suppose that /] 
along a curve, or indeed merely at an infinity of points with a limit point interior to D. Theite 
extensions aro false for harmonic functions. 
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Further : 

(4) tii is harmonic in r < /•g, u, harmotiic in r > fi ; 

(6) in (2) and (8) tee tnay replace Ci by any circle <75 between Ci and 
(x, y), and by any circle Gi between <7g and (x, y) ; 

(6) «{ is of the form 

*0+ S (fli„ cos ttS+bn sin nO) r“ (#• < >‘g), 

I 

where 2(| a* | + | |) /■“ converges for /• < »g, so that thx series for if,- 

converges uniformly for r < r^—S ; 

(7) Uc is of the form 

CO 

li log r-\~ (ai cos wfl+ii sin nff) r~* (r > »■,), 

1 

where 2 (| oi | + 1 1) converges for r> ri, so that the series for n,. 

converges uniformly for r ^ ; 

<8) the results (1), (4), (6), (7) are valid also if u Lh harmonic only in 
fi <r < r^. 

Finally 

(9) Any two expansions for u of the type 

(10) 2 (a„ cos n6+b„ sin nd) t^+h log - (a» cos n0+b'» sin h6) »•-" 

1 1 

are identical, provided that on two distinct circles r = ro, r = ro of the 
annulus they represent u and are uniformly convergent. 

The result expressed by (1), (2), and (.’1) is an immediate consequence 
of Theorem 53. Next, we may differentiate any number of times under 
the integral sign in (2) if r<fa, and in (3) if r>-ri. Since the 
integrands are harmonic in (x,y) in these domains we obtain the result 
(4). The two results in (5) follow from the special case of Theorem 62 
given at the end of § 7 . 41. 

(6) is a conseipieuce of (4) and Theorem 66; but (7) is less imme- 
diate. We may write (3) in the fonn 

<11) -2x«. = *+logr£^^*- j^log 

Now for points H, n) or (r„ yfr) of log “ ™»y 
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each b« expanded in the form 2c»r“* cosnf^— 8), where 5) |ci,|(ri+d)~* 

0 ?^ • • 

is convergent, f Since %i and ^ are continuous on we may integrate 

term by term in (11), obtaining the various results in (7). 

Next consider (9), still supposing u harmonic in a domain con- 
taining ri ^ r ^ rj. In virtue of the uniform convergence we may 
multiply the expansion for u by cosmS or sin nS and integrate term by 
term on either r = Tq, or r = r^. With cos n9 and n > 0 this evidently 
gives two equations which determine a,, and ai, and the case n = 0 gives 
two equations to determine k and tfu* Similarly with sin nd we determine 
bn and bn (there being, of course, no exceptional case n = 0). 

Finally it is evident, m virtue of (5) and (9), that we need suppose u 
harmonic only in riCrCra to secure the truth of (1), (4), (6), and (7), 

Cor. If u is (onc-valued and) harmonic m 0<r<r2 then 

( 12 ) U = 'lii + tte, 

inhere u, is harmonic in r <. /*. 2 , Ug is harmonic in r <, 0, and 

(18) «, = rt,i+ i) (a^ cos nd+b„ sin «8) r" {r < /•,), 

1 

(14) tie = log r4- 2! {an cos tiO+bl sin n0) r"“’' (r > 0), 

where 2 (| «» | + 1 |) converges for r < r^ and 2 (| | + 1 //, | ) r*"’' con- 

verges for all positive r. 

7 . 74. Theorem 69. {Analogue of Osgood's theorem.) Suppose that 
u is (one-valued and) harmonic in a neighbourhood of a point P, except 
at P itself, and that ii.is bounded in the neighbourhood of P. Then u is 
harmonic also at P. 

We may suppose P to he the origin and the neighbourhood to con- 
tain r^Ts. By Theorem 68, (^or., and with its notation we have, sup- 
posing K to be a bound of | « 1 in r ^ tq, and integrating term by term, 

I h log r+Oo I = I ^ j «(»'. j < K. 

t If fo ~ »*!«♦*, « — then 

'-5^ - «<".'->- - *f ( ;-) ■■ - f (^ ) ‘ 

log^ = » log'r*. = -a 1 f r) ‘''ooin(y(— »). 
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This l?eing true for arbitrarily small r we have fe = 0. Similarly, for 
n>0. 

I a I, r“” +«,»•'' I = I — f u(r, 0) eoBnOdd < — [ KdO = 2K. 

I J —tr J —w 

Since this is true for arbitrarily small r we have a»=0, and similarly 
65, = 0. Hence 

to 

u = aQ+ 2 (Un cos n6+b,t, sin n6) r’* 

for 0 < »• < so for 0 ^ r < if we define u{0) = 

Since 2 (| | + 1 6 m converges for r u is harmonic in r < 

by Theorem 66 (converse part). 

7 . 75. Theorem 70. Suppose that the real function u is {onc-mlued 
and) harmonic in the neighbourhood of a point P, except at P, arid that 

+<30 as (x,y) tends to P, Then u = felogr+wi, where k is negative 
and U\ is harmonic at P. A similar result holds if u->'-'CO, k being 
positive. 

We may suppose P to be the origin, and in the notation of Theorem 
68, Cor., we have to prove that al, = 6« = 0. Now if, e.g.^ u-^+(x> we 
have, for any large positive h, 

u > h (0 < r < »•(,). 

Hence, for n>0 and 0 <C r < To, 

L “(‘ ± “*) > L * (l ± »»)■*« = 2-'*. 

since the factor in brackets is non-negative. Hence we have 

2'7r(ao+A:logr)±'7r(air“*+««>’’') = | «(1 ± cos n8) 4" ® 

ng whichever sign is taken. This clearly requires a« = 0 (and 

k < 0). Similarly bl = 0. 

Theorem 70 is the analogue of the theorem that if \f{z)\ -*<x) at an 
isolated uniform singularity, then that singularity must be a i)ole. 

7 . 76. We conclude by giving the existence theorem for a circular 
annulus with assigned continuous boundary values. 

Theorem 71. Suppose that 0 < n < r*, and let us denote the open 
and closed annuli ri<r<rs, ri<r^r, by D and D'. Suppose, 
further, that Ui(fi), Vi(fi) are continuous and periodic functions of B. 
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SO 

Then there exists one anti only one function tt hartnonie in D, con- 
lurious in D', and such that 

0) - Cr,(6l), <?) = Ui(e). 

Further, if 

Ui ~ 2(a«, I COB h0+A„, i sin n0) (i = 1, 2), 

then we have in D, 

<1) u = k log (a„ cos nd-\-fi„ sin tt0) /•" 

1 

'JG 

+5! (■)/„ cos sin itB) r~* 

I 

= k log r+J«o+«i+«a. 

where the coefficients k, a, y, S are so chosen that the series (1) be- 
comes formally identical with the Fourier series of Ui when -r = /•< 
(i = 1, 2). Finally 

arc respectively convergent for rcr*, r>ri, and (1) is uniformly con- 
vergent for ri+^ ^ r ^ rj—B and all 6. 

The conditions of formal identity just determine tlie coefficicntB in 
fl), and in virtue of 

a„,i = 00), 6 ,,. = 0 ( 1 ) 

(as n-^<x>) tlie explicit forniiilae give at once tlie resultK about tlic con- 
vergence of the seriefi (2). It foIlowR that the series for iii nitli r = rj 
is the Fourier series, 2 {a* * cos tid+b *, g sin nO), say, of 

U* (0) = Ui{$)—{k log Mi(» 2 , 0). 

Since this function is continuous 

tti(Xrj, 6) = 2 {a* g cos nd+b* s sin aO) X" 

tends uniformly to U% as X-^1— 0 (Theorem 66, Cor., last part), (^uite 
similarly, with an obvious notation, 

«a(X“* ti, 0) = S (a* 1 cos i sin n0) X“ 

tends uniformly to U* as X->1— 0. It follows easily [since the series 
for fi), tti(ri, $) are crudely convergent] that 


< 8 ) 


U{r, a; X) = * logr+ Jao+Mi(Xr, d)+ttj(X-^r, $) 
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tends uniformly to Ui when r = ri and 1, and to C/s when r=:fi 
«nd It follows from Theorem 63 that as 1 u(r, 0; A) tends 

uniformly in D' to a function u*, harmonic in D and continuous in D', 
4 ind with Uiy U% as boundary values. If finally ri-<r<!r 2 , (3) gives 

u* = limw(r, 0; A) = A; logr+Jao+Wi(r, 0)+Wa(r, 0). 
and this completes the proof. 


8 . llie behaviour of certain special functions of a complex variable, 

8.1. In much of our subsequent work it is of great value to possess 
examples of all the important varieties of asymptotic behaviour. The 
behaviour of each of the functions discussed in this section is in some 
respect extreme. Our functions 

fiz) = 

are all regular in tlie unit circle y. The mean we denote by 

or by Mx(p), Thus 

> 0 )- 

We write F(.p) for tlie niajorant 2 1 «,[/>" of fiz). 

8 . 2. The first function we consider is 

fiz) = 2n-‘V". 

This is evidently continuous in | ^ j ^ 1, and it has the property that 
2 1 diverges for all positive A and «. We describe fiz), for obvious 

reasons, as a “gap-function”. 

8 . 8. (’onsider next the unbounded gap-function 

f{z) — '^n\ 

Let «»= />» = exp (—!/»!), and consider / first when P = p^- 

The function ^(it) = «p“ is a maximum (in u > 0) when u = Uo — 1/log 1/p, 
And ^(^^o) = It follows that | m„ 1 is greatest when m = n. We 

have, in fact, 

I Un—K 
Un 


- e(w-|.l)(».f 2)... (»-!-«) < «(»+«) 

(s = l,2,...). 



X e 

«(»— 1)...(»— S+I) ~ «(« — !)... (n-s-fl) 
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Hen^ 

M 

tin 




= 1 + 


43 


i/(^):~i«„' =«-' (log-^) 0> = /»«) 


imiformly in 6 and the a»’8. Thus F(p), M(p) = Ma,x\f\, and Mx(p> 

|j|«p ‘ 

are all asymptotically equivalent to (!—/))“* as p-*l through the 
/)». On the special circles p = p^, in fact, there is complete dominance 
of the series ^UnZ* by a single term. 

It is easily seen that for other values of /s / is dominated by at most 
two terms. Suppose, in fact, that /»»</>< and of the two terms 
tin, t«B+i let Un, say, have the greater modulus !• : | «„+i | = <r| «„ |, 0 < or < 1- 
Then we can show, much as above, that 


( S + 2 ) 

\i>i<n in>n+l/ W 

whence 

(1) 1/1 = I«„l ll+o-c*’''^‘^M+o(l«»l). 

where v = (n+1)! — nl. From (1) we have 

(2) JlfOo)={l+o-+o(l)}U»l, F'(p)= {l+o-+o(l)H«»i, 

Mk(p) = 1 «» I I p de) +0(1 1). 

By change of variable from 0 io 6 jv the coefficient of \iin\ is 

J J = JlfA(^), 

where ^ = l+o-e”. Now if o- < 1, 
log Jlfo(^) = « ^ j' logd+o-c") ^ f 2 o-*e"«d9 = 0, 

and so [Theorem 1, (10)] Jfx(^) ^ Mo(^) = 1 (A>0). Since Mx(^) 


t Since in any case \Uh \ ^ e-^nl it foUowR that the greater term is large. 
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continuous in o- for o-^l when A,>0 we have also Jlfx (^) > 1 for 
<7- ^ It. Hence, tinally 


<8) M ^( p ) > 1 1+0(1) H «„ I (X > 0). 

It follows from (2) that 

<4) M^(p)>{l-e)M{p), M{p)^.F(p). 

X precisely similar argument shows that the results (4) hold also if 
I »»+i I > l«n|. They hold therefore as p->l through all values. 

8 . 4. Our next function is 

/(^) = (1 -;*)-• |A log 


where a ^ 0, and /3 >• 0 if a = 0, so that / is unbounded in y. 
We write B for A (a,^). We shall show first that, as n-*-cc, 


<1) a,t ~ (log nf (o > 0), 

<2) a,, ~ HM"*(log«)^~^ (« = 0, )8 > 0). 


It is enough to prove (1), since if a = 0, 

l(n+^ anz"’ = .?/'(^^)+/3/(«) = ^(1— log 


and 7ian (n+Q) a,, B(log by (1). 

Similarly, by repeated differentiation, it is enough to prove (1) when 
n is greater than any convenient constant, in particular when a >■ | ^ | +1. 


Let now 


We have 


r = f* = (1— jylog j—} . 

a - J-f 

'* “ 27rij0 ’ 


■where C is the circle \z\ = r. Our argument is, roughly, that / and /• 
differ trivially on a certain part of C of length large compared with 
1 — r (but not too large), while the contribution of the rest of C to a„ is 
negligible. This reduces the problem to the simpler case = 0. As 
it is on these grounds that the results are intuitive to the expert, a 
proof based on them is perhaps the right one; the details, however, 
seem a little awkward (and the experienced reader will omit them). 


t This also follows at once from Theorem 208 below, in virtue of which Jl/x (p, is an 
increasing function of p, and so My ip) > My (0). 
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Let Cl be the part of C for which|9|<(l— r)log{(l--r)“’^} =ij, Cj the 
remainder. On Ci 

(8) 1-^ - l-r.4.^04.O{9(l-y)l+O(0»), 

^ + 0 ( 1 ), 

1— r 1— r ' 

^ (O(l)ifl0|<2(l-r) 

1 — 

^ 1— »• o(log log if 2(1— r) < I 0 1 < (1— r)log{ (1— r)-* f 


U+o(l)} 


and so, since 2 /r = l+o(l), 

(4) /(.?)= U+o(l)f/*(*). 

On the other hand, on Cj 


1 , 1 I ^ -IT . 1 


-IT , 1 1 


7 ">« i±j I < t + 1 1 I r±; 1 1 < t + f i± 7 - < ^ 

I/I + ' < -B (log j”) 1 I 

We now have, since r”” = eCA, 

1 f f*{x)dz _ 1 ir (f—f)*dz \ 

®* 2iri Jc “ 27r 1 Jo 4f“-' ‘ 1 

< ^ /-/» 1 m+A / 1 + I /* 1 ) 

Now on Cl we have, by (3), 

£ 1 l—z |-dd ~ j’ {(l-r)*+d*}-**d0 = 2^ 

‘ ^ flog {1/0 -r)} 

= 2(l-r)^-M ^(X+>j?)-^dx 


2(1 -r)’ 


=.B(l-» 


since a > 1. 
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On C, 

'■■(‘»»i^)"''']- 

since o— 1 5>|/9| . 

From (5), (6), (7), and (8) we conclude that 

Since log X Icoefficient of in (1— «)“•] 

~ “<«”>' nSrirw ~ »»"'C'>8">' 

we obtain finally the desired result (1). 

The means Mxip) may be approximated for by rather similar argu- 
ments. We can, however, deduce their behaviour from that of a„. In 
fact 


where 


= ^ Jj &.«" \‘d» - 1 1 


If a < 1, 2 I c« j ® is convergent and J <. 13 iov all p. If a = 1 and 

— I, 

f<J5(|8<-l) 


Ifa>l, ^ '' 

J = J 52 {l+o(l)[»““®(Iog 7 l)^/:)®* 

~-B «“~*(logtt)^c““"*dM = ^logo+log-^^ e~“’dt\ 

t This is proved by a oomparison with the integral 

I u’^iloguyp^"du. 


See (9) below 



96 


Spscial FimcnoNs. 


where < = log— ~ l—/>. But 
P 

+ r 0(v‘)e~^^dv. 

j2/t 

The first term on the right-hand side is 

{ 1+0 (1)} (log I) " j* V^-U-^dv ~ B (log y) 
and the remaining terms are small compared with this, so that finally 
J-B(l-p)‘-‘(logj^)f 

The integrand in Ifyip) has indices \a, \p. We may therefore sum 
up as follows : 

(10) Mxip) < A (a, j 8 , X) for Xa < 1 or Xa = 1, < -1, 

(11) Jlfx(/») ~ A {a, X) (log (Xa = 1, Xj 8 > - 1), 

(12) M(p) ~ ^ (a, | 8 , X)(l (log Y^) \xa > 1). 

The exceptional cases omitted in this section require further analysis 
(and lead to repeated logarithms). They have little practical importance, 
and it is not worth while to pursue the subject further. 

8.5. We consider next “Weierstrass’s non-differentiable function”, 

f{z) = 

where a is an integer greater than 1, and c a real constant. Here also 
we shall not elaborate results beyond the requirements of our applica- 
tions. 

If c < 0, f{z) is continuous in 7 . 

For c >• 0, we prove the following results : 

(1) 1/1 <^(flf, c)(l-p)-*. 

( 2 ) Given c > 0, then if loga>Max( 2 , 8 c“*) there exists a sequence 
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Pit Pit tending to 1 -, and anch that \ f\ > A(a, for p = pf{and 
all &). 

For (1) we have, writing B for A(a, c), h = logo, 

»» = ao+<»i+»--+«« = 2o‘*< BMaxo”* < B(n+1)” 


I f(z) I < 2a„/>» = (1 -p) 2««p» < (1-p) B2(u+l)V < B(l-p)-«. 

Consider now (2) ; we take p* = exp (— ca"") and show that for p = p,, 
the series for / is dominated by a single term. 

If Om = a°"'z^, we have 

I I < e-<*'p"““ = (« = 1 , 2 n). 


I nn+a I ^ 

I «» I ^ 

Hence 


= exp{c6«— c(e'“— 1)1 < exp(— ic6®s®) ^ exp(— Jc&«) 

is > 0). 


I. 

«» 


> 1—2 

t^l 


Un-.n 

Un 


- 2 


Un+8 

Un 


> 1 - 


-c-fb 




1 — 


> 1 - 




.-i** 


l—e-<* 1— e-i'" 


^ l-2e-5-2e-» 


1 — c-'" 


1— e-*^ 


1 — c- 


,>y4. 


Also I I = Bo- = B (log-^)*~B (y^)‘. 


8.6. To prove our next results we require two lemmas. 

Lemma y. For s = <r+<i, <ri ^ o- ^ 0-3, t > 1 ice have 

I r(-s) 1 < Bt^e-*^, B = A (a-i, 0-2). 

This follows easily from the well known asymptotic formula for 
logr(s). 

Lemma 8 (“Mellin’s integral”). For Jiy > 0, > 0 toe have 


I f— <c+i« 

e-» = 5—. r(— s) fas. 
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We have, with the contours marked in the figure, 


_1_ 

2x1 


l(t)+W+(#)+(4) 


r(— «)y*ds 


y (-y)* 


(8) n*i+iT 



Fig. 1. 


the right-hand being minus the sum of the residues at « = 0, 1, n. 
We now fix n and make T-* «>. It follows at once from Lemma y that 

[ tends to [ and [ , f tend to 0. Thus 
J(l) i-K-iv J(}) J(D) 

1 r-K+ioo n / -Am 1 fn+J+iw 

ri-. - 2 r(-«) i/ds = 


ir(-n-J-fo-)l= — 

n (— TO— j— fi) 




(1) = j- ( E V < A. e-i-Ki 

Hence, writing y = tie*\ where 1 ^ | < i>r, we see that the integrand in 
JSn has a modulus less than 

--(»»- i*i)i*i 
nl ® 


It follows that i2n-^0, and this proTes the lemma. 
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8 . 7. Weierstrass’s function satisfies ilie follo\ring identity. 

If b = loga>-0 (but a is not necessarily integral), V^yZ>Q, c is real 
and not zero or a negative integer, then 

( 1 ) = I r (.+ .1. 

Let y = Tje*^, | ^ | < i?r. Consider now 

taken round the contour of the figure, Sr being the point —c+2nti/b. In 
this we first make M-* oo. On the horizontal boundanes 

1 1 1 = = (2M+1) x/i, 1 y I* < ij'e'**' < , 

I r(-«) I < Kh^e-^^ < JSTe-*" 

where K's are independent of M and <t [K = A (b, e, k, i;, N)] ; 

a‘+* = exp \ b(c4-<r) ± H2N+ 1) 1 « real and negative. 




®M+I 





Nfl 

-K 


0 “ 

•»* 






Fig. 2. 

Hence the integrand has a modulus less than Ke~^" and the integrals 
al ong the horizontal boundaries tend to 0. Hence, also, the series of 
residues at the poles on cr — — c converges at each end. 

On the vertical boundaries |l/(l-a*+*)|<X and the integrale 
converge absolutely (when taken to oe ) with the integral of Lemma 8. 

h2 
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We have, therefore, taking account of the residues in the rectangle, 

1 /(■-*•'*- T.i-8)y‘d» 

= 2 tzMl L i 2 r fc+ y->-(Mnlb) 


In this we now make N-^co. Since 1/(1 — a'+O <1 for o- = J ^ (c), 
the integral along =: JV+i tends to 0 in virtue of (1) of § 8 . 6, and we 
have 


(^) 




= 2 - 


(-yr 


y 2 r (c + ^) 


Now 


-K + itO 00 

2 a'»(ya’‘)‘r(-«)<fo, 

-ioo n=0 


7n!(l-a‘+») 

and in this we may invert the order of the operations | and S, since 

j 2 1 a«*(ya«)*r(-s) 1 1 ds 1 = j” 2 a-<''-')» j r(-«) | . 

exists. But this leads at once, by Lemma 8, to 


\dt 


(S) J = 2a"‘«->«*, 

and from (2) and (3) we obtain the desired result (1). 

8.8. We can now discuss our last special function. We prove : 
Given ^ > 0 and a real o=^0 satisfying | c | < J+, then 
f{z) = 2a„«* = 

satisfies 

( 1 ) = 

for z = 1 8 1 ^ IT, where 

log a = 6 = 2w)8”*, y = t — fi exp(— 1—8/8“*), 

" = = log(l/p). 


t aBSumptton | c | < ^ enables us to avoid some minor oomplioations. Ihe important 

values of 0 are small positive and small negative onest 
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ylrisa eohtinmus function of p, 6, w p < 1, 1 6 1< w, and 

F(y) = 

Sividently t lies between two constants of the form 'and 

<r^0 uniformly in 0 as p->l. We suppose first J<p< 1, so that 
<r<A(/3). Now we have as n -► oo , the constants of O’s being 
independent of 0(or t), <r, n, 

r(c+?™) =(3,).(.+ ?^)-‘»p{(o+?=) iog(.+ ^) 

X MP j (c+ [l„g^ +log„+i^+ +0 (^) -l] +0 (i)} 

(2) = e~^*b^n~* 

Xexpj^wilogn— y«+^ (log^— l) in+clog^+jTrci+O^-i^j- 

= exp (- [c+ [log t+iTTi+lOg (l+ ^)]} 

= exp I — [log ^ + 0(<r*)J| 

(8) = exp 1^— ^inlogi— clogi— iTrci+0((r)+0(o^n)|. 

From (2) and (3) we obtain, after a little rearrangement, 

=: e-i^(2w)‘6*-‘r‘»‘-»e^"*'’«"(pe**)"exp{o +0(<r)+0(<7^«)|. 

(4) = e~*^(2'jr)'6*"'f”‘o*«"+n‘“*»»p*, 

where 

I »,|< I exp (o (-^) +0(<r)+0(<r»n)} -1 1 = iTlexp w,-l j.' 

We show now that 

«*"* I 1 p* < Kn~^ {uniformly in p < 1). 


( 6 ) 
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We have <r<,K log(l//>). Hence for n^v = (log !//>)“* we have 
flr^» •< (log !//»)*, Invl^-^f 

at^ 80 l^n 1 < ; 

and (6) iollows since e ^ J. If, on the other hand, n >• v and 1—p >• K, 
then V^K, and p = exp(— v*) gives 

«*~*| < exp(— W*) exp(^ < exp(— nv“*+^ «) 

< exp(— ^nv“*+iS^ 

<«xp'(— ir»v“*) < 

Thus (6) is proved for 1 — K < p < 1. The rest is easy. The series 
E»*“*'»nP* is majorized hy XS»“®*p'* and represents a continuous func- 
tion ; and since <r<K, and so \y\<zK, the series 

g = s_(=i()!_ 

ih also continuous. Hence, since f* is continuous and lies between two 
constants AiP), it follows from the formula of §8.7 that (1) holds 
subject to the condition p > 1 — K. But when p ^ 1 — K, and so <r >■ iT, 
the functions /(«), F(y) are clearly continuous in (p, d). The result 
(1) holds, therefore, without restriction. 

If now we select a as in §8.7 we deduce the following results con- 
cerning the behaviour of f(z) = z” : 

Given a real c ^ 0 subject to 1 c | < J there exists a /8 = 4 (c) with 
the following properties : 

(а) If OO then 

|/(«)|<^(c)(l-p)-‘ (p<l) 

on the one hand, and on the other there exists a sequence (p,) tending 
to unity and such that 

|/(«r)|>;l(0)(l-p)-' 

for p — pn and all d. In this ease all M\ip, f) are unbousided, 
and, indeed, of the same order; and this can occur with a function f 
for which | o» | = 

(б) // 0 < 0 then f{z) is continuous m p < 1, Tku can isveupt for a 

function with | «« | = - 
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Chaptbr I. 

The contents of this Chapter are almost all classical. It ends with 
the theory of the conformal representation of “schlicht” domains in 
general; but much of the earlier part has great intrinsic importance. 

9. The maximum modulus principle. 

9.1. Thsobeu 101 .+ — Let f{e) he regular in a bounded domain D. 
For eaeh point i of the boundary suppose that, for some S — S(e, 

l/I<M+e 

for all g of D in \ g — ■< 8. [We call these “conditions (A)”.] Then 
I/I ^ M in D, and equality does not occur unless f is a constant. 

[N.B. — / is defined only in D, i.e. at interior points.] The proof is 
very much like that of Theorem 49. Let G, possibly ao , be the upper 
bound of I/I in D. Consider the class of points P such that every 
neighbourhood 8 of P gives G as upper bound of |/| in SD, The bisec- 
tion argument shows that there exists at least one P in D' (not neces- 
sarily in D). Suppose now no internal point is a P ; then some boundary 
point ^ is, and since |/|< Af-|-« in some neighbourhood of we must 
have G ^ M. Since evidently | / 1 -< G at all interior points [equality 
makes 2 a P] , we have also | / 1 < M. 

I prove now that if an internal point is a P, then / = G, a constant 
in D, and | G | = G. This will complete the proof, since every ^ will be a 
P, and so G as before. 

Suppose an interior point g^ is a P. By continuity | f(g,^ | = G, 
say /(«o) = Gfe**. Then 

/(«o) = ^ j 

where 1 2— 2o| ^ r is any circle round Zo lying entirely in D. Thus 


t The theorems of Ghapter I begin at number 101, those of Chapter n at 201, and 
so on. The sections are numbered oonseoutively. 
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Since 1 1 < G and | / 1 is continuous we must have | / 1 = G on the 

whole circle. If now /(«o+^c”) = 

® = s r = s r™* 

and the same argument shows that cos — a) = 1 on the whole circle, 
and so /= Ge*‘. . Since r is arbitrary, we have /= (7 = Ge‘“ =f{z^ 
in any circle round Zo lying in D. 

Suppose now / is not equal to C everywhere in D, say f^C for 
z = Zi. Join *o» Z\ by a polygon, and let ^ be determined, by a Dedekind 
section, so that f = C on the polygon from Zo to anything short of 
but not from Zo to anything beyond By continuity fiQ = C. Hence 
by the above argument / = C in a circle round 5, and this is false. 

An important particular case of conditions (A) occurs when / is 
continuous in D* and | / 1 ^ Af at all boundary points. 

CoBOLLABY 1. — The result of the theorem is true also, if / is regular 
at each point of D and |/| is one-valued in'D. 

CoEOiiLABY'2 . — If f^O in D there is a minimum modulus principle. 

We have only to consider g = 1//. 

CoBOLLAEY 3 . — If f is regular and never zero in D, f is continuous 
in D', and the boundary values of \ f\ are everywhere constant, then f 
is constant in D. 

By Corollary 2 | / 1 is not less than its boundary value anywhere in 
D; hence \ f\ attains its upper bound at an interior point and / is a 
constant. 

Corollary 3 becomes false if the condition / ^ 0 is omitted. 

9.2. The rdle of Cauchy's theorem in the above proof. 

1. The theorem is used only in the case of a circular contour within 
the circle of convergence. 

2. Its use is avoidable. It is enough to show that | / 1 caimot be a 
maximum at an interior point of D, unless / is a constant. If / is not 
constant, and the point is the origin, we have 

f — a>Q-\-CnZ*-\- c»^0. 

Let 8 be small and positive and let s be a root of the equation 
(1) z* = daoicn. 

Then I/I = (1+8)1 Oo 1+0(8*) >laol = I A0)|. 
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It is instructive to compare the problem of proving the fundamental 
theorem of algebra without using Cauchy’s theorem (or an equivalent). 
This problem, too, reduces, on the above lines, to the existence of a « 
satisfying (1), and is substantially eqnivaient to the existence of a solution 
of the equation k. This last existence theorem can be proved, if with 
some ^fficulty, by purely elementary reasoning. 

. ' t 

9.3. The following argument has a certain interest in spite of 
requiring assumptions more stringent than (A). Suppose D bounded 
by a contour for tvhich Cauchy’s 'theorem is valid , ’/ continuous in D' 
(and regular in D), and | / 1 < ilf on the boundary. 

(i) Let iSo be interior to D. Then 


I L f 

~ .2Ti]o 


2irS 


M*, 


where L = length of <7, 8 ?= distance of *0 from C. 


Make » -> 00 : , \f{z^ | < M. 

(ii) Suppose \J{z<i)\~M : to prove / constant. We have 


Hence 


I w ./« I = I ^ I < ^ 

I /'(^o) I < ^ ^ , and n -> 00 gives /(«o) = 0 . 


Let =/”. Then F" = 7{{»— l)/"“®(/')*+»/*"V'', and so 





Pdz 

(z—z^ 



2\L 

2x8“ 


IP 


. , . /"(^o) = 0. 

Similarly f"'(z^) = 0, etc., and / is a constant. 


9 . 4. Theorem 102 . — Let /(z) be regular in a bounded D ; 
j/|<M+tf for some neighbourhood of each boundary point, except 
for a finite set ..., in D. [Conditions (B).] Then 

l/K M m jD, and |/1< Af unless f is a constant. 
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Let d be the diameter of D ; nr > 0. Let 

«' is regular at etery point of D. [in D if I) is simply connected], and 
I a)' I is one-valued in D. The same things are therefore true of tp. Also 
jarj^l, so 1^1 <1/1, and in some neighbourhood of any 

( other than a Also 

I'^l < l/M"'l Wr|' < Ard-'i* < e < M-l-e 

if I z—^r I < d and S — S{e, a) is suitably chosen. Hence | ^ | < Af-f-e in 
some neighbourhood of each ^r, and ^ satisfies the conditions of 
Theorem 101, Corollary 1. Hence 

I ^ I < ilf in D, 

Fixing z and making <r->0 we have | /| < Af. By Theorem 101 / is 
constant if | / 1 = M at an interior point. 


9.5. Strip-theorems. 

9.51. The principle of the argument of Theorem 102 generalizes as 
follows : 

Theorem 102o. — Suppose that f is regular in D, and satisfies 
|/|<Af-b« for some neighbourhood of each ^ of the boundary, except 
for ^'s of a set E; and that a function wiz) exists, regular at every point 
of D, and not identically zero, for which |«i)(z)| is one-valued in D and 
satisfies | <o | < 1 in B. Suppose finally that for any given positive « and 
«r the inequality ] «' / 1 < M-|-« is satisfied in some neighbourhood of each 
^ of E. Then | / 1 < M in D. 

g = a/'f satisfies the conditions of Theorem 101, Cor. 1. If Zo is an 
interior point, not a zero of a, 

lflr(«o)|<Af. |/Uo)l<Af|«(«o)l"' 

and I < AT by making ir-^O. If Zq is a zero of a> it has points 
nbli zeros of a, arbitrarily near it ; |/(«i) | < M, and so |/(So) | < ilf by 
continuity. 
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9 . 52. Theorem 102a has applications to the theory of functiofos 
regular in infinite vertical strips. We nowhere happen to use these 
applications, but they have great intrinsic interest, and we shall digress 
to discuss them. 

Tbeobbm 103. — Suppose 

(1) / is regular in a half-strip a<x<p, y>t}, or D; 

(ii) l/l^ Af+e in some neighbourhood of every (finite) point of the 
boundary ; 

(iii) /= 0(exp uniformly in D, where 9 < 1. 

Then |/| in D. 

Remarks. (1) The strip is the transform of a bounded D with one 
exceptional £i, going to oo. 

(2) As against Theorem 102 we assume a highly specialized boundary, 
with a cusp at oo, but, on the other hand, much less than |/| = 0(1). 
There are other compromise theorems. 

(3) The theorem is more or less best possible. The example 
a = — ix, i8 = iir, v = 0, f= exp(e~**), shows that 9 = 1 is not per- 
missible; here 1/1= 1 on <r = ijir, 1/| = exp(e*) on x = 0. 

Proof. — As often happens, the critical case gives a clue. Let a, jS, ij 
be as above, <r > 0, g = / exp (— =/»', where 9 < < 1. 

Clearly 1 w | < 1 in D. As y -► oo 

g = 0(exp [e* i*>— o-e*''* cos JAw]) (uniformly in ®). 

Now (re*»co8iJi[!x< <re*''co84A:7r -»- — 00 (uniformly in ®), 

since k>%. Hence g-*0 uniformly, and so Igl < M+e (y > y'). The 
theorem now follows from Theorem 102a, transformed to the case 

fi- »• 

To carry out the details, not using Theorem 102a, we proceed as 
follows. Let Zo be a point of D. We can choose H so that 1 g(z) | < Af-f-e 
on yssH, and may suppose H>-ya = Since Icd'I ^ ] we have 

now |j|i|<M*f « in some neighbourhood of every boundary point -of 
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the rectangle, therefore | g | ^ M at « = 2 o by Theorem 101. That is, 

|/(^o)|< Ml 

In this we make a- 0. 

CoBOLLABY. — Suppose (i) and '(iu) hold, and f is continuous on the 
boundary; f = 0(y“), 0(y'’) on x = a, /3, Then f— 0{y‘) on x = y, 
uniformly in y, where c = py+g and px+g is the linear function that 
is a at x = a and b at x = 

We may suppose »j > 0. Let ^(z) = /(«)(— regular 
in D, continuous in D/, 

|^| = |(j/_m:)-<j«+9)-<w| 


= I y—ix |-<^+«> exp ^py 3 log 




/ 1 \ 

l+0(-)l exp 

= y-o«+Pe-'«(l+o(-i)} 


y—ix \ 

y } 

{»[- 7 +°(?)]} 


(O’b uniform). 


Thus 0 = 0(1) on X = a, x = )3, and, of course, on the bottom 
boundary. Since = condition (iii) holds for ^ if d is 

rechosen. Hence ^ = 0(1) uniformly in the strip, whence the result 
for /. 

A similar theorem holds for 0{(logy)®’’’}, etc. 


9 . 63. Thbobem 104. — Suppose (i) and (iii) hold, and f is continuous 
on the boundary. Also that Hm | / 1 ^ M on x =: a and x = p. Then 

y — > 00 

lim 1/1 ^ M uniformly in, the strip. 

f is bounded on the boundary, therefore, by Theorem 103, in D'. 
Suppose i; > 0 ; and. let H = H(e) be the ordinate beyond which 
I / 1 < M+« on the edges. Let h be a positive constant, g = fz/(z+hi). 
Li any case | ^r/(«+Ai)|-< 1 in the strip; we suppose fiurther h = h{H) 
chosen so (large) that 

lg|<M+« on y = H 

(this is possible since |g | ^ |/| >< K)- Then g satisfies the conditions of 
Theorem 103 in the strip above y = H. Thus |g | ^ M+« iu this strip, 
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and lim |grl<Af+e, uniformly. This gives lim|/l^if+e+ since 
#" >00 

s/(*+fcO ->1 uniformly (in x). Hence Imi |/| < M. 


Cor. 1. — If, subject to (i), (iii), and the continuity of / on the 
boundary, 


Um|/1< 


u 


X = a, 
x = fi. 


where a, then liml/|^e*“+« (uniformly), p and q being 

chosen so as to make the right-hand side a at a and b at j3. 


Consider g 

Cor. 2. — If / = 0(1) on x = a, / = o(l) on x = then f = o(l> 
on x = y if a < y ^ 

We may take b = e in Cor. 1, observing that c*^'*'* (for fixed y) 
tends to 0 with e. 

This ends our digression. 


9 . 61. The conjugate function F(z). Suppose F(z) is legular in D. 

We define F(^, for a ^ of D, to be the conjugate of the number F(^). 
Then F(1^) is a regular analytic function of ^ in D. For it is evidently 
one-valued ; also if f = i, and so df = Sz, 

F(C+S^)-m _ F(z-j-8z)-m ^ 

~ 8z 

(by reason of the existence of the corresponding limit for conjugates), 
and F is differentiable at 

9 . 62. It is convenient to take here a proposition quite unconnectetf 
with our immediate topic. 

Theorem 105. — (Schwarz's continuation theorem, or "symmetry 
principle”.) Suppose the domain D has a segment of a straight line 
AB as a free part of the boundary (i.e. if P is between A and B the whole 
interior of some semicircle about P lies in D), and that D lies wholly 

t- Not M, It is Jf .(■ t that plays the pact played in Theorem 108 by Af : the donuun and p 
depend on c. 
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on one side of the complete etraighi line AB. Suppose that f is regular 
in D, is continuous (in D') at points of (AB), and takes real values on 
(AB). Let us define 


F(z) = 4 


f(z), for z in D-\-(AB), 

the conjugate of f(f), for z in D. 


Then F is a regular analytic function in Di — D+D+(AB). 

D and z here denote reflections in AB. We may, however, suppose 
AB the real axis, so that D, z have their usual meanings. D and D have 
no common point. 

F is regular in I>, as above, also continuous (in Di) on (AB). 
It is enough to show that F is regular in some circle about every P of 
(AB) ; for it is then regular at every point of D„ and one-valued, by 
definition, in Di. Let us then draw a circle C round P in Di. Let 


<f>iO = 


1 f F(z)dz 

Jc z—^ ’ 


a function regular in the interior of C. Let Ci, be the perimeters 
of the upper and lower semicircles (including the diameter). If now 
does not lie on the real axis 





If ^belongs to the upper semicircle, I =2'iriF(^), since F is regular 

. f 

inside Gi and continuous on the boundary, and ^ is in Ci. Also j = 0, 

since F/(z—^) is regular inside Cg and continuous on the boundary. 
Thus ^(0 = F(p. Similarly this is true when t, is in the lower semi- 
circle. Hence 0 and F agree in the interiors of Cj and Gi, and so, by. 
the continuity of F and <p, also on (AB). Thus F is identical with </>, 
ai function regular in G. 


9.7. Theobem 106 . — (Another maximum modulus principle.) Let 
f(z) be regular in D, F(z) in D. Let ■\fr(z) = f(z)F(f) (fr is defined in D, 
but is not analytic). Suppose yff satisfies conditions (B) in D (i.e. 

in some neighbourhood of every ^ but a finite number, and 
Then. 

\f(z)F(f)\ = \xfr\^M in D. 

Let g(z) ss f(z)F(z), evidently regular in D and satisfying a con- 
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dition of type (J3). We have 1 F{z) ] = | F(i) |, | ^ 1 = | p | < M, by 
Theorem 102. 

Coe. — In the theorem z and z, D and D, may be reflections in any 
line. 

9 . 8. We propose next to explain an important method ; this will be 
grasped most easily if we take a concrete example of its application; the 
example has no very special interest in itself. Consider the rectangle 
J? of Fig. 8, in which we suppose b >• o. 



Suppose f regular in R, continuous in R' ; \f\^M on the whole 
boundary (therefore also inside), on AB, Then in the 

(isosceles right-angled) triangle AEB 

Let Zo be any point of the triangle, 

f{z) = </}{z z^ = 

0 

SO that yfri'Q is a regular function of z in the dotted square. On each side 
of the square one of the 0’s has modulus < m, the others moduli < M. 
Hence |^1 ^ M®in, in the square. In particular, 

I /(^o) 1^ ^ 

(joR . — We may suppose conditions of type B (M+e and m+e) 
instead of continuity in 
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For another example see Fig. 4. At any point Zo anch that a rotation 
tr round it creates a region bounded only by m-arcs, we have 

l/(^o)I<V(«. 



Fig. 4. 


In' such problems we can also often employ Theorem 106. Thus, in 
Fig. 5, suppose ACB an m-arc, AEB an M-arc. If the reflection of 
Di in AB lies in the original domain, then |/|^ 
so in Dy 



Fig. 6. 


Take F=/ and D = Dj+Di+(AF) in Theorem 106. /(«) and 

F(z) are defined in D. For a a of ACB, |/W|<ni, l/(i)|<Jlf 
1 I < Similarly for AFB. Hence \f{z) /(i) | < mAf for all 

s of H, in particular for z of AB, where z = z. 

10. Some classical theorems. 

10.1. Thbobem 107 C’Schtoarz’s Lemma”). — Let / be regular, and 
l/I^M in |«|<JJ; /(0) = 0. Then 

4 
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In particidar this holds if f is regtUar in 1 2 1 < J2 and continuous in 
I 2 K JS, and I /K M on l 2 |s=B. 

We may suppose M = 1, R = l. ^( 2 ) = f/z is regular in the unit 
circle y (by Osgood’s theorem). Given r < 1, take p such that r < /» < 1. 
On \z\ = p I 0 ( 2 ) I ^ l/p. Hence |^( 2 )Kl/p also for |s|ssr. 
Since the left side does not depend on p, we may make p-*l’, thus 

l/Kl^l- 

Cor . — Let flz) be regular, 1 2 1 = p, and 1 / K y> where yfr is 

increasing and ^(0) > 0. Suppose also /(O) = 0. Then 

\f\<Kpi.(p) (p<l), 

where K is a constant, which may be taken to be 2^(i)/^(0) = Kq. 

For p > i, 1/1 < pi'(p)lp ^ 2pt/f(p) ^ K^pyf/ip). 

For p < i, 

1//2|< Max|// 2 |< 2Max|/l < 2V'(i) < 2^(i)>^(p)/t^(0). 

I»l>»4 l*l“i 


10.2. Theorem 108 (Hadamard’s “three circles theorem”). — Suppose 
f regular and l/KMs in |2l<r8; in l 2 |<ri 

(or on 1 jer I == /i). Then 

1/1<M*MJ-* 

where 9 = log -^/log-Jf , 1— 9 = log -^^log ^ , 


Consider f{z)z-^ in the annulus (fi, rs) and apply Theorem 101, 
Cor. 1, choosing X so that Mirf* = M^ri^ = p. We get, for 1 2 1 = rj. 
\fz~*‘ Km, Mg ^ pr J, and this is the desired result. 


10.3. Theorem 109 . — Suppose f{z) is regular in Isjcr. 
»/< (7 (1 2 | < r), /(O) = a, = /3+*y. Then for \z\ = p<rwe have 


!/(«)— «ol< 


2((7-j8)p 
r— p ’ 




We have fi^U. Moreover, since the desired results are true by 
continuity in the limiting case U = fi it they are always true for U>P, 
we may suppose U— /3>0. We may further suppose ao = i8+iy = 0. 
We suppose then /(O) = 0, » /< 17, > 0. We may suppose also r = 1. 

The values of / are confined to the half-plane Jtto ^ U ; also /(O) = 0. 

1 
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What function w = g(z) conformally repreaents the a-circle on the 
w half-plane, and ;; = 0 by w = 0? It is 


Take the inverse function 


gM = 


-Wz 
l—z ■ 


~ g—W' 

and consider 

( 1 ) ,z{z) = z\f{z)\=j:^. 

Conformal representation theory shows that a is regular in | iS | •< 1 and 
|<o|^ 1. But without appealing to this, let us define w by (1). Then, 
since #(/— 217) < — 17’< 0, w is regular in y, and if /= we 

have 

I " * “ V ((2l7-«)*-f-®*) 


and so | wj ^ 1, since 24 —u ^ | « 1 . [Consider « > 0, « ^ 0 separately.] 
But w(0) = 0. Hence, by Theorem 107, 


I «»(«) 1 < I « I. 


/(«)[= S' {«(«)}] = 


l/l< 


2£i^l 

i-Ui*^ 


2Uw 

1-0)’ 



10 . 4. There is an alternative proof, giving more. 


Theorem 110 (Borel), — Suppose f(z) = 'EanZ^'’ is regular in y and 
»/ < U. Then | I < 217i = 2{U—0) (n > 0). 

For z = re**, r < 1, 


f = ^+iy+Z{^„+iyn)r'^{fiosnd+i sinnO) = P(r, 0)+iQ(r, 0), 
00 


p = 

^+208n cos nQ—yn, sin n6) r’‘, uniformly convergent in 

Hence 


(1) 

27r/3 = 


piir rtir 

irr*j8, = J P cos 710(20, 7rr"yn=— 1 P sin 710(20, 

fthr 

(2) 

irt^On = J P«~"**(20. 


e. 
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(i) Suppose V^O. Then 0 < 1P| +P < 2U. From (1) and (2), 

a„ I < J^'lPI dd = £'(1 P 1+P) d0-2ir/3 

< J*'(2U)dd-2Tr/8 = 2(217-/3) T. 

Make r-*\: | a#! < 2(217’— j8), , , 

the result with 217 for U , and under an additional hypothesis. 

(ii) This can be amended. 'With the original hypothesis let 
J! = f—U. Then !£(/'< 17' = 0, )8' = j8— (7. The extra condition 
in (i) is satisfied, and (i) gives 

1 |< 2 . { 2 . 0- C8- CT) } = 2(l7-/3), 

the full result. 

(iii) An alternative device. Liet /i = /— flo. Then Ui, 

Ui = U~S ^ 0, and we have to show I a« | ^ 2Ui. Here fi = P-\-iQ, 
where 

( 3 ) 0 = 

Trr"a« = J Pe~'*'*dB. 

Let now a = arg a ^, ; then 

wr* I a* I = irr'^a^e-^ — P cos (»0+a) d0, 

since the left side is real, 

= j P|l+cos(n0+a)} (Z0, by (8), 

^ j* ffill+coafn^+a)} dQ = 2^17^, 

as before. 

To see that Theorem 110 includes Theorem 109 we observe that 

I f(z) 1 < POo) = 21 a, I /o" < I oo I +2(C7-^) 2p“. 

(iv) A function-theory proof of Theorem 110. 

Let f,-'^a^z\ »/] < C7i. We have to show la,l< 2C7i. As in 
1 

the proof of Theorem 109, we have for 1 * 1 =; p > 0, - 

i2 
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Hence l-^ 

I « 1—p 

Ab z-*0 the left side tends to ai. Hence 

I «! I < 2Ui, 

the result for the special case n = 1. 

Now let Q> = ; then 

\ 2 fiiofz) = 2 Orttr**' = = gi(Z). 

/v r»0 n*al 

The series for gi is convergent for l 2 l<l, and so for all Z for which 
|Z1<1; gi is regular in 1Z1<1. Since < XJ^ we have 

I coe^cicMf of ^ I ^ 2Z7i, 

|afe| < 217,. 

We record finally the following deduction from Theorem 110 : 

Cob. — Suppose that f(z) is regular and 


in \z\'<.t. Then 


«!/(») -/(0)l< If, 


We may suppose t = 1, and the result follows from 

|/(^:) I < 2 « I a,I /»"-» < 2UiZnp-\ 

10.6. There is another result of a slightly different kind. In the 
first place we have 

Theobem 111. — Suppose f(z) regular in 

I ^ ”^o 1 ^ f— (z = #(,+*■***)* 

Then /'(z^ = i 

We have 

( 1 ) “ 2^ jT 

In this we change the sign of i and add to (1), obtaining our result. 
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From Theorem 111 we deduce at once 

Thbobeu 112 (Schwarz). — Let f he regular and |Sl/|^C in 
I*— aol^r. Then 

|/'WI<2C/r. 

10.6. Thbobem 113 (FifoK ). — Suppose that we are given a domain D 
and a sequence satisfying : 

(a) /, is regular in D for each n; 

(h) is uniformly bounded in every D'_ ; 

(c) /« -* ® limit (necessarily finite) for each z of Zi, zj, an infinite 
sequence (of different z's) in D with at least one limit point Zo in D. 
Then there exists an f(z), regular in D, such that 

fn-*A 

uniformly in any DL. 

It is a consequence of (a) and (h) that is a continuous function 
of z in any DL, uniformly in n. In fact, let a be the distance of DL from 
F(D), and let Zi, Za be two near points of DL. We have |/,|<JiC for 
all a of D distant more than Jo from F(D) and all n. Hence, if 

Ui—Sal <S<ia 

and G is the circle with centre «i and radius Jo, 



<e. 

if S < ^ae/K. Since n is arbitrary this gives the desired result. 

I say now, abandoning uniformity for the moment in our conclusions, 
that for every z ot D fn tends to a limit / as n->- <x (through all values). 
If not, there exists a s* of D at which /„ does not tend to a limit, and we 
can find two subsequences (»;.), (n1) through which /»(s*) tends re- 
spectively to two values differing by c::;bO. Let ^ (s) be the difference 
“/»{'(*) ; as r-^ 00 <fir(s) tends to zero at « and to c at z = z*. 
By Theorem 5, Cor. we can find a subsequence of (r) through which 
^(z) tends to a limit function ^ in D, and uniformly in any DL. By 
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a theorem of Weierstrass <^{z) is regular (in any i)I.and so) in D, Since 
^( 2 ) 3 = 0 at an infinity of points in the neighbourhood of « = *0 it 
must, by a classical theorem on the identity of two analytic functions, 
be identically zero, and this contradicts ^(z*) = c. 

Thus f^-*f in D. Also / is continuous, as the limit of a uniformly 
continnons | A/\ =: lim | A/» \ < e A« | < d) If now the con- 
vergence is not uniform in every D'_ there must exist a > 0, an infinity 
of values of n, and corresponding points vnth a limit point ^ in D, 
for which d„(f„) > fc, where d«(s) = \fn{ii)—f{z)\. But since / is con- 
tinuous and /„ uniformly continuous at d*(D and differ by 

arbitrarily little whenever is within a distance 3 (independent of n) of 
Therefore d«(^) > ^Ic for large n of the sequence and this contradicts 
/»(f)“*/(f)« Thus /«-♦/ uniformly in any DL. Hence finally, by 
Weierstrass’s theorem, / is regular (in any D'_ and so) in D. Our results 
are therefore proved so far as they concern/,,. The results for the p-th 
derivative /ff^ may be proved in the same way [the argument at (1) 
being available, with obvious modifications]. They may also be deduced 
by Weierstrass’s theorem (since every DL is strictly interior to some 
other one) from those for /„. 

It would be convenient to have some short symbolism for “/„ con- 
verges to a regular / in D, and uniformly in any DL". “/»-►/ 
uniformly in H” is open to the objection that it has already a meaning 
other than the one we intend (and incidentally a false one). [The 
objection is not absolutely fatal, since we practically never need to 
assert uniform convergence (in the ordinary sense) in an open set, and 
might alter its meaning without much fear of confusion.] A purely 
symbolical assertion like “/»—*■/ (V") in D” becomes uncomfortable 
when the fact has become very familiar that in D” is a 

necessary consequence (by the theorem) of “/„->/ in D”. We prefer 
to use merely “/»->/ in D”, and, having once strongly directed the 
reader’s attention to the point, expect him hereafter to read into the 
assertion all the consequences of it implied by the theorem. 

10 . 61. An alternative proof of a special case. 

Suppose (i) fn regular and uniformly bounded in D, a circle. 
(ii) /*-►/ uniformly in d', a concentric smaller circle. Then / is 
regular in D, and /«-►/ in D, uniformly in any DL. 

By hypothesis we have for n,m':> v(e), 

= (in d'). 
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Also {iuD). 

We may take D'_ to be [ « 1 < rj < rj, to be | « |< ri, D to be ) « 1 < rj. 
Theorem 108 gives 

, Ma < e*(2h0'-», 

3 depending only on rj, rg. Since this tends to 0 with e it follows that 

|/»— /« I < e in DL for », > /(<?). 

Hence there exists an / such that fn-*/ uniformly in DL, and then / is 
regular in jD'_, by Weierstrass’s theorem. 

The general theorem also can be proved without the selection prin- 
ciple, but (if we are to take the simplest proof) not on these lines. 

10.7. Theorem 114 (Montel). — Given a sequence \ fn ( s )} of functions 
regular in D and uniformly bounded in any DL, there exists a subsequence 
f„,(z) and an f(z), regular in D, such that fn,-*f in D as oo . 

Take any in D, and a sequence z^, z^, ... tending to The 
double sequence /«(4r„,) is bounded; hence, by Theorem 5, we can select 
a subsequence such that, for each Zm, fv.isud converges to a limit as 
1 / -*^ 00 . The desired result follows by Theorem 113. 

11. Preliminary results on conformal representation. 

11.1. Theorem 115. — Suppose that fiz), not a constant, is regular 
at z = a, and that f(a) = b. Then f takes, near a, any value near 
enough to b. More precisely, if z = a is a zero of f(z)—b of order n 
(exactly), then for every sufficiently small s there exists an r, tending to 
0 with s, and such that for every c satisfying | c—b | ^ s there are exactly 
n solutions of f(z) = c in \ z—a \ <. r. 

Suppose that a = 0, and that for small z 

/— 6 = «>0, a«:^0. 

For all small r 

(lsl = r). 

If now « = J| 0 * |r* and | c—h j < s, then f—e = where 

^ = (6-c)+(o,+i**+‘-f ...), 

and, on !«! = /, 1 ll^/Fl<i<l. 
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Bound |«|=r we have 

A arg (/— c) = A arg F+A arg (l+^/F) = 2»»ir+0. 

Hence f—c has n zeros in | z | < f. 

Definition. — A function is called “schlicht” in J) if f^(z) 0 in D, 

and fizi) ^ /(zj) for distinct points «i, Za of D. Or : if f{z)—a = 0 has 
never more than one solution (counting multiplicities) for z of D. 

Theorem 115, Cob. — If f it tegular at zo, and /^(z®) ^ 0, then 
there exists a neighbourhood of Zo in which f is “schlicht". 

Here n = 1. If zi is near Zo, the value /(zi) is near /(zo), and cannot 
be taken twice near z®. 

11.2. Theorem 116. — Suppose that f is regular and “schlicht” in a 
domain D. Then the values w = /(z) “fill" a domain A. 4Iso there is 
a function ^(w), the inverse of f, regular and ‘ schlicht in A, whose 
values z fill D. If D is simply connected, so is A. {Thus there is com- 
plete reciprocity.) 

If E is the aggregate of values w, and w^ a point of E, it follows 
from Theorem 115 that all w near enough to m?o belong to E. Hence E 
is an open set. E is connected, since if Wg —f{s^, toi =/(zi) belong to 
E, BO do the w = /(z) corresponding to z of a polygon in D from z® to Zi, 
which w lie on a curve. Thus H is a domain A, possibly multiply 
connected. 

If now «) is a given point of A, there is a unique solution z in D of 
w = /(z). We define 

z =s 0(w) (jo in A), 

and have to prove (since is certainly one-valued) that <fi is differentiable 
in A; then evidently <p is regular and “schlicht”, and its values fill D. 
Now Theorem 115 shows that <j> is continuous at a w of A (for a value 
near w is taken by f near z, and can only be taken once at all). Hence 
if z-i-Bz, w-{-Sw correspond by /, Sz tends to zero with 8w. Then 


Sz _ . jSw ^ 1 
&w “ Sz f(z) 


as Sw 


0 . 


Thus <l> is differentiable in A. 

That A is simply connected follows from the one-one continuous 
correspondence with D. 

When ^ ; D, A are (reciprocally) related as in Theorem 116, we 
say that w s= /(z) gives the “conformal representation of D on A ”, and 
z =i ffiiw) that of A on D. 
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Cob. — f need not he “schliokt*\ In this case, however, A must he 
taken on the appropriate Rietnann surface ; 0 is multiform on the simple 
w-plane. Reciprocally / need not he uniform, if D is on a Riemann 
surface, and then ^ is not “schlicht”. 

[Omit the word “schlicht” in Theorem 116, and interpret “regular” 
in the usual conventions for Biemann surfaces. The details involve the 
usual treatment of branch points. Developments of this kind, however, 
we systematically omit.] 

11 . 3. Theobbm 117. — Suppose that C is a closed contour, D its 
interior; and that f(z) is regular in D and continuous in D', Suppose that, 
as z describes C in the positive direction, w = /(z) describes a closed 
contour F once. Then (1) F « described positively, and (2) w = f(.z) gives 
a conformal representation of D on A, the interior of F. 

D and A are simply connected. After Theorem 116 it is enough to 
prove (1), together with 

(3) Given z^ia D, f{z^ lies in A ; 

(4) Given tOg in A, there exists a z^ in D, and only one, for which 
Wo = f(zo). 

[For after (8) and (4) / is “schlicht”, and its values fill A.] 

Suppose «o is a point of D, and let u = fizo). We have 
;(6) Ac arg \f(z) — /(«o) } = Ar arg { to — /(^g) } . 

The left is 2ff times the number of roots of / = /(»©) in D, or at least 2»r. 
Hence u cannot be an exterior point of A, or the right-hand side would 
be zero. If u were a frontier point of A, i.e. a point of F, /(«) would take 
near zo all values near u, and so would take values that are exterior points 
of A, which we have seen to be impossible. Hence u is an interior point 
of A, (6) holds, and the right side is ±2n according as F is described 
positively or negatively, while the left side is not less than -|-2»r. Hence 
F is described positively. Thus (1) and (3) are proved. 

Finally, if lOg belongs to A (and eof^ «0o for z of C), 

(8) Ac arg ]/(*)— Wg} = Ar 8rg(«>— tOg) = -t-2», 

so that there exists one and only one z in D giving /(z) = tOg. This 

proves (4). 

Cob. — In Theorem 116, to a closed contour Ci lying in D, its interior, 
and its exterior (in D), correspond hy the transformation respectively a 
closed contour Fi in A, its interior, and its exterior; and Ci, Fi are 
described in the same sense. 

The transform of Ci, having no double point, is a closed contour. 
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11.4. LBmma l.—Let fiz) be regular and “schlioht" ih-D. To a 
sequence (Zj,) tending to z in D corresponds a sequence (Wn) tending to uo 
'in A. To a sequence (Zn) in D with one or more points of the frontier as 
limit points corresponds a sequence (w,) in A with one or more points 
'6f the frontier as limit points (but , the frontier points need not corre- 
spond point by point). To a closed DL corresponds a Al, frontiers 
corresponding point by point. Finally the distance d{A-, F(A)[ tends 
to zero with All these results hold also reciprocally . 

The first part is obvious since /(«») /(s), a point of A. The 

reciprocal of this, and the reciprocals of all other proved results, are, 
of course, immediate. 

If the second part is false, then every subsequence of the lo, tends 
to a w interior to A, and by the reciprocal of the first part the ^-sub- 
sequence corresponding (therefore an arbitrary one) tends to a 2 interior 
to D, which is false. 

In the third part, to (the interior of) X>_ corresponds a domain A„ and 
to the frontier of X>- must corres^nd, point by point, that of A^; since, if 
*0 belongs to F(D_), /(z) takes, near Zo, values belonging to Ai, and others 
not belonging to Ai; and reciprocally. Finally, every point of F(Ai) 
being interior to A, Ai = Ai-|~F(Di) is interior to A. 

If the fourth part is false, there exists a sequence !)„ with 
dn — d{Dn, F{D)} tending to zero, and a corresponding sequence A„ 
such that each F(An) contains a w^ distant more than d >■ 0 from F(A)* 
The Wn have some limit-point w, necessarily interior to A. But then, 
by the reciprocal of the first part, the corresponding have a limit- 
point z of D, and this contradicts dn-*-0. 

Note. — ^It is not proved, nor is it true, that if z tends to a z on 
F(,D) then w tends to a (unique) w on F(A). 

11 . 51. Theorem 117 is important in applications in which we are 
given D and A and have to find an / ; it is enough to find a regular / 
that behaves correctly on the boundary C. 

The domains we have been considering are bounded; we often 
require, however, the function representing a given D on a half-plane. 
Following the usual rules of thumb we might expect the following 
modification of Theorem 117 to hold (and it is often naively appealed to 
by mathematical physicists) : 

(A) Suppose that C is a closed contour starting from and ending ai 
zssa, and that /(z) is regular inside C, and continuous on C except at 
ESS a, while /-^od (uniformly) as z~*a in D. Suppose further that 



CONFOBMAL BSFBESENTATION. 


128 


<t» z desdnbes' C, w = f describes the real axis from — oo to 4-®®* Then 
ID s= f conformally represents D on n, the upper half -plane of w. 

This proposition, however, is simply false. Let /(«) = t(l+a)/ (1— «) ; 
10 = fiz) represents 1 » 1 < 1 on 11, and as z describes | » 1 = 1, starting 
with * = 1, / increases steadily from — oo to oo . Consider now ^ =y*. 
^ increases steadily from — oo to oo as z describes the circle, ^ is con- 
tinuous on the circle except at z = l, and ^-►oo as But if 

3iDo >■ 0 ®“be roots of Wo lie in 11 and are values of /, so that 

the value Wo is taken twice by tp (in y) ; and if < 0, one cube root 
lies in 11 and <p takes the value Wo once. 

It is desirable, of course, to have a true form of (A) with the minimum 
of extra hypotheses. We give three such forms. 

11 . 52. Sufficient extra conditions under which (A) is true. 

(1) There exists a Wq, not real, such that f^u\ in D. (We shall 
see that 3(tOg is necessarily negative.) It is easily verified that (if Wo is not 
real) ^=l/(«)— tOg) describes a certain circle F (interior A) as w goes 
from — 00 to 00 , that the transformation represents A on that half- 
to-plane in which lOg does not lie, and that F is described positively oF 
negatively according as wjg does not or does lie in II. Consider now 

f = ^(z) = 1/ {/(«)— Wo} • 

It is regular in D, and continuous in D' (including ^; = a). As « 
describes C, / describes — oo to oo , and f describes T, once. It follows 
by the main theorem that ^ represents D on A. Also that T is 

described positively ; Wq is not in II. Then, combining the trans- 
formations, we see that w = fiz) represents D on 11. 

In tlie remaining cases we suppose, but purely for simplicity, that in 
the neighbourhood of z = a, C consists of two analytic curves- C', C" 
meeting at a. 

Suppose pq is an arc of a small circle with a as centre, joining C' and 
C", and lying, except for p, g, in D, Then (A) is true if : 

(2) As z describes a pq near a, / describes a curve lying in- 11, or 
rnore generally, describes a curve not cutting a fixed curve A, where A 
** extends to co*\ and never cuts the real axis of w. [Actually A must 
lie in iT, though we need not assunie this explicitly.] 

Denpte by Ci the contour C modified by the cutting out of a by pq, 
anfi. let £ be a point of A. As z describes Ci, f{z) describes a closed 
(but not necessarily simple) curve Tj, not cutting A. Now 
Aci ^ (^^0 = 0 for sufficiently distant f. Also the 
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toft side is a continuous function of ^ except for £ of Fj, and is also of 
the form imr except for £ of Fi. It is therefore zero fat all since 
$ neyer lies on Fi. Hence, for any fixed i, ixx Di. Since H, 

differs arbitrarily little from D, f ^ ^ va D. We may therefore apply 
case (1). 

[Note. — "We cannot, in the special case, argue directly that to — f 
represents “Di” on a “Hi” and take the limit, since Fi may not be simple.] 

Finally : (A) is true if : 

(8) / is defined in a complete neighbourhood of a and satisfies 
/~ c(4r— a)“^ (J < X < f) as s-*a; 
in particular it is true if f has a simple pole at z = a. 

Suppose 0 = 0, and let arg (* — a) = arg z — 6. Then 
arg { {z—aff) = X arg «+arg / 

is, near a, on and Xtf+2n»r on Ca. Since these must 

tend to limits argc+2p»’ we see, (1) that Ci and Ca must have tangents 
ht a (which, of course, we are already assuming), and (2) the angle a 
formed at o has a magnitude (2fc+l) jr/X. Since a < 2^ and X < f we 
must hare k — 0, a — tt/X. Since further X > i, a is positive and less 
than 2v. We draw a piece of a straight line L bisecting the com- 
plementary angle at a. Now for any x ot L and any z of D 

lim i arg/(«)— arg/(a:) ] > X(t— ^ a) = (X— J)7r > 0 

M X, Z-* a. Hence /(.x) ^ f{z) if x and z are confined to a circle of 
some radius r round s = a, to which we suppose L confined. Then, in 
the notation of case 2, the transform of pg does not meet the transform 
A of L. Also for distant w of A we have arg to = nearly; hence 
A, beyond some point, does not meet the real axis of to. We can 
now apply case 2. 

11 . 53. Another problem presents itself : suppose s = a is replaced by 
« = oD . This, however, is trivial. We have 

Theobem 117, Cob. 2. — Suppose C is a curve, extending to co at both 
ends and simple, and let D be one of the domains into tohich C divides 
the plane. Suppose / is regular in D and continuous in D' (except for 
« = ao) and f-*l as z-rco in D; further that, as z describes C, 
to = /(z) describes a (bounded) closed contour F once. Then to = /(«) 
represents D on the interior of F. 

There exist points s = a exterior to D. Then St = l/(«r— a) trans- 
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forms C (plus the point s = oo ) and D into a bounded closed contour 0% 
and its interior^ Di and f{z) into fiizi) say. By the main theorem 
*0 — represents Di on A. 

12. The theory of the linear function 

f = L{z) = . ad-^be 0. 

12 . 1. This theory is important in the sequel, and we break off to 
give a systematic account of it. ^ is regular except at s = — djc (and 
not excepting z = eo). Also ^ is “schlicbt” in any domain. The inverse 
function 

-- 

—et+a 

is regular except at ^ = a/c. If we make z = co and ^ = a/c; z = —djc 
and ^=00 correspond we have a one*one correspondence between the 
z- and ^-planes. (If c = 0 the points oo correspond.) 

Let z\ f' ; f " correspond. The equation is then 

z—z' t—t' 

(A) = m m a constant. 

In what follows we shorten the discussion by appeal to geometry (see 
Fig. 6 ). Let Zi, zj, Zi, 24 be four distinct points of a circle. Then 


^3-^1 - ^si ^4-^1 _ >-41 

«8— ^•s* ’ «4— »’49 



t Interior or exterior, ud the Utter b imponibU wnoe «o oorreeponds to « » 
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Since a = /8 or ff+jS 

.gi hi— Hi _ 

Ha— Hi! Hi—Z^ 

is real, and X ^ 1 if z^, Zt are distinctr. 

Conversely, if the cross-ratio is real the four points are concyclic. 
Now the cross-ratio is the same as that of the corresponding Hence 
xf-circles correspond to f-circles, and conversely (straight lines are re- 
garded as circles). 

Let us now represent ^-points on the i;-plane. (We then speak of 
"invariant” points, curves, families of curves.) 


12.2. The fixed points of the substitution. These are given by 
t, = z or 

cz*-\-{d—a)z—h = 0. 

with roots Zi, Za say. If a = d, b = c = 0, we have the identical substitu- 
tion ; every point is fixed. Rejecting this there are two roots or a -double 
root, reckoning ■z = ai as a solution if c = 0. 

Suppose first Zi, z^ finite and distinct. We denote by K a circle 
through Zi, z^; hyK' a circle with z^, as inverse points. The K’a 
go into circles through Zi, Za. The sheaf of K’b therefore trans- 
forms into itself. By the angle-properties of a conformal transformation 
the K'’8, being orthogonal to all K’b, transform into circles orthogonal 
to all K’b, i.e. into circles K'. The sheaf of K'’b is invariant. 

We have now to distinguish three cases. 

1. Every K transforms into itself (not, of coarse, point by point). 
The intersection of a K' and a K transforms into the intersection of the 
new K' with the same K. We may think of the transformation taking 
place by each point moving along the K through it into its new position. 
The K’b are the “tracks” of the transformation f. This type of trans- 
formation is called hyperbolic. 

2. Elliptic. Every K' goes into itself. The K'’b are the tracks. 


3. Loxodromic. The general case : neither (1) nor (2). 

Normal forms of the transformation. Let z and Za be two points on 
u K, Za=h Hi, Ha. Then 

SS ^2/ ^3““^2 — S2 f -^2/ S8 — ^9 


t The transformation depends on a continuous parameter a (besides fi» As this is 
the .tracks come into b^ing. 
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In case 1, Zi, za, Zt, ^ lie on a K. Hence 


= a ^ (a real, ^ 1). 
i8~*a 


Hence the normal form is 


^8 *^2 


i=a = „£=:£i 

z s“^a 


= a 1 — -= (a real, :?£: 1). 


Conversely if a is real and 1, this equation makes z, Zi, Zt lie 
on a K. 


Case 2. — ^Here z and ^ lie on a K'. Therefore 

I _ I 

^al If— «a ' 

^ = (^real). 

The converse also holds. 

Case 3.— ^ ^ 

[m > 0 ; ff>^0 (mod 27r) and m =# 1] • 
Suppose next z^ = co, Zi finite. The forms become 


(1) z—zi = a{^—z^ (areal, ^1). (“ Expansion ” about 

(2) z—zi = e**(f— (^ real). (Rotation about Zi) 

{8) = iu6‘*(f-zi) (0^0 and m=#=1). 


In (3) the invariant curves are logarithmic spirals (loxodromes). For 
suppose Zi = 0, ixe^ = The curves z = (— oo + ®) 

.are invariant (if a is a real parameter). For if f = the trans- 

formation becomes t = T+ 1. 

Finally suppose Zi = Za. This substitution is called parabolic. 

(a) Zi finite. The K’s become circles with a common tangent at 
Zi, and the K'’b circles with a common tangent at Zi normal to the first. 
The normal form is 


1 _ _ 1 _ 
Z—Zi ^~Zi 




ib=^0). 


(b) If 00 , the K and K' are orthogonal sets of parallel lines. 
The transformation is 


a translation. 


«^ = f+6' (b'=^0), 
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12.3. The general equation of linear transformation contains three 
arbitrary complex constants, and we can transform any three points 
(and their circle) into any three points (and their circle). 

Inversion . — ^The points ^ and z are inverses in the unit circle if 
J=l/z. The transformation ^ — IJz (from « to is a “conformal 
transformation with reversal of angle**. 

Lemma 2. — If z, z' are inverses with respect to K, then for a linear 
transformation ^ and ^ are inverses with respect to K', the transform 
of K. 

For K and the system of orthogonal circles to it through z and z' 
transform into K' and the orthogonal circles to it through' ^ and 


Inversion in a straight line is a reflection. 

Example. — To find all linear transformations of 3s '^0 into 1. 
The inverse of z in the real axis is i, that of ^ in the unit-circle is 

1/?. H 

_ jsL 

^ ^ cz+d ““ c z—y 


is the transformation, then z=s y correspond to ^ = 0, oo , inverses 
in the circle. Therefore y are inverses in the line ; y = Also 2 ; = 0 
must go into a point of the unit ^-circle. Hence a/c = (r real). Thus 
the transformation must be 


( 1 ) 




A— 

*-)«• 


Finally a = goes into ^ = 0, and fi must belong to the upper half- 
A-plane. 

Conversely, if 3)8 >0 (1) does what is required. For |U = 1 for ? 
of the real axis, and arg ^ increases by +2t as z goes from — oo to oo : 
the result follows by Theorem 116, Cor. 

There are three real constants implied in r, )3, which we can use to 
make three points of the line and three of the circle correspond. If the 
triplets have the same sense arg I must increase by 2)r as describes the 
real axis positively, we must have > 0, and 3 a > 0 corresponds to 
1U< 1- If they have opposite senses then 3i8 < 0, and the lower half 
A-plane corresponds to the ^-circle. We can also make ^ = 0 correspond 
to a given (3)8 >0) and a direction OT at the centre of the circle to 
a direction at fi. 

To find all linear transformations of a circle (and the interior) into 
itself. 
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Let the circle be |;8f| ^ 1. Write the general transformation 




Z’—a 


Bz — 1 ’ 

a must be in the circle. Since ^ = 0, ^ = oo must have an inverse pair 
as correspondents, we have ^ = a. For z ^ X we must have | ^ | = 1, 
hence 




y| 

5-1 


= |y|. 


Hence the most general transformation is 


(2) f (t real, | a | < 1). 

12 . 4. Lemma 3. — The transformation (2) transforms the interior of 
the unit-circle into itself, and the exterior of the unit-circle into itself. 

We use inversion, and the last result. 

It follows without difficulty that we can, in a linear transformation 
of the unit circle (and interior) into itself, make three points of the 
boundary correspond to three others, provided the triplets have the same 
sense ; or we can make one internal point and a direction at it corre- 
spond arbitrarily, and either condition determines the transformation 
uniquely. 

12 . 5. We end this section by proving 

Theobem 118. (Generalization of the symmetry principle). — Suppose 
two arcs of circles AB, a/3 are free portions of the boundary of domains 
D, A. Let f(z) be regular in D and continuous {in D') on AB, and let 
^ = f{z) represent D on A, AB, aft being corresponding arcs. Let D*, 
be the mverses of D, z in {the circle of) AB, and A*, those of A, f in 
a)8. If now I = f{z) (for z of D) gives t,* = <f>(z*), say, then ipiz"^) is 
a regular function of z* for z* in D*, and is the continuation of f across 
(AB) ; / is further regular at points of (AB). 

If 1 ? = f(z) represents a domain Z on V, and w = <f>(v) represents V 
on W, then w ^ €f>\f(z)] represents Z on W . 

By linear transformations we can turn AB into the real axis of Zi, 
and a)8 into the real axis of fi. Then z* (qua «-point) becomes ij, 
becomes fi, and ^ — f(z), = 0(^*) become fi=/i(-^i). ^7= 0i(^i)- The 

functions /i, 0i are related as in the original Theorem 105, and we 
obtain the general form by transforming back. 

It is the “symmetricar’ value of the function when continued that 
gives this theorem its great importance. The rather different question 
of the conditions under which some continuation is possible is, however, 

K 
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also important, and can be answered completely. We therefore dis- 
cuss it here (though it is alien to our present ideas). 

Corollary. Suppose that a free arc AB of the boundary of D is 
an analytic arc without singular point, that f{z) is regular in D, con- 
tinuous (in D') at points of AB, and that w = f(z) lies upon an analytic 
arc without singular point in the w-plane as z describes AB. Then 
/(z) can be continued across AB. 

An analytic arc AB without singular point is a curve for which, in 
some parametric representation z = z(t) (t real, ti < t < U), z(t) is 
3 regular function of t, and z'(t) rjfc 0, at all points of the interval 
(ti, tj). Consider any point of AB ; we may suppose that this corre- 
sponds to the value t = 0. By Theorem 115, Cor., the transformation 
z = z(t) transforms the neighbourhood of Zo into a neighbourhood of 
f = 0 in the t-plane, and must therefore transform the piece A'B' of 
AB included in the neighbourhood into an interval of the real axis of t. 
Similarly the transformation w = w(t) (associated with the parametric 
representation of the uj-arc a/3) transforms the corresponding piece of 
ap into an interval of the real axis of r. Further [since z'(t)^ 0, and 
U)'(t) ^ 0 near Zo, tOo] , both transformations have (regular) inverse trans- 
formations, t = t(z), T = r(«j) respectively in the neighbourhoods of 
Zo, Wq. To a neighbourhood of Zo bounded (partly) by A'B' corresponds 
a neighbourhood of t = 0 bounded by a piece of the real axis, and 
similarly for a'/8' and the r real axis. The equation t = r[/{»(t)}] = g,(t) 
makes ^(t) real for small real t; hence, by the original symmetry prin- 
ciple (Theorem 105), tpit) can be continued across the real axis near 
t = 0. It follows that 

f(z) = w[^\t(z)}] 

can be continued across AB near z = Zo. 

13 . 1. We resume now, after the interruption of section 12, our dis- 
cussion of conformal representation in general. 

Theorem 119. — If the conformal representation of a simply- 
connected D on a circle d is possible at dll, it can be effected with a given 
point and direction in D corresponding to a given point and direction in 
d; or,if the representation is one of D' on d', the boundaries, supposed to 
be closed contours, corresponding point by point, it can be effected with 
three points of the boundaries (the same way round) corresponding 
arbitrarily. Further, either of these conditions uniquely determines 
the representation. 
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CoBOLLABY. — A conformal transformation of a circle into itself is 
necessarily linear. 

The first part is now obvious : the new representation can be made 
via a linear transformation of the circle into itself. 

If two distinct transformations exist with the same set of conditions, 
we obtain (by combining one with the inverse of the other) a non-identical 
transformation of the circle into itself with an invariant centre and direc- 
tion there, or three invariant boundary points. This is impossible. Sup- 
pose first that ^ = f(z) transforms the unit circle into itself, with 
/(0)=0, /'(0)>0. Since |/(a)|<l for |«1<1, and /(O) = 0, we 
have I I I I ^ 1 (Theorem 107). 

In particular (« = 0) ] f'iO) | ^ 1. But z = ('he inverse transforma- 
tion, is of the same type; hence |l//'(0) 1 = |g'(0) | ^ 1. Hence 
I f(fi) 1 = 1, /'(O) = 1. But now 1 fiz)fz I takes at a = 0 its upper bound 
in I* Id. Hence, by Theorem 101, 

f{z)lz = constant = Oi = 1. 

If, on the other hand, a non-identical transformation T of the unit- 
circle into itself leaves three points of the circumference invariant it 
must, by the above, change the position of « = 0 or the direction of a 
line through it. The linear transformation L that restores them changes 
the boundary triplet (having only two fixed points), so TL is not identity. 
But TL is of the type just considered, and we have a contradiction. 

To deduce the corollary we need only observe that there exists one 
transformation, and a linear one, that transforms the centre and a direc- 
tion there in the same way as the given one. 

Theobbm 120. — The representation of a hounded {“schlicht +) 
domain D (not necessarily simply connected) on a domain ^ is, if possible 
at all, uniquely determined by the correspondence of a point and direction 
in D with a point and direction in A. 

The proof of the special case does not extend, and we must start 
afresh. It is enough to prove : 

If no = f(z) represents a bounded ’‘schlicht” D, containing the 
origin, on itself, with f (0) = 0, /'(O) = o > 0, then f (z) “ z. 

Let C be a circle, radius r and centre * = 0, containing only points 
of P. Write /_i for the inverse of /, /n =/(/»- 1 ), /-»=/_i(/-(»-i)), 
y, = « : all these have the same domain D of existence, and 

l/,|<M = Maxl«|. 

w 

t A ** Bohlioht ’* domain it one that doet not overlap itself. 

k2 
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Hence, by Cauchy’s theorem, 

( 1 ) Mr-^. 

Now it is easily seen tliat /*(0) = a" (for n of either sign) : (1) (with 
p = 1) therefore requires o = 1. But then, unless / = 2 , we have in C 

/= 2 + 0,2*’+... (Op=^0), 

and so /n = 2 +nap 2 *’+..., 

which again is incompatible with (1). 

Cob. 1. — If w = f(z) represents a bounded “schlicht” domain D, con- 
taining the origin, on a domain A, and if /(O) = 0, /'(O) = 1, then 
either f is z and ^ = D, or else D and A overlap in the strict sense, i.e. 
they have common points, and each contains points not belonging to the 
other. 

Suppose that A cD. Then, on the one hand 

/i(^)=/. /a(«) =/i/(^)}, ... 

evidently exist in D and are bounded by M, as in the main theorem ; 
and on the other = z+napz‘^+.,, for positive 7i and small z (also as 
before), if f^z. Hence AcD implies f=Zf and similarly Da A 
implies f^i=z, or f=z- 

Cor. 2. — If w = f(z) represents D, containing z ==0, on a A con- 
tained in D, and if /(O) = 0, then | /'(O) | ^ 1. 

For |/'(0)r = 

13.2. We recall that any one-one continuous correspondence between 
two domains preserves the connectivity. A closed contour and its 
interior become a closed contour and its interior (or, with some con- 
ventions about infinity, possibly the exterior). 

Lemma 4. — A simply-connected D (in a single-sheeted surface), with 
mote than one point in its frontier, can be conformally represented on 
some bounded domain. 

If Zi and z^ belong to F{D) we may suppose = oo : otherwise take 
Z z=zl/{z^z^ (a ** schlicht" transformation). Then infinity is not 
interior to D. Let f = a/{z--Zi). A closed contour in D cannot 
surround Zi, hence ^ is regular in D. l(z) is also “schlicht** (since 
zz^ziAri^)- Suppose then that ^ = ^( 2 ;) transforms D to A. If 
(necessarily 0) is an interior point of A, — ^ is not one, otherwise zo 
in D has two correspondents in A. Since $ is interior, and — ^ is 
not, also when ^ is near it follows further that — is not a point of 
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JF'(A) (if it were it would have neighbouring that were interior). Hence 
— ^ is an exterior point of A. If now Z = l/(S+So) we obtain a Z-domain 
that is bounded. 

This result can be pushed further. (We do not actually use the 
extension for conformal representation theory.) 

Lemma 5. — Suppose that D is a hounded simply connected domain, 
and that P is one of its frontier points. Then D can be conformally repre- 
sented on a L interior to a finite circle K, and in such a manner that P 
corresponds to a point Pi of the circumference of K, that is, all points of 
D near P become points of A near Pi. If D is bounded by a closed contour, 
so will A be. 

We may suppose DP to be z = 0. Let Max|; 2 | = J?. Now let 

( 2 » 

5 = log a function regular in D. This transforms D into A, lying in the 
half-plane 11, or ^ log R. Also points near P in D go into points near 
00 in A. If now we transform 11 into the interior of a ^-circle K we arrive 
at our conclusion. 

Note on the condition for D in Lemmas 4 and 6. — ^For a single (or 
finite) sheeted surface an F{D) that contains two points must contain 
at least a connected continuum extending to infinity if P is to be simply 
connected. But this is not true if there may be an infinity of sheets. 

The excepted case. — Suppose D is bounded by one point. Then 
D cannot be conformally represented on a domain bounded by more 
than one. 

For, by Lemma 4, if it were we could represent it on a bounded 
domain. Since we may also suppose the missing point to be = oo, 
we should have a representation with <f} regular for all finite z, 

not constant, and bounded. This is impossible. 

Finally we can show : 

The only transformations that transform one D bounded by one point 
into another are linear {and then the missing points also correspond). 

If not, we could, by combining with a suitable linear transformation, 
transform the finite plane, non-linearly , into itself. The transformation 
and its inverse are 

f = /(«), ^ = 9 ( 0 > 

where f and g are regular at all finite points, and ’“8chlicht”. Hence 
/ is not a polynomial of degree > 1, and so has an essential singularity 
at infinity. Then ^ takes arbitrarily small values for some large values 
of z, and this is inconsistent with z = g(^. 
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14. Two lemmas about domains, 

14.1. In what follows we confine ourselves to simply-connected 
domains, on a single-sheeted plane, and not overlapping themselves 
(“schlicht”), for which FiD) contains more than one point. 

Lemma 6. — Suppose that we are given an expanding sequence of 
simply-connected domains Dm hounded in their ensemble. Let D = 

Then (i) D is a bounded simply-connected domain, (ii) D^ C D, 
(iii) DicDn in > «o)- 

(ii) is trivial, (iii) practically is the generalized Borel theorem. 
(Every point of D is interior to some Duf therefore a finite number of 
Dft cover DL, so therefore does the greatest of these.) It follows further 
that D is connected (if Zi, Z 2 belong to D they belong to a D„). Also 
D is open and bounded ; hence it is a bounded domain. Finally if C is a 
closed contour of D, C, being a closed set of points, lies in a D», therefore 
contains only interior points of D», therefore only interior points of D. 
D is simply connected. This ends the proof. 

[In the language of ‘‘limit-sets**, Dn~^D.^ 

14.2. Lemma 7. — Given a simply-connected hounded D, there exists 
a strictly expanding sequence Dn of simply -connected domains bounded by 
polygons with sides parallel to the axes, and a sequence Im such that 
(a) D is the sum (or limit) of either the Dn or the Dm so that also DLcZ),* 
for large n; (b) any two points of Dn can be joined, in Dn, by a polygon 
of length ^ In. 

Cover the plane with a network of sides 2“\ ..., 2“*^, .... The meshes 
of order n interior to D coalesce into distinct pieces, which are simply- 
connected (otherwise the outer boundary of the piece would surround 
frontier points of D). Call JD^ the piece containing a fixed internal point Zq 
of D. In the first place any point z of D belongs to for n >■ no(z). For 
join ;^o to z in D, and let 8 be the distance of the path from FiD) ; it 
is easily seen that z belongs to Dn if < Jd. Hence D = SD* (since 
evidently DnClD). Since D^cD, we have D[c2),i for some m 
(Lemma 6), and so also D = SDi. For the same reason we can, by 
taking an appropriate subsequence, secure that C for all m, 

so that is strictly expanding. Finally if M is the diameter of D, any 
two points of Dn^ can be joined by a polygon of length < 2Af-|- perimeter 
of Dnm* 

15.1. Lemma 8. — Suppose fn regular and D. Then 

c and f^c have the same number of zeros in D^ for n > % ic, DJ) 
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(counting multiplicity), provided no zero of f-^c lies in F(DJ). (If a 
zero does so lie the result may be false). The provision requires in par- 
ticular that f—c must not be identically zero, 

/— c has a finite number of zeros in DL. Surround these by (small) 
circles lying in D«. In the rest of D!_ (a closed set if the circles are taken 
open), /— c is continuous and never zero, therefore bounded below in 
absolute value, by 28, say. By Theorem 118 we can choose n© so that 

\fn—f\<S zinDL). 

Then evidently /n— c 0 in DL outside the circles, and, since on a circle 


fn-f 


<h 


fn’—o, or (/—c)+(/*n— /), has as many roots inside as c. This proves 
the result. 


Cor. — If each fn is **schlichV* in its domain of existence, then either 
f is *'schlicht" in D, or else f is a constant. 

If / is not constant and takes the value c more than once, there 
exists a DL in which it has the same property, while f^c in JP(DL). 
By the lemma /n— o has two zeros in DL for large n, and this is false. 


16. Riemann's existence theorem, 

16.1. We come now to the fundamental theorem on conformal 
representation (of a “schlichf* domain). 

Theorem 121 . — A simply-connected *'schlicht" domain containing 
z = 0, whose frontier contains more than one point, can be conformally 
represented on | f | < 1 by f = /(^), ^ith f(0) = 0, /'(O) real and positive. 

We may suppose the domain bounded, by Lemma 4 ; also translated 
and reduced in scale (z^ = az+b). It is therefore enough to solve the 
problem of representing D on d with /(O) = 0, /'(O) >- 0, where d is the 
unit ^-circle, D contains z = 0, and cd. 

We represent z- and f-points in the same plane. 

Our main idea is to seek a transformation = fi(z), regular in D, 
which increases the distance of each point of D from 0 (makes 
I Si I > U I )> 'but leaves it in d, D then goes into a larger Di, Similarly 
Di into Da, and so on. We may hope to secure that /, and 

that / will do what we want. 

Consider 


Z-^/r 


Z'—r 
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Z is "sehlieht", regular in any simply-connected domain A contained 
in d and containing « = 0 but not (as an interior point) z = r, and con- 
tinuous in A'. 

As a function of Z z in regular in | Z | ■< 1 and continuous in | ^ | ^ 1 ; 
also * = 0 corresponds to ^ = 0. Now if ] fol < 1» I (? — ^o)/(fof— 1)1 < 1 
if and only if | f | < 1, and the signs of equality correspond. It follows 
from (1) that \z{Z)\ < 1 if |Z| < 1. and that |Z(«)1 < 1 if \z\ < 1 which- 
ever sign is given to the square root ; also that signs of equality corre- 
spond. By Theorems 107, 101, since zfZ is evidently not a constant, 

■j\<l i\Z\<l), 

from which we have, respectively for Z = 0 and Z^O, 


( 2 ) 


dz 

dZ 


< 1 . 

z-o 


(3) 


\z\<\Z\ (0<|Z|<1). 


The inverse function Z{z) is regular in A and continuous in A', and 
is defined at * = 0 ; and for z of A' we have [by (3) and (2)] , 

(4) 1>1^|>1«| {\z\<l), 

(6) 1Z'(0)1>1. 


16 . 2. We observe concerning the transformation (1) : 

1. When Z describes | Z | = 1, z describes | z 1 = 1 twice. 

2. It is not possible for a function Z, regular (and not constant) in 
|z|^l, to have |Z| = 1 on |z| = l and 1«1<:|Z| for0"<lz|<l, 
and we cannot avoid many-valued functions altogether. For such a Z 
must vanish somewhere (Theorem 101, Cor. 3), and this can happen 
only at z = 0. Then we should have 

lZ/z|<l (|z|<l), 

contrary to hypothesis. 

3. We have so far given an account that does not mention Biemann 
surfaces. But the -wider point of view is the right one, and suggests 
quite naturally the transformation (1), to whose origin there has so far 



Biemann’s theobbm. 


187 


been no clue. (This is not the only occasion when Biemann surfaces 
suggest a proof of a theorem with which they have prima facie nothing 
to do. Compare § 25 . 31.) 

Suppose that we represent a Biemann surface of two sheets, bounded 
in each sheet by | « | = 1 and branched at 2 = r, on | Z | < 1 [so that 
z(Z) is regular], making 2 = 0, in some sheet, and Z = 0 correspond. 
Then 2 (Z)/Z has modulus 1 on the circumference. Since it vanishes 
somewhere other than Z = 0, it is not a constant. Hence the modulus 
is less than 1 in |Z|<1, and the inequalities (2) and (3) [and so (4) 
and (5)] must hold. 

The subsequent argument requires only the existence of a function 
with these properties. We can find its actual form [viz. (1)] by the 
following stages. We first represent the single sheeted unit circle of 2 on 
that of z', z = r corresponding to 2 ' = 0 ; then the double z' circle, with 
winding point at the origin, on the simple z” circle ; finally the (simple) 
2 " circle on the (simple) Z circle, making 2 " = 0 correspond to Z = r 
(the last fulfils the requirement of making 2 = 0, Z = 0 correspond). 
The three transformations are : 


z—r 

rz—1 


= 2 ', = A «" 


Z-Vr 

^/rZ-V 


16 . 3. The more general transformation 


( 1 ) 


Z-Vre^ _ j / 2-re<» \ 
^rZ—e^ V \rz—e^*) 


also has the properties (4) and (5). 

Let now r^e^ be the point of F{J)) nearest 0. 


Then 


_ j( z-ue^ \ 


or fi=/i(«), 


gives a regular and “schlicht” in D, and transforms D to Di, say, 
interior to d. Since fi(z) is continuous in D' it transforms points of 
F(D) into points of F{,I)i) = Fj. Hence, if is the distance of 0 from Fi, 
we have n ?> ro (provided tq < 1). We now repeat the process on Di, 
and so on, obtaining sequences (HJ, (r*). It is in point of fact the case 
that for any D r» tends necessarily to 1 (so that Dn tends to the unit 
circle), that /»-*■/ in D, and that (what the reader will then easily 
believe) w = fiz) represents D on the w unit circle. 

The actual argument is rather long and delicate, and we become a 
little awkwardly entangled in the structure of r, and /«. (We may ob- 
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serve, however, that the selection principle is not required.) There is, 
however, an alternative line of attack which, depending ultimately as 
before on the transformation ( 1 ), employs, so to say, a larger army of 
functions (in fact, the largest possible). Here there is much greater 
flexibility, and no irrelevant detailt. 

Let D be any bounded domain. We may suppose = 0 an interior 
point. Consider the class of all functions <p{z) with the properties : 

(i) ^ is bounded in D, 

(ii) ^ is “schlicht” in D, 

(iii) 0 ( 0 ) = 0 , 

(iv) 0'(O) = 1. 

We want to prove that some 0 = 0 o represents I) on a circle. Now if 
a 00 exists (as it in fact does) the function 0 o and the circular domain 
will have certain interesting minimal properties with respect to D. For 
example, M(<p) = the upper bound of | 0 | for z of D, and 

^( 0 ) = ^)> til® th® transform of D by ic = 0 ( 2 ), both have 

their minimum values when 0 is 0 o. This is indeed true if we allow 0 
to range over the class of functions subject to (iii) and (iv) only. Thus, 
let R be the radius of Ao (the circle), let Z(w) l)e the function inverse to 
v} = <j>o(z), and let ^(w) = <j){Z(w)} (so that $(tc) is w when 0 is 0 o). 

Then $, qua function of w in |t«| < R, satisfies the conditions $(0) = 0, 
#'(0) = 1; we have 

M(0, D) = M ($. Ao), ^ (0, Z>) = ^ ($, Ao) ; 
and it is enough to prove 

Mi^, Ao) > R, ^(#, Ao) > xB*. 

The first result is immediate, since (by Theorem 107) 

B = J? 1 #'(0) 1 < (-1-) = Jlf (#). 

Next we have 

(2) ^($) = j| 1 #'(w) I* rdrd^, 

where w = re**, the double integral is taken over Ao, and regions covered 
multiply are counted multiply in the area. For l#'(w)|* is the Jacobian 


t It would be possible to obtain something (but not enough) of this improvement by making 
the original process transfinite ; the expanding sequence Dh has a limit set JDI, we may repeat 
the process with D. in place of and so on transflnitely. 
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of the transformation from w to . Now for w of Ao we have 

= 1+26jW+863W*4-.--. 

and the right-hand side of (2) is (by Parseval’s theorem) 

2Tr r (1-I-2* 1 6s|» j^-1-3® 1 l^\^r*+...)rdr = irB^+ir 2 n \ > wB*. 

Jo n=-2 

Suppose now that N(yfr) is any number {such as M(\fr) or 
associated with a function and that a class of \fr, all defined in a fixed 
D, has a member for which N in a minimum. If v is the lower bound 
of N (for varying \fr) there exists a sequence (^„) for which v; 

we can, perhaps, select a subsequence of converging in D to a limit- 
function, and this function may well turn out to be V'‘o. This suggestion 
we now follow up for the class of functions 0 satisfying (i) to (iv). The 
argument can be carried through when N is either ^(<^) or M(0); the 
latter gives the simpler version. 

16 . 4. After these preliminaries we make a fresh start. We take as 
known the properties (4) and (5) of the function (1) of §16.1. They 
are established either by the argument of that sub-section or by the last 
fifteen lines of § 16 . 2 ; one of these counts as part of the official proof. 
What now remains is important but quite short. 

The class of functions </> satisfying (i) to (iv) exists, the function 

^{z) = z 

being a member of it. Let fi be the lower bound of Af(0) for all <p. Then 
there exists a sequence (</)„) of functions ^ for which </>„ is 

uniformly bounded in D for large n [since 1 0n| < Jlf(0;,) < /a+c]. 
Hence, by Theorem 114, we can select a subsequence of the with 
which we may now identify the original sequence, converging to a ylr(z) in 
D. By Weierstrass’s theorem (or by Theorem 113) V^'(O) = lim 0,1(0) = 1 ; 
and incidentally *0* is not a constant. By Lemma 8, Cor., 0* is “schlichf' 
in D, Further, M(0) ^ /x. For if M(0) > jtx' > /x we have 10(5) I > 
for some f of D, | 0n(f) | > for large n, and so il/(0„) > \ <f>n(0 I > for 
large n, which is false. 0 now satisfies conditions (i) to (iv), and is a 0. 
Hence finally M{\fr) ^ /n and so M(0) = /j,, 

I say now that the transform A of D by ix? = \[r{z) is a circle, which 
establishes the theorem. If A were not a circle we could decrease its 
largest radius, which is /x, at the expense of the smallest. In fact, given 

f Since we are concerned with the transform of the whole of a full disoussiou requires 
some limit-argument. This is given in most accoimts of quadrature, and the point is in any 
case rather trivial. As we do not actually use the result we omit the details. 
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a ^-domain A containing « = 0, interior to a circle d of rsidius /x and not 
identical with it, there exists a lx'(0)|!>l, which transforms 

A into a new domain interior to d ; we have only to take = t/tZ{z/n), 
where Z (*) is the function (1) of § 16 . 3, and re** is any point of F{A) 
interior to d. If now our A were not identical with | fc | ■< /* we should 
have I I ^ /*• Then 


yffi(g) = 


x'(0) 


is “schlicht” in D, = 0, V'i(O) = ir'{0) = 1, and 


This is impossible. 






<M. 


17. The conformal representation of limiUdomains in general, 

17.1. The nucleus of a sequence of domains, — ^Liet (!)») be a sequence 
of domains each containing = 0. The nucleus N of the sequence is 
defined to be, either the greatest domain D, containing « = 0 and with 
the property D'_c2)n for any and all large n; or, if no such domain 
exists, the single point ;? = 0. (In a nucleus there is a privileged point, 
taken to be the origin.) 

We say further that 2)„ * ‘converges into its nucleus’* if every sub- 
sequence gives the same N. 

Notes. — 1. If one domain D has the “Dl*cDn (w>Wo)” property, 
so has 2D, the summation being taken over all such D. A sum of 
domains all containing is a domain (zi and Z2 are connectible via Zq), 
2 is therefore a domain, and the greatest one of its kind, N therefore 
exists (and is unique). 

2. Let L be the set of points P such that P is contained in D« for all 

large n ; the set of interior points of L is a sum of domains, let M be the 
domain containing z = 0. N (supposed not the single point) is not 
necessarily the same as M. Suppose, e,g,^Dn is the unit-circle less the 
circle (taken closed) on the segment i+Jn”* to as diameter. M 

is the interior of the unit-circle, N is M less the point « = J. (Thus 
N and M need not even have the same connectivity.) 

3. Examples, (i) expanding and uniformly bounded. Here 
N = 2D,i, and D* converges into N. This is the most important case. 

(ii) Contracting D,». There exists a limit set L. If L, taken open, 
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is a single domain, then N = L, (L need not, however, be a single 
domain ; see, for example, Fig. 7.) 



Pig. 7. 


17.2. Lemma 9 . — Given two bounded sequences of domains \ (con- 
taining the origin), (Dn) and (An), D and A be their nuclei, neither 
being a point. Let ^ represent Dn on An, and let ^n 

inverse function of /n. Suppose now that 

/n(0) = 0, fn-^f in D, in A. 

Then ^ = f(z) represents D on A, and </> is the function inverse to f. 

Observe that [since 0»(O) = 0] there is complete reciprocity : any- 
thing proved for D, /, ... applies also to A, .... 

The proof falls into four stages. 

(a) / and 0 are not constant. This is far from trivial. If / is 

constant its value is /(O) = 0. If belongs to A, let 

Z = 0(fo), Zh = 0h(^o). Then If now z C D, there exists a D-. such 

that (i) Z», ZCD_ (n > no), and so also (ii) z„, zcDn (n>ni>no). 
From (ii) /„(zj = fo- (0 1/(Z»)— /»(Zn)|-*-0 as n-*(D (uniform 

convergence of /« in DL). But the left side is |0— ^ol, and we have a 
contradiction. Therefore ^(^o) takes only values lying in C{D) for ^ ^ 
of A. Since ^(0) = lim ^h(O) = lim 0 = 0 and tf> (the uniform limit 
of is continuous at ^ = 0, this is impossible. 

(b) / is "schlicht" in D, ^ "schlicht” in A. This follows from (o) 
and Lemma 8. 

(c) The values of / (for z of D) lie in A, the values of <pHn D. By 
(b) ^ = / represents D on some domain 8. Given z ot D, there exists a 
D- containing 0 and z, and a Do such that DLcDo and DqCD (see 
Lemma 7). By ^ = / there correspond d_ and So similarly related to 
0 and f = 0. Now by the uniform convergence of /, in D^, f = /, (n 
large) represents Do on some area differing arbitrarily little from do, 

t By a bounded sequence of domains we mean a sequence of uniformly bounded domains. 
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and therefore containing SL. Since also Do (for large n) we see that 
An 3 SL for almost all n. By the definition of A, S- C A, and the value 
f(z) belongs to A. 

(d) A C Let fo be any point of A ; we have to prove it the / of 
some «. Now Zu = ^»(fo) = 2, a point of D, by (c). There- 

fore there is a D_ suoh that Zn and z belong to D- for large n. Hence 

/(z)-fo = (/(z)-/W} + 

-► 0+0 = 0 , 

by the continuity of / and the uniform convergence of / in D_ respec- 
tively. Hence f(z) = Co’ fo ® point of 8. 

It follows now that ^ = / represents D on A. Finally, we have just 

seen that /{ ^(fo) } = Co 

for any ^ of A ; hence / and ^ are inverses. 

17 . 3. We prove next : 

Given a bounded sequence of D« each containing z = 0, and that D,, 
converges into a nucleus D, not a point; also a bounded sequence A«, 
with nucleus} A. Suppose now that ^ — /„ (z) represents D« on A», 
/,(0) = 0, and /, -*f in D. Then (1) C — f(^) represents D on A, 
(2) A„ converges into A. 

Case (i). A not a point. — Consider the inverses We can select a 
subsequence giving -*F =f. Let A* be the 

N of the A„^ = A*, D* that of the D* = D,„. Then D* = D, Ac A*, 
and A* is not a point. By Lemma 9,1 = f represents D on A*, and/, 
^ are inverses. It follows now that If not, we can select 

different subsequences giving different limit-functions # and and 
nuclei (possibly the same) A*. A^*. But since then C = f(z) represents 
D on A* and on A*, these last are identical. Then further z = #(f), 
« = ^o(^, defio®d in the same A*, are both inverses of /, therefore 
identicftV , But if the subsequence originally chosen may be the 

whole sequence, and A* = A. This proves both (1) and (2). 

Case (ii). A the point f = 0. — We have to show/„-*-0 in D. If 
not, / is not constant, is therefore “schlicht” (Lemma 8), and therefore 
represents D on some domain 8 containing ^ = 0. Take 8_ containing 
^ = 0, and So such that SL C do. S'oC. S, and let D_ , Do be the corresponding 


f We slightly extend here the use of the symbol A ; A mey be a point. 
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^-domains (they contain z = 0). ^ — represents on something 

differing arbitrarily little from jg, therefore containing S-. It follows 
that c A, and this is impossible. 

17 . 4. It is easy to prove a converse of the last theorem, viz. : LetD», 
D, An he as before, and let $=/„(«) represent D, on A„, /«(0) = 0, 
fn{0) >• 0. Then, given further that A„ converges into A, ft follows that 
(for some f) /„ -»•/ in D. 

If not, there exist two subsequences (fnj with different limit- 
functions Fi and F^. With obvious notation we have Af = AJ = A (by 
hypothesis). Therefore, by the direct result, f = F, and f both 
represent D on A, with J*’i(0) = lim/!,„(0) ^ 0 and similarly .F^(0)^0. 
This is impossible, by Theorem 120. 

Summing up we have : 

Theobbm 122. — Let (X)„), (A„) he bounded sequences of domains, 
with nuclei D and A, where D is not a point, and let D,, converge into D. 
Let f = /„(z) represent Z)» on A„ /^(O) = 0, /,( (0) > 0. Then the neces- 
sary and sufficient condition for /» to converge to some limit-function 
/ in D is that A„ should converge into A. If this happens ^ = f(z) 
represents D on A. 

It is an instructive exercise to write out the proof for the special 
case when D„, A« are expanding (and bounded uniformly), making the 
appropriate simplifications. The result, for this case, which we call 
(for reference) (A), is as follows : 

If D„, A„ are expanding and uniformly bounded, and tend to D and A, 
and if /„-*■/ in D, then f = f(z) represents D on A. 

17 . 6 . Mantel’s proof of Theorem 121. — D is a limit of expanding D„ 
which are polygons. The theorem, (B), that any (simply-connected) 
polygon can be represented on a circle, goes back to Schwarz (see, e.g., 
Goursat’s Cours d’ Analyse, Vol. III). From (A) and (B) Theorem 121 
follows, and this is Montel’s proof. It is instructive to analyse further 
the proof of (A), especially so far as it depends on (C), Montel’s theorem 
(Theorem 114). We want (C) only for a domain D* known to be repre- 
sentable on a circle; it is therefore enough to prove (0) for a circle, a 
specially simple case. 

The boundary problem. 

18 . 1. We prove next a result of interest in itself, which we shall 
also have occasion to apply in the sequel. 
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Theorem 123. — Suppose that we are given a closed contour P {interior 
A), divided at /3 and a into and Fg. Suppose (1) ^^0 is regular and 
hounded in A, (2) ^ is continuous in A' except possibly at a, (8) yp--*a 
as a along Fi. Then either as f -*a along Ta. in which case 

yf^-*a (uniformly) as a in A, or else yfr does not tend to a limit as 
^-*a along Fg. 

Suppose the result false, so that ^p■->•b^a along Fg. Let 

Then along and r 2 . We prove first that 

X-^0 uniformly as A. 

By Lemma 5 we may suppose that a is the origin, that Fi, Fa lie, except 
for a, to the right of the imaginary axis, and that | x | ^ 1 in A. [Our 
applications require only this special case, and are therefore independent 
of Lemma 5.] Let h be large and positive, and 

xi(C) = x(C)/a+hO- 

Given e, choose y(e) so that | xi j < e for points of Fi, Fg in 1 f 1 < r. Let 
8(r) be a domain, with a on the boundary, cut off from D by | ^ | = r. Now 

(1) 11/(1+/01<1 (fin A'). 

By choice of h = h(e) we can make |l/(l+Af)l<e for points of F 
outside If I = r. Hence | xi | ^ e for points of F other than a, whether in 
I f I ^ r or not, therefore (Theorem 102) also for A', and in particular in 
^(r). That is, given e, we have |xl < ell+/Ke)f | for all f of 6{r), Hence 
I xl < 2e for 1 f 1 < Min (r, 1//0, giving the result. 

Betum to Our hypothesis involves that in any 8(f) we can 6nd 
a line \ such that for f of \ ^(f) runs from a value near a to a value 
near b. The perpendicular bisector of (ab) meets the track of and 
the corresponding values of ip-— a, ip—h have moduli not less than 
J 1 b—a I . That is, there is a ^ in 8(f) for which 1 x I ^ i I b—a |*. This 
contradicts x 0 and proves the theorem. 

19. The representation of D' on A' when D and A are bounded by 
curves. 

19 . 1. Let C be a simple closed contour in the 2 -plane, D its interior. 
Let A be the ^-circle. By Theorem 121 there is an f{z) such that 
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5 = /(*) represents D on A. We show now that, with appropriate com- 
pletion of its definition, /(g) is continuous in D'. Given a point A, or 
2 = 0 , of C we have to show that there exists an a such that 
I /(g)— a I < e in d(A , r)+ (r < ro). 

We observe first that, by Lemma 1 (§11.4), the lower bound of 
I /I for 2 of d tends to 1 as r-»0. We must now consider arg/. 
Let (r(A, r) = cr(r) be its oscillation in d(A, r). We shall prove 
that (r(r)-*0 with r. If not, let <>•' be the upper limit of o-(r), and 
0 < o-j < o-', (To < w. For some arbitrarily small r we have then o-(r) > o',. 
Considering always such r we can now draw in d(r) a simple line V on 
which OBC arg / > a-,,. There corresponds in A a simple line X' whose 
extremities P and Q' have arguments ^ with ^ 2 — [The 
intuitive basis of the subsequent argument is as follows. lies near 
the circumference. If it were an actual arc of the circumference we 
should have, roughly, — a small on this arc, hounded on the rest of 

the circumference; therefore (compare, e.g., §9.8) small at points well 
in the interior of the circle, which is false.] Let <f »3 = ; we then 

obtain a line PQ as in Fig. 8, with extremities of arguments ^ 1 , ^ 2 . 
Let M be the mid-point of RS, so that OM ~ cos J<ro. 



If r is HTnn,ll enough every point oi PQ [corresponds to a point of d(¥) 
and] is distant more than OM from 0. MR and MS therefore cross PQ, for 


t W« uge the notation of the introduction, $ 6. 


l> 


146 


The boundary brobiiBH. 


the first time (from M) at, say, T and U. Let be the inverse function 
of /. By a transformation f we may suppose 8R the real axis 

of 5i. Let ^(5)— o = The curve UT and the chord UT bound 

a domain Ai, and the reflection of A| in SR is evidently interior to the 
circle. Let AJ = Ai+Aj+chord (UTl+boundaries. If lies in AJ 
are regular functions of their arguments, and their moduli 
do not exceed Max| 0(^)— a| ^ where K is the diameter of D. On 
the boundary either or | | < »i(r), since for ^ of QUTP 

^(0 lies in dir), and so is at a distance not exceeding m(r) from z = a. 
Hence 

\<t>i(Ci)<Pii^i)\<Kmir) 

on the boundary of A^, therefore also (Theorem 106) in Ag. In particular 
the inequality holds on the chord UT, where = f,, giving 

[This is, in fact, a case of the result proved on p. 112 (fig. 6), hut we have 
repeated the argument for completeness.] In particular 

(1) l0(fjf)— a| < ^{^^(r)}. 

The right-hand side tends to 0 as r-*-0. But hes on |f| = coB^<ro, 
and to this corresponds a s-contour distant hia^ "> 0 from the boundary 
C, contrary to (1). Hence <r(r)-*0. 

19.2. It follows that there exists an a satisfying |a| = l, such that 
fiz)-*a as s-»a in B. This being true for every A f h evidently con- 
tinuous in D'., It follows that ^ = fiz) makes correspond to every a of 
C a point a of the circumference |^| = 1, and that a is a oontinuou:? 
function of a. 

We show next that as. a describes C, a moves continually in the same 
sense, and returns to its starting point when a does. If this were not so 
there would be two points Ui, Os of C to which the same a corresponded. 
To two non-intersecting simple lines Li, L» from an interior point b of D 
to Ui, <h (see § 6) correspond in A two non-intersecting simple lines Fi, l'« 
from j9 to the same point a of | ^ | = 1. Then ^ Ci or Oj as ^ a along 
Fi or Fs. Theorem 128 shows that this is impossible. 

19 . 8. We prove finally that ^{0 is continuous in A'. Let qir) be 
BrCr. To Br, Cr Correspond, in the sense of our work above, jS, and y, of 
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iU = l^ and to q{r) corresponds a cross-cut )8ryr, or of A. Lot 
d(a, r) be the domain cut off by Kr which has a on its boundary, z near 
a give 5 near a (since f is continuous). Also to points of D separated, 
or not separated, by g(r) correspond Doints of A separated, or not 
separated, by Kr, and conversely. Hence to ^ of S(r) correspond z of 
(Hr), for whiclj | | ^ m(r). Hence 

for $ of S(r). Since m(r)->0 with r, it follows that <f> is continuous at 
boundary points, provided we define <fi(a) to be a. 

Summing up we have 

Theorem 124. — If D is bounded by a simple closed contour the func- 
tion f representing D on the unit circle A is continuous in D' , while its 
inverse function ^ is continuous in A'. The correspondence 5 ^f{z) between 
D* cmd dk is one-one and bi-continuous. 

20.1. The more ‘‘regular” is the curve G bounding the domain D, 
the more ‘^regularly” does the function f{z) representing D on the unit 
^-circle behave at tli’e boundary. Many propositions could be given corre- 
sponding to diiTerent degrees of regularity in hypothesis and conclusion. 
We shall content ourselves here with two. 

We prove first tlie analogue of (part of) Theorem 123 for harmonic 
functions. We apply this in a moment, but it has a certain interest for 
its own sake. 

Theorem 125. — Suppose that C is a closed simple Jordan curve and 
that D is iis interior. Let the function u be harmonic and bounded in 
D, and continuous in U except at a point a of C, and suppose that 
u a as z a along Ci and G^ {the two portions of C abutting at a). 
Then u is continuous also {in D') at z a, 

A harmonic function of x,y remains harmonic if x-\^iy undergoes a 
conformal transformation (see § 7 . 45). Hence we may suppose, in 
virtue of Theorem 124, that C is the unit circle, a is the point a? = 1, and 
a = 0, We have then, for r < 1, 

u(r, 6) = ti (B, ^— 0 ) dy/r, 

where r <iJ < 1. 

t2 
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By hypothesis we have 

lim m(22, yjf) = 17(^) 0). 

Let us define U (0) = 0. Then in virtue of our hypotheses U (\fr-) is 
continuous in (— tt, 7r)t. Since u{R, \l^)'^U{\Jr) p.p. and boundedly, 
we may take the limit under the integral sign. Hence u is the 

Poisson integral of the continuous U, and the theorem follows from 
Theorem 69. 


20.2. — Theorem 126 . — Let G be a closed simple Jordan curve, D its 
interior y and let ^ = f{z) represent D conformally on the unit 1^-circle A. 
Suppose now that C possesses a proper % tangent at z = a, and that I is a 
straight line through a. Then to any curve in D touching I at a corre- 
sponds a curve in A touching a straight line depending only on I, 
through a = /(a). Further, the angle between two lines Ai, Aj is the 
same as that between the corresponding Ii, Ij. 


Let 

\ 


u = arg 


f(z)-a 

z—a 


=r arg 


a * 


u is harmonic in D, and continuous in D' except at z = a, arg(f-- a) is 
bounded, and the hypothesis of a tangent at z ^ a implies that arg(^— a) 
is bounded also§. Finally, when z describes C, starting at a+ and 
ending at a—, arg(^—a) increases by tt, and so does arg(f— a)t. Hence 
u tends to the same limit whether z a along Ci or along Cg. 
Theorem 125 now shows that u is continuous at = a, and the results 
of Theorem 126 follow without difficulty. 


20.3. Theorem 127.— Suppose that the hypotheses of Theorem 126 
are satisfied, and, in addition, that C has a continuous tangent in the 


t But it does not, of oourse, foUow at once that u is the Poisson integral of U\ this, 
indeed, is practically what we have to prove. 

X Z approaohee a along the two branohee of O in opposite directions (a cusp is 
excluded). 

§ This is true for a nsighbowrhood of a, by the hypothesis. Moreover in the part of Z> 
for which | | >8 arg (f — e) is continuous, and so bounded. 
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neighbourhood of z = a, or, more generally, that the chord from z to z* 
tends uniformly to the tangent at a as z and z' tend independently to 
z = a on C. Then arg /'(«) is continuous at z = a. Hence also : to every 
curve of continuous tangent issuing from a corresponds a similar curve 
issuing from a. 

This theorem is rather difficult (and the reader may ignore it if he 
wishes). Ijet 2 = ^(^) be the function inverse to ^ = /(.z), and let 


^ (fi t) = 





For fixed r ^ is regular and never zero in A (note that J = 0 requires 
special consideration), and continuous in A'. Hence 


t) = arg = arg(^i-^)-arg(fi-^ 

is harmonic in A (in particular at the point ^ = 0), and continuous, for 
fixed T, in A'. 

We now make the provisional assumption that there exists a G, inde- 
pendent of T and such that 

(1) |ttI<G 

upon K| = 1. and therefore in A'. 

T -> 0 we have u(a, t) -*■ to, where to is the angle between the 
tangent to C at a and the tangent to | ^ | = 1 at a. Now the hypothesis 
about the chord zz' is equivalent (in virtue of the continuity of / and f) 
to the following assertion : For a given e there exist ij, 8 such that, on an 
arc of 1 5 1 = 1 of length tj on each side of a = c***, 


(2) I «(f, t)— » i < e (|t1<8). 

Wc proceed to prove that a similar inequality holds for near a and 
interior to A. Let U*(^|r) = r) be the boundary function of the 

continuous function u — w at e^, so that u a> is the Poisson integral of 
U*. Now U* is bounded above (for varying r as well as varying yfr) by 
G+ |a)| and is not greater than e for points of the arc V^o+»j)- 


t The two oontours are described in the flame flense (Theorems 124, 117) • 
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Henee, if f = re**, | t | < we have 

f^o+n /fw f’/'u+^\ 

2t{u(^, = C7*(^) P(r, ^-6) dxlr+(\ - ) U* Pd^jr 

=j +( , 

JO) J(2) 

<^27r€+ (<?+|^*>|) ^ (^» ®). 

where h is independent of t, and tends uniformly to zero as f = rc‘® -> 
(Theorem 59). We have proved, therefore, that there exist 171, 81 such 
that 

(3) Jtt— ft)l<e <*7i, |t1<8i). 

If now we call Ai the part of A for which then, for any 

(interior) f of Aj, we have, on making r -> 0 and so u -► arg (f), 

la^g (D— "i< «• 

It follow’s that arg <p'{^) is continuous at the point a. Our result 
follows, since f^iz) = !/</>'({), 

20.4. It remains to remove the assumption (1). Consider the 
domain d(a, r) and the corresponding 8(a, r) of A. 8 is bounded by an arc 
Py of the circumference of | ^ | — 1 and a simple line from P to y in A'. 
The main ideas of our argument are : (i) The hypothesis of the theorem 
implies the result (1) for the domain d provided r is small enough, (ii) it 
is plausible that only the neighbourhood of ^; = a is really relevant to 
the problem. 

?i=/i(D represent 8(a,r) on or A,; then, by 

Theorem 124, the coirespondence extends to the boundaries, and 

fi=/il/(^)} -=F{z) 

(say) is continuous in d'. Now we have, by hypothesis, if r is small 
enough, 

(1) larg(z'— «) |< Z 

for z, z' of the part of the boundary of d belonging to C. An inequality 
of file type of (1) holds also if one of z, zf belongs to C and the other to 
the circular arc Py, while yet another holds if both belong to /9V. Also, 
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of course, 

|arg(f'— f) I < 2x1. 

It follows that the condition (1) of § 20 . 3 is satisfied for the function 
Fiz) that represents d on Ai, and we conclude that arg P'(«) is con- 
tinuous at = a. But /i(p makes part of a circular arc (containing the 
point ^ = a) correspond to part of a circular arc. It follows, by 
Theorem 118, that fi is regular at internal points of the arc ; and, 
further, that the conformal representation effected by /i extends to a 
domain on the other side of the arc, in virtue of which fact yj(f) does 
not vanish at any internal point of the arc. Consequently arg /{(f) is con- 
tinuous in 3 ,t ^ = a. Hence, since f(z) is continuous in D', 

arg /I I /(^)} is continuous at z ^ a; and hence, finally, 

arg / (z) = arg P' {z ) — arg/i (f) 
is continuous at js = a. 


t It is supposed tliat z, (or (') start from some fixed pair of positions, and vary in 
any way subject to the restrictions that they do not cross each other and that neither croMee 
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Ghapti^ n. 

The present chapter deals with the following problem. Suppose that 
a function /{z), regular in the unit circle, is restricted by the condition 
of never taking a certain value, or set of values. What influence has 
this condition on the behaviour of the function ; in particular, how does 
it restrict the maximum modulus M(p, f) [or the means Mx(p,/)] and 
the n-th coefficient Cn ? The most striking result in this field is the famous 
theorem of Picard concerning functions that have 0 and 1 as missing 
values. We consider the problem of missing values in a generalized 
form, in which we suppose that the point w = f(z) moves, for varying z, 
on some given Eiemann surface. Our problem leads naturally to the 
discussion of the class of functions f(z) that are “schlicht** in the unit 
circle of z : this is in any case a subject of great intrinsic interest, and we 
devote a special section to it. 

We begin with a section on* ‘subharmonic” functions. The subject 
is not prima facie connected with our main problem, but some of our 
arguments find here their most fundamental application. 


21. Subharmonic functions. 

21.1. A real function w(x, y), or for brevity w(z), where 
z=zx+iy, is called subharmonic in a domain D if it satisfies a 
certain pair of conditions (A) and (B). Condition (A) is of the nature 
of a restriction to continuity. It is essential to have some such 
restriction. We assume, in the first place, that for zot D 

(A)( 1 ) «>(*)> fim w(C); 

and we aasume fditlier that 

(A) ( 2 ) w(z) <00 in D. 

The value — oo for w is permitted. 

The second condition (B) may take a number of forms (B^), (B 4 ), 

all of which, however, we shall in the end find to be equivalent. 
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(®i)> •••» (B 4 ) require respectively that for every («, y) of D we shall have 


1 f"* 

(Bi) «>(«, «o(a;+rcoB0, y+rsin0)d6 

for all small r ; 

(Bj) dd|^i(?(a5+/o cosd, pdp 

for all small r ; 

1 f' 

(B3) w(a;, y)< — J V){x+rooB 6 , y+rsin 0 )d 0 

for some {arbitrarily) small r ; 

(B4) w{x, y) <i0|^to(a!+/j 008 0, y-\-p Bin ff)pdp 

for some (arbitrarily) small r. 


It follows from any form of (B) that for z oi D w(zXlim«;(^). 

Combining this with (A) we see that a function w(z) eubhartnonic in D 
is upper-semi-conlinuous in D, that is, it satisfies 

(A*) tc(z) = lTi5«;(0 

<->■* 

at every point z of D. 

We continue, however, to distinguish “condition (A*)” from 
“ conditions (A) ”, that is to say, conditions (A) (1) and (2), but not 
necessarily (A*). 


21.2. A function w(z) satisfying conditions (A) in a bounded closed 
set is bounded above in E (by the usual covering argument for the 
continuous case). Hence w(z) is bounded above in any bounded closed 
subset E of D. It attains its upper bound in any such set. For if 
O, the upper bound, were unattained, the function w* = ((?— «;)-! 
would satisfy conditions (A) in E, but would not be bounded above 
in E, Obviously w(z) is measurable, and the various integrals in the 
conditions (B) exist, since w(z) is bounded above on the circles con- 
cerned. These integrals may, however, have the value — oo. 

A funcUon w(z), satisfying conditions (A), is the limU-funcUon of a 
decreasing s^punce {w^(z)} of continstous functions in any bounded dosed 
subset E of D. 
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We may suppose that w{z) is not identically — oo [when we may take 
C ke any point of the (x, y)-plane, and let us write, 
for any jBxed integer » > 1, 

(1) Wn (0 = upper bound {m;(z)— n8(z, C)], 

z\n E 

where 8(2, S) denotes the distance between z and 5. is finite, and 

there exists a point Zq = z^(C) in E such that 

== «>(*o)-»8(«o. 0- 


For any other point 

>«»(*o)-«8(2o, Cl) >w(zo)-»{S(zo, C)+8(C. Cl)} 

= «;„(C)-n8(C,Ci). 

Hence w„(Ci) ^m;„(C)— e, if S(C, CiXe/w. Since we may interchange 
C and Cl, to„(C) is continuous (in the whole plane). Also m>„(C) ^ M>n+i(C)» 
and if we choose C se a Zi in (1) gives w„(Zi) ^u>(zi). Suppose first 
that w(zi)>— 00, and let z' be another point of E. By (A)(1), 

w(z') <m»(zi) 4 -«; w{z')—n 8 {z% Zi) <w(zi)+€, 

provided that 8(z', Zi) < 8(e). On the other hand, w{z) is bounded above 
in E. Hence there is a 67 such that 

w{z')—n 8 (z' , Zi) < 0 —nS 

ifS(z',Zi) ^ 8. The right-hand side does not exceed w{Zi)-\-€ if n is large 
enough. For such n, therefore, w(z*)—nh{z\ z^ for all z* of 

Ey i.e. w^{zi} ^w(Zi)+€. This proves that fv^(zi)->w{zi). The proof is 
similar if w{z^ = — cx). 

21 . 3 . The inequality in (B^) and (B3) asserts that w{x^ y) does not exceed 
the average of w over the circumference of the circle of radius r round (or, y)\ 
the inequality in (B2) and (B4) asserts that w{x, y) does not exceed the 
average of w over the area of the same circle!. For a harmonic func- 


t Our results can be extended to higher aTeraging processes; for example, to the 
inequality 

»(*. »> < T r f'*'' (’■) 

r Jo r Jo 

or all {or some) small r, where A (r) is one of the averages considered in the text. 
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tion u, of course, u{z) is equal to each of the averages ; also u and — u 
are both subharmonie. If W^, Wg, Wg, are the classes of functions 
corresponding to the four definitions, it is trivial that Wg contains Wj, 
that Wg contains Wj, and that W^ contains Wg and so Wj. The rest of 
the proof of the equivalence of the four classes depends on Theorem 201 
below. 

Consider the special class of le with continuous second derivatives 
in D. Let the circle d, {z-^Zol ^ r, be contained in D, and let 

J{r) = ^^'_^w{Zo+re^)de. 

We have, as a case of (3) §7.12, the formula 

If Aw ^0 in D this gives J(t) J(0) = w(zo) for every Zq of D and 
every small r, so that w is subharmonic by every definition. Conversely, 
the condition Aw ^0 in D is necessary for a w (of the special class) to 
be subharmonic in D by any definition, Avhence the equivalence of all 
definitions within the class. If the condition is satisfied, then J{r) is, 
by (1), monotonic increasing (in the wide sense) in r (so long as d is 
contained in D), 

If all subharmonie w belonged to the special class, many arguments 
would be as straightforward as this one. The special class is valuable 
m suggesting results, and the tendency should always be 

borne in mind. [It is, in fact, true, though we must not prove it now, 
that for a w subharmonie in D, Aw exists in a generalized sense, and is 
not less than 0, p.p. in D.] But quite practical applications force us to 
consider the wider class, and we have to find other arguments, no longer, 
but more delicate. 

21.4. A function u will be called a harmonic frontier majorant of 
a function g for the domain Z) if is harmonic in D and continuous in D\ 
and ii(z) >limp($) (5->z in D) for points z of F(D), the frontier of D. 

Theobbm 201. Suppose that w is subharmonie, by any one of 
the definitions, in the bounded dennain D, and that u is a harrnonic frontier 
majorant of w for D. Then w^u for cM points of D. 

Conversely, a function w, satisfying cemdUions (A) in D, is sub- 
harmonic in D according to the definition (Bi) provided that w^u in 
Z?i for every domain and function u which are such that D[ is contained 
in D and u is a harmonic frontier majorant of w for D^. 
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COBOI 1 I.ABT 

COBOIXABT 

aatiefying 


1. — The four definitions are equivalent. 

2. — A function w, eubhlMrmonic in a bounded D and 


at every point z of F(D), aatiafies w in D. 

CoBOLiiABT 3. Let (Bf*) denote what the inequality {Bf) becomes when 
Ore sign ^ ta replaced by Then a continuous function w, satisfying 
any one of the four conditions (B(*) in a bounded D, is necessarily harmonic 
in D. 

Suppose the first part of the theorem false. Define 
d{z) = fim {u>(5)}— «(«) 

for z of D' and t in D. This is w(z)—u(z) for (interior) z of D, and 
somewhere takes positive values. Alsof d(z) satisfies conditions (A) in 
D ' ; it therefore attains an absolute maximum Jlf > 0 at a point P of 
D', and the set, E say, of such points is closed. Let Q, or y^), be 
a point of F(E), so that d(Q) = M, and [since d < 0 < ilf at points of 
i^(D)], Q is an interior point of D. Consider now the circuioference (7, 
of nTnn.11 rsdius f round Q. This must contain a point R belonging to 
CE, at which therefor© m = d{B)<M. Then, by the upper-semi-con- 
tinuity, d < m+8 < M for points of <7, in a certain interval of 0, whence 

7^ 1 d(xa-\-reoe B, sin 6) id < JIf = i(*o. y^\ 

5a7r J_» 

and so, ninnn the average of the harmonic function u is equal to u(£o, po), 

^ j’ ' w{Xo+r cos 0, yo+r sin &)dB< w{x^, y^. 

This is true for all small f, which gives a contradiction if our definition 
is either (Bi) or (Bs). Finally, the area of the interior of Cr contains a 
point of CE (for example, an B associated with (7j,), and a precisely similar 
argument, for averages over the area instead of over the circumference, 
disposes of the remaining cases (Bj) and (B4). The first part of the 
theorem is therefore established. 


t Any upper limit IS .7(0 oleady MtieflM (A) (1). 
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Consider now the converse. Given a point (a;o> !^o) of consider a 
circumference of radius r surrounding it (containing only points of D). 
On C^, w is the limit-function of a decreasing sequence of continuous fimc- 
tions «;„ (§ 21 . 2). Let be the fimction harmonic in the interior of and 
agreeing in value with on (7,. This is a harmonic frontier majorant 
of and so of w, on C7,. By hypothesis y^) y^), or 

(1) w(aro, yo)< ^ L ton(iro+»’ cos 6, yo+^sin6)d0. 

Since the interchange lim j = j lica Wn is permissible for a monotonie 

sequence [Theorem 11, Cor.], we have, by taking limits in (1), 

1 f' 

w(-»o> ^oX ^ J Mxo-\-r cos 6, y^-^r sin 8) dB, 

and, since this is true for all small r, w satisfies the definition (Bi). This 
proves the converse. 

Next, the complete theorem shows that a function subharmonic 
according to any definition is subharmonic according to definition (B^) ; 
conversely it is trivial (as was pointed out in §21.3) that a function 
subharmonic according to (B^) is subharmonic according to any of the 
other definitions. This proves Corollary 1. 

In Corollary 2 (a generalization of the maximum principle for har- 
monic functions) G is a harmonic majorant. 

Finally, in Corollary 3, both w and —w are subharmonic ; inside any 
circle (7 (in D) w is consequently both not greater and not less than the 
harmonic function agreeing with w on the circumference ; w is harmonic 
inside G. 

Theobbh 202. — If A it a conformal transformation of D, then a 
function subharmonic in D transforms into a function subharmonic in A. 

The converse part of Theorem 201 provides, in fact, an alternative 
definition of a subharmonic function in which the conditions are in- 
variant under conformal transformation. 

This proof is curiously indirect. An easy direct one would be avail- 
able by means of 

if we might assume continuity of the second derivatives. 
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Thbobbm 203. — Lei w be svhkarmomc in a domain containing 
a circle |«— BoK t, and let u be the Poisson integral of the values of w 
an the circumference. Then to ^u for interior points of the circle. 

N.B, — ^It mast be borne in mind that ^w(re'*)dd may be — <» ; in 

this case the Poisson integral u is evidently — oo at all interior points of 
the circle, and the theorem asserts that then the same is true of u>. 

Let fo = ^fo+Po**** interior point of the circle. A linear trans* 

formation of \z — Sol^r into itself which transforms ^ into the centre 
transforms w into a snbharmonic to* (Theorem 202). Also it transforms 
the Poisson integral u(^) into 

W*(*o) = ^ 

[see §7.45 (ii)]. Thus 

u(fo) = ^ j >■«**) 

Thbobbm 204. — Suppose that w is subharmonic in \e — Zo\<R, and 
let u(z, r) be the Poisson integral of the values of w on the circumference 
Cr of centre zo and radius r<.R. Then, for fixed z, u is an increasing 

functionofr (/or r >|«— 8o|). Inparticular ^v}{Za-\-re^)dB increases with r. 

If r' > r wo have wQ < «(f, r’) for f of Cr (Theorem 203). Hence 

u(s, r) = {Poisson integral of w(f)} 

< {Poisson integral of M.(f, r')} = u(z, r'). 

OoBOiaLABY. Ifwis not everywhere — co in D then the integral of w 
over any area DL is finite {not — oo). 

In any boimded DL w is boimded above, and so effectively of constant 
(negative) aign- We observe now that the integral of w over either the 
ciroomference or the area of a circle contained in i) is finite. For by the 
present theorem it is enough to prove this for the oiroumference ; if the 
circumference integral is — oo then w = — oo in the interior (Theorem 
203) ; the integral of w along the circumference of any circle contained 
in D and intersecting the first is — oo ; and by a chain of circles to = — oo 


t 11 w is continuous on the oiroumlerenoe » is a harmonic majorant of to (Theorem 60), 
and the result of Theorem SOS follows from Theorem 301. This line of argument could he 
with a little, tronhle to eorer the discontinuous case also. 



SUBHAKMONIO FUNCTIONS. 


159 


at any assigned point of Z>, contrary to hypothesis. Finally, if the 
integral of w over some area 2)1 is — cx) it will be — oo also for some 
area of arbitrarily small diameter, and so for a circular area (containing 
this) contained in Z), which we have seen to be impossible. 

21 . 6. Theorem 205. — A finite mm, or a uniformly convergent infinite 
8um\ of functions subharmonic in D is subharmonic in D. The function 
Max(t^?i, Wg, ..., tVn), cohere Wi, subharmonic in D, is sub^ 

harmonic in D. // fe ^ 1 and w is a non-negative function subharmonic 
in D, then tv^ is subharmonic in D. 

For the last result we have, in respect of condition (B), 

^w{zo+re*^ dd^ ^ ^ j dd 

(Theorem 1). The other oases of condition (B), and all cases of conditions 
(A), may be verified immediately. 

Theorem 206. — Let A>- 0, fe ^ 1. If f(z) is regular at every point 
of D and \f \ is one-valued in D, then |/|\ log|/|, and 

log|/l = Max(0, log 1/1) 

are subharmonic in D. Further, l^l** is subharmonic, for every real 
fi, in the domain consisting of D less the point 2; = 0. If u (not neces- 
sarily real) is harmonic in D, then \u\^ is subharmonic in D. 

For I / 1 ^ we have to show that for a Zo of D 
l/Uo) 1^ < ^ j l/(*o+»-e") 1^ dd 

for sufficiently small r. This is evidently true if f(zo) = 0. If /(so) ^ 0 
we have 0, and so /*• regular, in some circle 1«— «o| ^ r. Then 

|/^(*«) 1 = 1^ \fHzo+re^ I < ^ jl/l' 

A similar proof applies to |2|'‘l/l^ and to logl/| [harmonic where 

/(*o) ^^l/l maximum of two subharmonic functions, there- 

fore subharmonic. 

t If this is interpreted as (coeffioients c„ other than unity) the ooeflEioients are to be 
yo9%tiv€. 
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Finally, if u is harmonic, 

I m(*o) I* = I ^ j «(«»+ w") dd < ^ jl «(‘e'o +»•«*') 1* de, 

so that I tt p is snbharmonic. 


21 . 6 . Theobbm 207. — (i) Suppose that w ia aubkarmonic in <\z\<r^ 
and not everywhere — oo. Then 

Kw, /») = ^ I w(pe^ dd 

is a continuous convex function of logp in < p < rs. 

(ii) Suppose that w is subharmonic in | 2 |<r and not everywhere — oo. 
Then I(w, p) ia a contirvaoua incretmng function of p in 0 <p<r, con- 
tinuity at p— +0 being interpreted aa lim / {w, p) = w(0) = — oo in case 

r-M) 

M»( 0 ) = — OO. 

(i) Let ri<px<p<pi< r^, and let 

logp = <logpa+(l— OlogPi ( 0 <<< 1 ). 

There exists a decreasing sequence of continuous functions t»p(s) 
decreasing to w(z) for all « in <P 2 [§21.2], By Theorem 71 f 

there exists a function 


(1) u = u~ = k logp+S(o„ cosn0+6„ Binn$)p* 

0 

00 

+S(c„ oo8»0+d„ Bin»0)p~", 

1 

continuous in pi < pa> harmonic in pi < p < pg, and agreeing in value 
with Wj, on the boundaries of this annulus, u is a harmonic frontier 
majorant of w for the annulus ; hence 

(2) I(u}, p) < /(«, p)==k logp+Oo = <(* logp8+ao)+(l— 0(* log/>i+Oo) 

— tl{u, p|)+(l — t)Hy>> Pi) — td{Wp, Pa)+(1 — t)I{Wp, pi). 
Since w, decreases to the limit w, I{Wj,)-rI{w), and (2) gives in the limit 

(3) I {w, p) < tl (w, p,)+ (1 — <) 7 (w, pil. 

This proves the convexity. 

Next, if I{w, p) is — 00 for any p of (pi, pa), it must, by the convexity, 
be — 00 for an interval of values of p ; , this, however, would involve 


t This if the sole, but essential, occasion on which we appeal to this theorem, 
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the integral of w being — oo over the area of an annulna, contrary to 
Theorem 204, Corollary. Thus /(«>, p) is finite in the open interval 

(♦•i, 

I*ina>lly, w is bounded above in p^ [§21.2]; so therefore is 

p)> and being convex it must be continuous. This completes the 
proof of (i). 

In (ii) ■we know already that'/(tc, p) is increasing in 0<p<r 
[Theorem 204], and continuous in Q<p<r. For the remaining result, 
continuity at p = +0, we need only observe that on the one hand 

I{w, 0) = w(0)<7(w,p) 

for small p, and on the other w(z) and sof I{w, p) is less than w(0)-{-c for 
p < S(e) [by (A) (1)], whence lim !(«>, p) = «>(0) = I(w, 0). 

21 . 7. Theorem 207 gives, in particular, interesting results about the 
mean values of analytic functions and harmonic functions. We recall 
the definition 

/) = (^ !/</*''"> I ‘ > 0)- 

Thbobbu 208. — Suppose, that f{z) is regular in \z\<r. Then 
^k(Ptf) w o continuous increasing function of p, and logfif^ is a contsnuous 
convex function of logp, in 0 p-<.r. The last result holds further in 

ri < p < r, if f is regular in the annultts only (or iff is regular at each point 
of the annulus and | / 1 is one vabaed). 

Similar resuUs hold for harmonic functions u provided that A ^ 1 . 

The first part follows from Theorem 207, since |/|^ is subharmonic 
(Theorem 206). 

In the second, it is enough to prove the result in an arbitrary smaller 
closed annulus; we may suppose fi>-0, and that = is con- 

tinuous (and subharmonic) in ri^p^r*. Following the plan of the 
proof of Theorem 108 we choose p so that 

(1) f) = r?JlfJ(rg, f) =• T. 

By Theorem 207, I{w, p) is a oontinuotis oonvez function of logp. Since 
the extreme values (at p = ri, rj) are equal to T we have 

i(w, p)< r = {i{w, n)y \i(w, 


•f Supposing io(0) Is finites the case w{0) «> — « needs only obvious modifications. 

H 


1«2 
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for every t ; and choosing t = tip) to satisfy 
(2) p = t{r\-* 

we have 

pf^Mi ip) < { (n ) } ‘ i (r ^ } 

log M\ip) < t log Afx(ri)+(1 — f) log Jlfx(»‘a), 

whidi expresses the required convexity. 

The results for harmonic functions require only obvious modifications 
in the argument. 

21 . 8 . The following result, though we do not need it in the sequel, is 
so powerful and striking, and so easily and attractively proved, that we 
include it to end the present seotionf. 

A function to, subharmonic in D, ia the limit function in D of a 
deereaaing sequence of continuous subharmonic functions ; more gener- 
aUy, is the limit function of a decreasing sequence of subharmonic with 
continuous partial derivatives of any assigned order. 

We may suppose to is not always — oo (when we can take = — n). 

Let us define to^iz) to be the average, say, of to over the area of 
the circle of radius 1^ about »%. By Theorem 207 (ii) to^-^w deoreasingly 
at each z of D. Since to is Lebesgue-integrable [Theorem 204, Corollary], 
u>„ is continuous (in any DL for large enough n)§. Finally, if we denote 
by jis an average over a circumference of radius R, we have relations 
which we can' write briefly and intelligibly as 


— <Aa(4-»w) = j4»(j4«w) > j4„(w) = 


These show that satisfies condition (B). 

Thia proves the result about continuous te^. We can repeat the 
averaging process, obtaining j4n(«>n). •••• I* hardly 

necessary to give a formal proof that a high enough average leads to a 
function with continuous partial derivatives of any assigned order. 


f For a raport on the state of the theory of subharmonio functions to the date 1937, 
see T. Rad6, ** Subhannonio functions *’ {Ergebniase der Math,). 

X Naturally is defined only for n > l/d{s, F(i>)}. 

§ The differenee of the values of tc, at two near z'n is a multiple of the difference of 
the integrals of is over two small areas. 
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22. Subordination. 

22 . 1. In what follows we shall denote the unit oirole \z\ < 1 always 
by y. We generally use p for \z\, and in any case p will always satii^ 
p < 1. We denote by rj any complex constant satisfying | | = 1. 

We denote by o>(z) any function, regular in y, and satis^ng (i»(0) s 0 
and |a»(*)|<l in y. By Schwarz’s lemma (Theorem 107) |<ii(z)|<|2| 
in y. Equality holds if and only if <a = riz. In fact, = cj/z is regular 
and |0| < 1 in y. Hence, by the maximum modulus principle (Theorem 
101), I d>(*) I = 1 for some *, Zq say, if and only if O 3 ®{2o) == 17. 

Let/(2) be a given function, regular, or, more generally, meromorphic 
in y. If/(z) is any fimction of the form 

( 1 ) /(*)=/(«(*)). 

we shall say that / is “ subordinate ” to in y. It is evident that 
/(O) =7(0), and that /also is meromorphic in y. We say similarly that 
/is su^rdinate to/in l2|< B, if f(B^) is subordinate to/(B{) for J in y. 

The definition (1) may seem rather abstract; but there is a simple 
geometrical interpretation. Let us first suppose that to =/ is a schhcht 
function in y, t.e. that it takes no value more than once. / conformally 
represents y on a simply-connected domain li}- = 'U3-(/) (on the simple 
w-sphere) which does not overlap itself, or, as we shall say, “ is a sohlicht 
domain”. In this case, if /is subordinate to /, we have /(O) =f(0), and 
/ takes only values inside 'U>. [Note that / itself need not be sohlicht.] 

Gonverady, if f has Steae properties, it ia atdtordinate to f. Let Z{to) 
be that function, inverse to to=f{z) and so regular in ‘U^, for which 
= 0. Clearly <0(2) = (/(*)) ifl regular, and |<«>| < 1, in y. Also 

o) (0) = Z (/(O)) = Z (/(O)) = 0. Hence / =f(<o) is subordinate to /. 

More generally, let to =/be “locally sohlicht” in y, i.e. let / have no 
poles of order higher than 1, and T’ # 0 in y. / conformally represents 
y on a simply coimeoted domain 'W' = ^{f) on a Biemann surface (con- 
sidered on t^ w-sphere), the point w, =7(0), in some particular sheet, 
corresponding to z = 0. Let /be subordinate to f. To each point 2 in 
y corresponds a well determined point to =7(<^(^)) particular 

/(O) = Wg, and to any curve in y beginning at 2 = 0 corresponds a well 
determined curve in banning at tCg : the values of f{z), if continped 
analytically fiK>m/(0) = Wg, remain inside 'UO'. [Note again that / itself 
need not be locally sohlicht.] Conversely, if / has these properties, it is 
subordinate to /. The proof is the same as in the “ sohlicht ” ease. 
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jElnally, is not locally schlioht, the only difference in the state of 
fhinga is that the domain 'U^(/) on the Biemann surface possesses alge- 
braic winding points in '115'. This general conception of subordination, 
if less easy to grasp intuitively, is clearly the inevitable extension of the 
simple one, for schlioht / 

We begin with some simple consequences of our definition. 

Lemma 1. — If f is subordituUe to f in \z\ < B, and x(a) = 0{/(s)} is 
meromorphie in \z\ < B, <Ae» x(*) = ^(/) “ (maromorphie and) subordinate 
toxii^ 1^1 < -K* 

For X = ^(/) = ^ (/(^)) = X(-B")' 

Lumma 2 . — If fis subordinate to f in \z\ < B, and R < B, then f is 
subordinate to f in |«|<i2'. 

Let i:=B'ilB. If ^ is in y. |«)(£)| < S' IS. »nd so a.(0 = {R/B)u,i{i). 
Hence /(BO =/(Ba»(0) becomes /(B'f) =7 (B'coi(0). 

The following slight generalisation of Lemma 2, based on the 
inequality |<i)( 2 )|<| 2 | and our remark on the case of equality, is 
important enough to be fonhulated as a theorem. 

Thbobem 209. — Let / be meromorphie in y, and let den<ae the dosed 

sub-domain of ‘^{f) corresponding to the values off in \z\ If f is 
subordinate to fin y, dun the values of fin jsKp [by analyiiccA continua- 
tion from /(O) =/(0) = Wo] remain in W'. Frontier points of 115' are 
attained if and only if f^fM- particular, if f {and so f) is regular 
in IzKp, 

(2) Max I f{z) 1 < Max | f{z) \ . 

I»l-A 

witii equality if and only if f ~f{riz ) . 

22 . 2. We recall (Theorem 1) the results 

ifoO>. /) = ^x(p. /) = ®*P I ^ 1 I » 

M,(p,/) = lim Ma(p,/) = M{p,f) — Max|/(2)1. 

X->«0 |«|«Lp 

Theorem 210. — Let g{z) =: g(x, y) be subhatmonie in y, atiz) = u+to 
regular and | » p = Ml t» Yi g{x, y) —g (tt, v). Then 

j’j(pe^d$<j"j(pd*)d$. 
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Let &(x, y) = G(x, y; r) he the Poisson integral of the values of g 
on |«| = r < 1, and let G(x, y) = Giu, v). Then, hy Theorem 208, 

g(x, y) < 6(aj, y) (p < r). 

Hence, since | w | ^ p, 

y) = g{u, v) < G{u, v) = 0(x, y). 

Also O is harmonic in p <r (or everywhere — oo). Hence, if I denotes 
the average integral, 

lig, p) < I(G, p) = (3(0, 0) = S(0, 0) = ICg, r). 

We now make r->p+(^ fl-nd use Theorem 207 (ii), obtaining 

Kg, pXm P). 

Corollary. — Let f be subordinate to f in y. Then if f {and so f) is 
regular in |*| <p, 

(1) MM f) < MM 7 ) (0 < X < » ). 

1/ 1 

(3) Jffc(p,»/)<iffc(p,«/) (l<&<oo). 

For Ifl*', log |/|, ’og|/|, |16/|*' »re suhhannonic, and the oases A = oo, 
jfc == 00 follow from Theorem 209. 

We observe in passing that the result (Theorem 208) that Jlf* is an 
inftrAftaing function of p is a particular case of the corollary. In fact, if 
Pi < p, the obviously /(pi*/p) is subordinate to /(*), and thus 

■Af^(pi» f) ^ M^{p, f). 


22 . 3. This is a convenient moment to discuss “Jensen’s theorem”. 

Throrbm 2il, — Letfiz) be meromorphie in [sK**, /(O) t^O, oo, and let 
Oi, a o„ be the zeros, bi, 6j, ..., 6^ the poles, of f in\z\<r. Then 

(1) logMo(r,/) = ^ [_ Jogl/(re«)|de = log(f--|/(0)l|^^^|). 
We can reduce the theorem to the special case in which, with Jf > 0, 

, , t flogji (B>1) 

(2) .^(«) = 5jlog|l+«e")l'»=l<««-|„. 
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For 


1 — — 
a. 


— S log 

M-l 


'-i 


log|/| = logIAH-log|/(0)|+ 2 log 

•'■■I 

where logfi{z) is regular in | 2 | ^ f and zero at z = 0, so that 

^ j log I A («<•) I (W = log I A(0) I = 0. 

Next, the first ease in (2) is reducible at once to the second by the 
identity 

log|H-i?e"|=log|jBH-log l+^er-» 


(and a trivial change of to — 6 in the integration) . Finally, the second 
case in (2) is trivifd when N < 1. 

Thus we have J {S) = log M unless 5=1, and this case 5 = 1 is the 
only point that cannot be disposed of trivially. There are naturally 
many ways of settling it, but none can be called trivial. With the 
theorems at our disposal we can appeal either to the continuity or the 

non-decreasing property of j* log | /{*) ( eW, with /(a) = l-j-z. 

At an opposite extreme the result is equivalent to the definite 
integral 

j log cosec 0d0 = ^ log 2, 
which we may suppose known ! 


22 . 4. If A and therefore /, is regular at « = 0, they are regular in some 
circle y', or \z\ We then have expansions 

(1) /(*) = S o,*", /(») = S o„ z*, 

0 0 

valid in yj. We have, of course, Og = d,. 

Thsobxh 212 . — Let / be oubordinette to fin y, and / regvUnr at z = 0. 
Then 

( 2 ) 

equaUty if and only ^/s=/(i) 2 ). Also 
(S) Io,|<Max(|Si|, |o,l). 
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We have/ =/(a»). Let to == oia+«***+‘." Obviouflly | ai| ^ 1, with 
equality if and only if <■> =: -qz. Hence 

|ai| = |/'(0)l = |/'(0)l|«,'(0)l = l5i|l«i|<|ai|. 

with equality if and only i£f=f(qz). 

Next, let I ail < 1. The function 


ft»i = 


<ttjz — ai Oj 

{a>/z)al-l~laiP-l 




is also of the type a>. Hence laji < 1— |ai|®, and this remains true if 
I ail = 1 (when a> = qz, oj = 0). Now /" =/'(<«>) w'*+/(a>) a»", and so 


l« 2 l<l«»llai|“+l«i| (1— |ai|®)<Max{|5i|, |5,1}. 

We note explicitly the special cases A = 0, 2, oo of Theorem 210, 
Corollary. They give respectively, for/ regidar in y/. 


(4) ^ j_^log l/(pe") 1 dd < ^ I 

(6) 2|(»nlV**<S|a,|V’". 

(0) Maxl/|<Max|7|, 


the last of which we have had already. 

The case X = 1 is also important, since it provides inequalities for the 
coefficients of /. 


Thborxm 213 . — If / is regular and f is subordinate to f in y, Aen, 
forn>l, 


-»/• 


For 


^ 1 \«-l 

In this we take p = — ^ , and observe that = ^1+ *• 


Tbbobbu 214. — lot J be regular and f subordinate to J in y, and 
/(0)=/(0) = 0. Letz^ (a), 2 r,(a) be tiie n-th non-zero roots of f—a = 0 and 
f—a =s 0 arranged in order of increasing moduli ; 

I **(«) 1 = P»(a)» I i»(a) 1 = i5»(a). 
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Then 

n < n (=^,) (a=/=o), 

I “r I /»”"* n (-^) < [«ii I />'*“' n . 

P«W<P W(OV P«(0)<P Vn(0)/ 

where a, is the first non-zero coefficient of f, and that of f. If a 
product contains no factors it is interpreted to mean unity. 

Since/— a is subordinate to f—a, we have, on every circle \z\ = p. 


By Theorem 211, if ^ is regular in y, 6 a = 9 ^ 0 , and is the 

n-th non-zero root of ^ = 0, we have 


( 8 ) 


^ log I I de = log 



From (7) and (8) we obtain Theorem 214. 


Further inequalities for the coefficients a^. 

22.5. The inequality (6) of §22.4 can be generalised. We have in 
fact 

Thbobsh 215 . — If f is subordinate to f in y and f is regular of z = 0, 
then 

(1) S|o*|«<S|o*|* (»=1,2, ...). 

Let /=/(<!)), and let 

«»(*) = S a* z*, «„(z) = S o* z*. 

1 1 

Thein 8^(z), e„(to) are regular in |z| < 1, and we have, for Jz| < 1, 

«„(«>) = = «„(z)+ S 6iZ*, 

1 «+i 

say. Applying (5) of §22 . 4, with for / and any /i < 1, we obtain 
S|a:fc|«p"<S|a*iV“+ 2 |6*|*p« <S15*|V». 

1 1 «-i-i 1 

and in this we make p’>l. 
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From (1) we have at once 

(2) |a«KV»Max(|oi|, |o,|, |a„|). 

In particular, if 5„ = 0(1), then a„ = ©(V^). 

More than this is not true in the general case ; for example (although 
we cannot prove it here) there exist a regular / and a subordinate /, such 
that o„'= 0(1) anda„isnoto(v'»)' Butifthebehavimrofaj^iasuffieienUy 
regular (and a„ is increasing) we can actually attain the ideal “ | I ^ I I ”• 

Thbobbm 216. — / be avbordinate to f in y, where J is regvlar at 
z — 0, and let n>2. 

(i) If tiie set ofnumbere di, dg, ..., d^ is non-negative, non-increasing, 
and convex ; i.e. 

o*,— 2o*+i+a*+j > 0 (1 2); 

then |o„| <ai. 

(ii) If (he set ofnumbere d^, dg, ..., d„ ia non-negative, non-decreasing, 
and convex', i.e. 

di>0; dg— di>0; o*,— 2dfc_i4-djfc_g>0 (3 <*<»»); 

then |a„| <d„. 

The proof depends on two lemmas, the first of which is of interest in 
itself. 

00 

Lbmma 3. — Let g(z) = i6o+S6*«*', where, for k^O, 

1 

— ~ ^k+i~\'^k+a^ 

Then Ihg{z) > 0 »n y. 

Let tff = r^ = J, and 

= t„(*)=sm*) («>!)• 

1 0 

With the notation of §6.31 (3), #It„(*) = i.B„(0 > 0 in y. Also as n-»-oo 
<i»(*)-^i(l+*)/(l“*)» the real part of which is non-negative in y. 
Summing twice, by parts, we have 

§6Q-|-S6jg2^ == 2 Ag,<*(*)-j-6,n.i<„(*) = S A|T|,(*)-i-A„+iT„(*)-)-6,+i<^(*). 
10 0 
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Hence ^ bff+i3Bitn{») in y, and the lemma follows when we 

make n-»-oo. 

Lkmica 4. — Let i ^ 1 and at*’ = S -aWs”. Then in y 

We begin with the following general remark. lf/=/(ci>), then 
(3) a^=S^o<*)a*. 

Now let The function h( 2 ) = {co) has a non- 
negative real part in y. By (3), the »-th coefficient of h is and 

the lemma follows from Theorem 110. 

Proof of Theorem 216. — (i) By Lemma 3, 

H-l 

has a non-negative real part in y. Also, by §10.4 (2), 

By(p««»)eH»-i)»dd (l<ifc<n). 

rr J-w 

Hence, using Lemma 4, 

i o<*)afcp«^‘k^ (' 3R^OH5‘*)le‘*P„(e-‘»)ldd<^f’ 3^{pe*>)d0 = a^. 

*—1 I ^ J—w ^ J-w 

Let p->-l, when (i) follows from (3). 

(ii) By Lemma 3, 

A(z) = io,-fo,_iZ-f-...-f-ajZ*-*-f-ai S z* 

n-1 

has a non-negative real part in y. Also 

5*/)’*“* = ■” j 3W^(pe ‘*) dO (1 < X; < »). 

Hence 

I i 3aA(pe«)|e-«-»P«(e«)|dd<^f' »A(pe«)dd = a,. 

1»-1 ^ J-* ^ J-ir 

and the proof is completed as before by making p->l. 
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Lemma 4 enables us to give a proof of Theorem 213 independent of 
Theorem 210. By Lemma 2, fipz) is subordinate to /(/w), so that, for 
some (I), /(p«) =/(pa»). Also the «-th coefficients of /(/»*) and /(/«) are 
and o^p*, respectively. Now 

and so, by (3) and Lemma 4, 




ia»)5*p* I = I ^ /(pe'O I < ^ 


23. TAe principk of afubordinaHim. 

23.1. The general theory of subordination is a powerful weapon for 
dealing with the problem of the set of values taken (or omitted) by an 
anal 3 rtic functicni. We may look at the question from two different 
points of view. 

I. In the first place let %(s) be a given function, meromorphic in y, and 
consider the class of all functions h{z), meromorphic and subordinate 
to h{z) in y. In order to apply Ihe general theory of subordination to 
the class H we begin with a special study of the superordinate function S. 
If we suppose, to fix ideas, that our knowledge of it is complete, we obtain 
results of several distinct types. 

A. We know the domain in which the values of each h for 

|s| <p must lie [Theorem 209]. In particular, if A (and so every A) is 
regular in |z| we obtain an upper bound for |A| in | 2 | <p. More 
generally, under the same assumption, we obtain upper bounds for the 
meaTia Mx(p,h) [Theorem 210, Corollary]. All these results are “best 
possible” ones. 

00 

B. Awmiming again A to be regular at s = 0, and writing h{z) = 

0 

n 00 

Ao = Ao, we obtain upper bounds for |A,»|, for S|Afc|*, and for E|A„|*p*“ 

0 0 

[§22.4, «]. 

C. Lower bounds for the products 11 fi„(a), where = 

p«<» 

A(z ) a, are given by Theorem 214. 
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II. The seocmd' point of view is to start with a given fonotion f{z) 
[or with a olaas 3* of such functions], meiomorphio in y. Any subordination 
of / to some other function F would imply certain consequences, of the 
types A, B, C above, for instance. If we now know, by some given 
property of/ [or of the class SD], that one of these consequences is impossible, 
then the subordination to is impossible, and 'U>(/) cannot “lie upon’’ 
W (F). This can be important positive information ; for example, if F is 
sehUditff must take values that Fdoes not. And (as will be amply illustrated 
below) F is largely at our disposal. 

The systematic application of these ideas in both directions (I and II) 
is what we call the “ principle of subordination ’’ [LindelOf principle]. It 
may be r^arded as an extension of the simple “maximum modulus 
principle ’’ of § 9. The most interesting and important applications are 
those Goimeoted with the famous Theorem of Picard [§ 24 . 4], in which 
the elliptic modular hmctions are the superordinate functions. We post- 
pone these applications, however, to later sections, confining ourselves 
here to more elementary and more general results. 

23 . 2. We denote throughout by M the (very general) class of functions 
f(z), meromorphic in y and satis^jdng 

( 1 ) /( 0 ) = 0 , /'( 0 ) = 1 , 

and by R the sub-class of M consisting of those functions of M that are 
regular in y. 

Our fiirst theorem is an immediate consequence of Theorem 212. 

Tebobbm 217. — Let 0<t<l, 0<p<l. If f{z) and F{z) are 
functions ,of M,, then f{pz) is not stibordinate to tF{pz), except in the case 
t^l,f(z)^Fiz). 

This theorem, simple as it looks, is of great importance in direction II 
of our principle. Given an / of dh, we can, by choosing suitable functions 
F{z), or rather suitable Biemann domains W-{F), obtain information 
about the values taken by /. It may be noted that if 'Ull'(i’) is the 
domain of F of M, the “rotated” domain 7j‘W-{F) (with |i}| = 1) belongs 
to the function riF{if^z) of M, 

23.3. The simplest applications of our principle come by choosing 
the function jF'(z) to be z, and we devote the present sub-section (§ 23 . 3) 
to it. The class of functions subordinate to z in y is the class of functions 
<i>(z) (of §22). Here the elementary inequalities l«»l< 1, and, more 
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are the simplest examples of type I, B. For a result of type I, C, we 
have 

Thbobbm 218 (Jensen).— be regviar and |/(z)| in y. 
^ (Pn) sequence of the moduli of the zeros of f{z) *» y, 

counted according to multiplicity and arranged in increasing order. Then 

( 2 ) 

where is the first rum-zero coefficierU of the power series of f in y. 

In particular, pn>\<^y\ for each such p^. 

CoBOLLABY. — If f{z) is regular in y, or, more generally, is meromorphic 
in y and subordiruUe to a function f{z) for which np,^(0) > 0 ; and if there 
exists a sequence of zeros ^ 0 off(z) such that Up^ == 0 ; thmf{z) = 0. 

If no p^ exists, (2) is simply Cauchy’s inequality for |a^|. If there 
are at least k such p^, and if p'^k, we observe that zf{z) is subordinate 
to Mz in y, so that, by the second inequality of Theorem 214, if p is near 
enough to 1, 

n iA<M. 

1 

We- obtain (2) by making first /)^1 and then p-»-oo. 

The corollary is an immediate consequence of Theorem 214 if / is 
regular. Inthegeneralca8ewehave/=/(co). Denote by {co®} the sequence 
of zeros of / in y, each counted once only, and arranged by increasing 
moduli. Since /(«„)=7{w(*J} = 0, the values w(zj are among the cu^. 
Let z|j> denote those if any, for which = Suppose that 

w ^ 0. If is a zero of order jfc® for / and of order ic® for a>(z)— <tf|, and 
<o«) is a zero of /, order then clearly 

(3) XS) = Z«)k». 

Now oi is subordinate in y to z. If one of the aP-^ say, is zero (that 
is, if 7(0) = 0), and if a„ is the first non-zero coefficient of at, then by the 
second inequality of Theorem 214 

n'pw>i«,i, 

where each p® occurs k® times in the product. Hence, by (3), 

(4) npW>|a,r 
where now occurs according to multiphoity 
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Similarly, the first ineqrialiiy of Theorem 214 yields 

where each occurs k"’ times in the product. Hence 
(5) 

where now p® occurs according to multiplicity Oombining (4) and 

(5) we obtain 

(6) n p,,(o) = n n p® ^ n | «® f > \ n p„(o) > o. 

This holds also, with |a,f” = 1, if no a>® vanishes. Since (6) contradicts 
the hypothesis of the Corollary, to («) = 0 ; that is, f(z) =J{0) is a constant, 
which must be zero. 

The corollary leads to an important extension of Vitali’s Theorem 113. 
If we examine the proof in § 10 . 6 it will appear that the essential fact 
about the sequence is that a regular if> vanishing at every z„ must 
vanish identically (a “uniqueness” theorem). Corresponding to any 
such type of sequence we may hope to find an extension of Vitali’s theorem, 
and for the type in the corollary we have at once the following one. 

Thbobem 113*. — Sv/ppoae (i) /„ regtdar and uniformly bounded m y, 
(ii) f,^->a limit (neeeaaarUy finite) for each z of z^, z„ ..., aninfinite sequence 
{of different z's ^0) in y such that np„ = 0. Then /„->/ in y, uniformly 
in every circle \z\ <p< 1. 

To complete the results derived from the case F — z, we observe that 
any (other) f of must take, in |sj<p, values not taken there by Fx 
we thus have (a result of type II) 

every function f of aatufies 

(7) Max|/|>p (0<p<l), 

equality being aitained only if f^z. 


23.4. Consider next the class B of all functions v) = B{z) = T,b^3^, 

0 

regular in y and taking there no value w for which Wiw = 0. Clearly either 
Ute > 0 or 3&te < 0 (according as J&hg ^ 0) in y, and B{z) is subordinate to 


( 1 ) 





Thb pbinoiplb ot subobdikation. 


176 


The domain ■U3'(5) is the half-plane aooording as The 

domain [of Theorem 209] is the open circle extended over the 

stretch 

Poj^^+iYo> ^o|^+*yo 

as diameter ; the values of each function £( 2 ) for \z\<p must lie in this 
circle. In particular 

(3) 

This is the best possible form of Theorem 109 (vith U = 0). 

As a (best possible) result of type I, B we have, by Theorem 216 
(eUher part I) 

(4) I K 2j8, (» > 0) [Theorem 1 10]. 

23 . 6. Lot a ^ 0, and let us consider the function 

(1) t» = jF.(2) = j^^ = S— o2*-|-o®s» — 

F^{z) belongs to .M- and represents y conformally on the interior (when 
0 ^ a < 1) or exterior (when a > 1) of the circle JT, on the stretch 
— (1— a)-^, (1-t-a)-^ as diameter. If a = 1, degenerates into the half- 
plane < J. 

If o 9 ^: 1, the centre c of and its radius r are given by 

a 1 

fr(r-l) (a<l) 
ca = ( 

[f(r-fl) (a>l). 

Taking ail functions into account, Theorem 217 now readily yields 

Thbobbh 219. — (i) Let c be an arbUrary complex rnmber. Every 
fmcHon f{z) of -M. toftes some value w with 

(4) |w-c|>i-+-V'(i+|cl*) = ri(c). 

and, if e^O, aUo some to totfii 

(6) |to-6|<-HV(i+|6|*) = r,(c). 

In each cate ihe function F(z) must be excepted that maps y on the drde 
complementary to (4) or (6). 


( 2 ) 

whence 

( 3 ) 
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(ii) La 9 be real. Every fvntMon f{x) of M takes somevalue w satisfying 
(6) 3i(fDe»)>f 

The function F(z) = zf{z^‘+l) is excepted. 

Theorem 219 is a special case (n= 1) of 

Theobbm 220. — Let f{z) be meromorphie *n y, and for small \z\ 


(T) 




Let Cf{e) denote the open eirde toUh centre c and radius r. 

(i) Let\c\<r. If the values of f (regular in y)Ue entirely in Cr(c), then 


( 8 ) 




(ii) Let \o\>r. Iff takes no values belonging to Cf(c), then 


If, in this case, f(z) has a pole J in y, then 

(10) 1^1 ^f^- 

We may assume c ^ 0. Put a = c/r and 



Then c = Ac*, r = |A|r*, amd A^O according as c^r. The relation (3) 
between c* and r* gives 

^2 «(>2 

c* = r(r+A); \ — 

In both cases, (i) and (ii), f(z) is subordinate to 

\ E „(— z ) = — A[s-|-os!*-|-o*is*-|-...]. 

Now a< 1 if e<r, and the sequence 1, a, a*, ... is non-negative, non- 
increasing, and convex. Hence |a„|<|A|, by Theorem 216 (i). This 
proves (8). 

Similarly a> 1 if Or ; in this case the above sequence is positive, 
increasing, and convex. Hence (9) follows fix>m Theorem 216 (ii). 
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Finally, in this case, if { is a pole of /, (9) yields 

There exists a simple direct proof for (10) which is worth noting, since 
the idea of it can clearly be applied in similar 6ases. We may suppose 
again that c ^ 0. The function F^(z) has its pole at 5*** = — 1/a = — r/c. 
Since/ is subordinate to AF., the value /({) = oo must belong to AUi?'|^|(F.). 
Hence 

Theorem 219 may be regarded as a generalization of the classical 

Theorem 221 (Gasorati-Weierstrass). — Any non-cimatant function, 
meromorphic in the whole plane, takes values in every circle C^(c), 

To deduce this from Theorem 219 we may assume, without loss of 
generality, that/(0) = 0,/'(0) = 1, and that c # 0. Then R^^f(Rz) belongs 
to .'U for every i? > 0. Hence, by (6) (with cjR in place of c), we find that 
/ takes some value in the circle with centre c and radius 2J?ra(|c|/i2), say. 
Since this radius tends to zero as we obtain the desired result. 

23 . 6. In this sub-section we give some more results of interest obtained 
by various choices of the domain We omit the elementary and 

straightforward calculations necessary to show that the corresponding F 
belongs to . The F are all schlicht, and then, by Theorem 217, every 
function f of .11 (except F) takes some value ovlside \^(F), In particular, 
if \^(F) is the whole plane slit along certain curves, this means that any 
/ takes some value on the slits. 

(i) A strip bounded by two parallel lines, coulaimng w = 0, of width 

A ^ and eccentricity (distance of the mid-line from 0) 

E = — arc cosjrx- 
TT 2A 

(ii) The whole plane slit along the part of some straight line 

meeting the circle \w\ = \, 

(iii) The whole plane slit along the parts \ w\'^ V^(J) of n symmetric 

rays from 0. 

(iv) The whole plane slit along the stretch c, c/(l— 4|c|), where 

0<lc|<i. 

(v) The whole plane slit along an arc of length 4 arc sin^ on the 

6»r<rfe I w| = /», 0 < /» < 1. 

K 
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In example (iii), with n = 1, the function 

( 1 ) = = 

of M repiesents y on the whole plane slit along the part w < — J of the 
negative real axis. In fact 

where the right-hand side has its real part positive in y. The function 
K{^) plays a fundamental role in the theory of “schlioht” functions 
(see §26 below). 

If a function f ia subordinate to JSl, t.6. iff takes no values w then 

|a^| This follows, for instance, from Theorem 216 (ii). 


23.7. The following example is so important for the general applica- 
tions of the principle of subordination that we state it as a theorem. 

Theosem 222 (Landau). — Let M '^ 1 . If f(z) of K saiisfies |/| < Jf 
in y, then f takes all values with | ti;Q| ^ T(Jlf) where 

(1) T(if) = ife-»; = (a.>o). 

SC 

V l^ol = '>‘(-^)> function F of R must he excepted which represemta y 
confomuiUy on the part 1m;| < if of the Biemann surface of log (to— Wj)!. 

We may suppose real and positive. We begin by determining the 
function F, which we do by easy stages; the calculations, if a little 
tiiesome, are forced. The function 



belongs to R, being the half-plane Slto> — J. Hence, if a is a 

positive constant to be determined later, 

i'8 = a— 

belongs to R, never takes the value a, and has for iSS'{F^ the part 
|to— oj of the Biemann surface of log (to— o). We can now 


t The circle \ w\<.M with Wq excluded is a doubly connected surface; the surface of 
the theorem, with its infinite winding-point at is simply connected. (An infinite 
winding-point is a boundary point of a surface, and does not belong to it.) 
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‘ -^2 by the linear transformation 


( 2 ) 




XF^ 

F^+y 


F belongs to R if F^ never takes the value —A, and contains the 

undetermined a and A. We choose A so as to make J describe a 

i +A 

circle |5| = constant when describes (J' — a| == this happens, 

with 15| = -3f = sinh(l/(2a)}, if A = a(e^/“— 1), and then F [given by (2)] 

never takes the value (corresponding to the impossibility J’g = a), 

nor F^ the value —A (corresponding to jPi 71^: — 1) . We choose a so that 


completely deter- 
mined, has the required properties; viz., it belongs to R, and represents 
y conformally on the part \ w\<M of the Biemann surface of log (w— t), 
M being connected with t by the relations (1), with «= l/(2a). 

Now this Biemann surface Mi- =^\^(F) is locally schlicht, i.c. has no 
finite winding points, but only an infinite (logarithmic) one, and its 
boundaries are the same in every sheet. It is evident, as a result of these 
two properties, that any function <(> with ^(0) = 0, and talcing no value not in 
(i.e. not talcing the value r and not talcing any value w with \ w\'^ M), must 
have its values, continued analytically from ^(0) = 0, confined to the surface 
11^, and so, by § 22 . 1, be subordinaie to F. (It is clear that this inference, 
about surfaces U> that are both locally schlicht and “ alike in every sheet ”, 
can be widely generalized, though we shall not attempt to state the con- 
ditions with complete precision. We shall meet an even more important 
instance than the present one in the “Picard” section, §24.) Now we 
know that/ (of R, satisfying |/1 < M, and other than F) is not subordinate 
to F, and we conclude (since |/| < M) that / must take the value t in y. 

The rest of the theorem is now easy. It is evident that M increases 
from 1 to C30 as a; increases from 0, while t = T(- 3f) decreases from 1 to 0. 
Since M can be increased arbitrarily in the hypothesis of the theorem, 
we see that./ takes all values T(Jf') for and so all values 




23 . 8. The importance of Theorem 222 for our general principle is 
shown by 

Theobbm 223 . — Let f and F be two functions of Xh. Let and f 

be subordinate to MF. Then f takes all values bekmging to M^^m)/m(F), 
where r{M) is defined in §23.7 (1). 

n2 
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We haTe/= MF{<o), from which it follows that M<a{t) beloogs to ft. 
Also if(<a(*)| < Af in y. Hence o)(*) takes all values |m;| <T(ilf)/if, 
and this proves the theorem. 

Note that r(Af)/if decreases from 1 to 0 as if > 1 increases. 

If now/ has appropriate properties, Theorem 223 gives us lower bounds 
for the if ^ 1 for which / can be subordinate to MF. In particular, if 
/ belongs to K while F has poles, then must not contain the 

point w = 00 . Thus we obtain 

Thbobbm 224 . — Let f belong to R, and let F of ii have a pok ^ in y 
{which we avppoae that of smallest modalus). Let 

( 1 ) = 

If now if < if*, then f is not avbordinate to MF. 

In parUctdar, if F is aehlieht, f tdkes some value not taken by MF. 

This represents the improvement in the conclusion of Theorem 217 
arising ficom the extra hypotheses that F has ^ as a pole, and / is regular 
instead of meromorphic. The value of the improvement is seen from the 
fact that when F has only the singk pok { in y the result of Theorem 224 
is beat possibk. 

To see that this is so, let O be the extremal function of Theorem 222 
that belongs to K and represents y on the part j w| < M* of the Biemann 
surface of log (w— if * {), never taking the value M* C. Then clearly 

( 2 ) F*{z) = M*F(-§i) 

belongs te R (since the argument C cannot occur on the right) and is 
subordinate in y to if* F. Thus the inequality if < if* of Theorem 224 
cannot become an equality, and the theorem is best possible. 


23.9. As an example, let a>l, and, consider again the function 
(of.§;23.6) 




z 

a«+l’ 


This has the pole i = ~l/a. Hence, by § 23 . 8 (1), 



if* = 


o*-l 
2aX ' 
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With the notation of § 23 . 5, (2) we have further 

M*c = X ; = 1 = :^== = Jf 

2X 2aX a 

The function F*{z) derived from by the formula of §23.8 (2) repre- 
sents Y on the part \w — M*c\'>M*r of the Riemann surface of 
log(w — M*c). Replacing M*c by c, we obtain the following improve- 
ment of Theorem 219 (6) when / belongs to R instead of : 

Thbobbm 225 . — Let c be an arbitrary complex number ^^0. Every 
function f(z) of R takes some value w with 

(1) Iti)— c| < |c|er-^/‘*l*'> = ra*(c). 

That function F of it must be excluded which maps y on the part 

\w--c\> rf{c) 

of the Riemann surface of log (w—c). 

[A simple direct proof of this theorem is possible by using the function 
of §23 . 7 as superordinate function.] 

We add here the corresponding improvements for the class R of the 
results (iv) and (v) of §23.6, omitting the elementary calculations. 

(i) La x>0, and let & be real. Every function f of H takes some value 
w on the stretch 

( 2 ) tanha: <!«;!< ^cotanh* (arow = <>). 

That function of R must be excluded which represeiOs y on the Riemann 
surface of log (w-ll(4x) ) slit along this stretd^ {in every sheet). 

(ii) LetO<p<l- Every function f{z) of K takes some value w on each 

arc A of the circle ] w j == p aperture 

^—2x 

4 arc sine'^, where — ^ — ~p (« > 0)- 

That function of R must be excluded which represents y on the Riemann 
surface of log {w-a), slit along A (»» each sheet), where a is the mid-point 

of A. 
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23 . 10. We now enter on a digression, and must begin with the 
following 

Lemma. — Let w =f{z) belong to R ami satiny | /| ^ tn y. Thon the 
inverse funt^on z = <^{w), with ^(0) — 0, is regviar and schlicht for 
|w| <l/(6Jif), and represents (his circle conformaUy on a domain d inside 
\z\ < while f is sehlicM in d and represents it on the w-drclef. 

COIIOM.ABY.— Le< «;= J'(S) = »i£+« 2 £*+..., where ai=^0, be regular 
and satisfy t« K|<i2. Then the inverse function 0(w), with 

0(0) = 0, is regular and schlicht for 

which circle is the image by F(Q of a domain in | ^| < iJ. 

The corollary, an easy deduction from the main theorem, is what we 

00 

actually use. To prove the theorem, let/=Lo„2'‘ in y. Then Oi= 1, 
Jlf>l,Jo„l<Jlf. If|z| = p<l, 

( 1 ) \m\ >p{l-fa^\p”-^) 

(2) /(2)7^0 (0<l«K/>*), 
while on \z\ = p* 

(3) |/(*)l 2(i+2ir) 

Since /(O) = 0, /'(O) = 1, it follows from (2) and (3) that f takes in 
!«!</)* each value w satisfying \w\<ll{bM) exactly as often as the 
value w — 0, that is exactly once. Hence z = 4>(w) is regular and schlicht 
in Iwl < l/(6Jf), and maps it on a domain d inside \z\ < p*. 

We are now in a position to prove 

Theobem 226 (Bloch). — Let w =/(*) belong to ft. Then W(/) contains 
an open schlicht circle of radius ; that is to sayX there exists a simply- 


f The lemma gives a lower bound for tiie radius of oonvergenoe .about u; = 0) of the 
function ^>(iv) inverse to/( 2 ). 

X To express the result in a form that does not mention Riemann surfaces. 
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connected domain D in y such that f ia scMicht in D and the f -image of 
D contains an open w-circle of radius 

This exceedingly odd and striking theorem resembles Theorem 222 , 
but the condition | /| < Jlf of the latter theorem is completely dropped 
(and nothing replaces it, except that t(M) becomes an absolute constant). 
It can be used to prove some of the “ Picard ’* theorems of the next section 
(indeed it gives proofs in which the function theory involved is of the 
least possible ‘‘ depth ”). For these reasons this seems the best place for 
it, although it is not actually connected with subordination. 

Given the existence of the theorem, and (what will become plausible 
in a moment) that the lemma is relevant to its proof, any competent 
analyst should be able to find one : it is true that the oddity of the theorem 
is reflected in the critical step of the proof, but the step is forced, and 
then not difficult to make. 

We may suppose f(z) regular in 1 2 | < 1 . If the domain J5 is a circle, 
as we naturally begin by trying, let it have centre with 12 ^ 1 =^. We 
want 

i^==F(0---/(^ofO~/(%)==«i5+«2S"+..., 


where 




to have an inverse 4>(w), schlicht in |w| where s is at least some 
absolute constant, (the value of which happens to come to ^ 5 ). The 
corollary of the lemma provides a permissible s given by 


“ Jlf • 


where R is some raidius, necessarily less than or equal to 1 — />, in which 
F is regular and \F\^M = M (iJ). Now given «o and B, 

M = Max|/(zo+S)-/( 2 o)l = Max I ( f'{Zo+re**)dr . 

Ki<K (♦) Uo 

A crude upper bound for this is 

Jkf ^ [ fL{p-\~It)dr = l?^(p-f-i2), 

Jo 

where Max \f'{z)\i 


t I'he constant not beat poaaible; the true value is not known. 
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!),{() increases from 1 at t = 0 to. a finite value at 2 = 1. The corresponding 
value of « is now given by 


68 = 


a*(a+-B) * 


and we want to make this as large as possible, and greater than an 
absolute constant. We have at our disposal p, B (< 1— />), and argZg. 
The last we naturally choose to make \f(z^)\ have its maximum value 
fi(p); then 


68 = 


SpHp) 

M^+py 


The denominator increases with B (for given p), said p+B must certainly 
not be 1 [p(l) can be arbitrarily large] ; it is reasonable to try — |(1— p), 
which makes the ratio of the distances of p and p+B from 1 equal to 2f. 
We thus have a permissible 8 given by 


12 « = 


(i-p)p,Hp) 


We still have p at our disposal, and the final question is: is there 
an absolute constant a (ultimately a= 1) such that, given any 


f'(z) = 

regular in | z j < 1, there isapinO<p<l such that 

or, simplifying by 1 — p = x and multiplication by x, is there an in 
0 < a; < 1 such that 


(4) Ja:/x(l— ia:Xa{a;/i(l— »)}*? 

The answer is afiirmative, and it is sufficient to know about p,(x) that 
it is continuous in 0 ^ 1, and p-(0) = 1. The graph of 

y = h(x) = xp,(l—x) 

in 0 < a; < 1 is continuous, starts at 0 at a; = 0, and is 1 at a; = 1. Let 
^ be the least value such that A(^) = 1; ^ cannot be 0 (but may be 1). 
Then A(if) < 1 = A*(f), and f gives a suitable value of x when o is 1. 

By inverting the point of view we have the following result, which is 
what we shall actually apply to prove ** Picard ” theorems. 


t Any abac^te ratio greater than 1 would give some ilnal absolute ooastant. 
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CoBOLLABY. — Suppose »;(*) = 65+612+628*+... is regular in y and 
has some missing vcdue Wq in every eirde \u)—e\<.kof given radius k. Then 

(5) |6i|<24jt:. 

If biT^O, w© apply Bloch’s theorem to /— (g^b^)/bi. There exists 
an open circle of radius all of whose points are values taken by /. 
Hence there is a circle of radius j^|6il aU of whose points are values 
taken by g. This radius must be smaller than k. 

24, 25, 26. The functions P, Q, B. 

24.1. We denote by P{z) any (“Picard”) function which is regular 
and never takes the values 0 or 1 in y; by Q(,z) any function which is 
regular and never takes any value ± 2mri {n = 0, 1, 2, . . .) in y ; by 
B{z) any function which is regular and never takes any value — 4ir®n® 
in y. It is evident that the necessary and sufficient condition for a 
function to be a Q is that it should be of the form logP, and that the 
necessary and sufficient condition for a function to be an R is that it 
should be of the form Q*. 


A 



A| 

Pig. 9. 


When P and P occur together, it is to be understood that P is also 
a function P(z), and that P is subordinate to P; similarly when Q, Q or 
B, B occur together. Finally w© denote the coefficient of 2» in P by 
in $ by q„, and in P by r„. 

We use the symbol d(a:, y, ...) to denote a positive constant depending 
only on the parameters shown explicitly, via. x, y, but not the same 
at <«ff ArftTit occurrences. In particular A always denotes a positive 
absolute constant, but not always the same one. When we wish to pre- 
serve the identity of and wewritedi, Ag, .... 1 
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24 . 2. In Fig. 9 A, B,C are the points.-? = i, and AB, BG, 

CA are circular arcs orthogonal to the circle |-?| = 1. (ABC is thus an 
equilateral curvilinear triangle with zero angles.) Let w = fiiz) represent 
jD, the interior of triangle ABC^ on 11, the upper half t(?-plane, the points 
A, B, 0 ot the -?-plane corresponding to u? = 0, 1, oo of the t(?-plane. 

Invert the triangle ABC in each (primary) arc AB^ BC, CA of the 
triangle. Now invert the whole resulting figure in every secondary arc 
then the whole resulting figure in every tertiary (i,e. outermost) arc, and 
so on. Inversion in a circle converts a figure exterior to the circle into 
one interior to it, preserves angles, and leaves an orthogonal circle in- 
variant. Hence we obtain a figure composed of sides of zero-angled 
triangles, orthogonal to the circle ABC, and with all corners on this 
circle. It is plausible that the complete figure inverts into itself with 
respect to any side (shaded and unshaded regions being, however, inter- 
changed) : this property is actually true, and follows without difficulty 
from the geoihetrical principle : “i/ y, S are circular arcs inverse with 
respect to a circle a, then the circles y'. S', a' obtained by inversion in any 
fourth circle have the same property**. 

✓ 

✓ 

/ 

(c) (c) 

> „ ■ _ — I ^ > 

(cl ^ / CB) 

f 


Fig. 10. 

We observe next that the greatest of the outermost ares of the n-th 
stage is small when n is large. If not, there must exist an arc 
(orthogonal to ABC) whose interior is free of sides of the figure, for sides 
do not intersect. It is, however, evident that there must exist a con- 
tracting sequence of sides, one for each stage of the generating process, 
spanning ; these have a limiting arc fig spanning or identical with 
/9, the interior of /S. being free of sides. But evidently the inverse of 
triangle ABC in a side of the figure nearly identical with /3b must enter 
the interior of jfi.. 

Next, every point P of the circumference | x | = 1 that is not one of 
the denumerable set of corners is spanned by an infinity offsides con- 
tracting on to P as a limit point. Since sides do not intersect, the complete 
triangles of which is a side are inside 
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From this we conclude finally that every point in |z| < 1 is ultimately 
covered by a triangle and that every point (corner or not) of the circum- 
ference \z\=: I has an infinity of arbitrarily small triangles near it. 

We show now that the function can be continued throughout 
and has l 2 j| = l for a line of essential singularities. By the 
symmetry (or inversion) principle (Theorem 118) /x is regular across AB 
and takes in ABCi, at a point inverse with respect to ilB to a s of D, 
the value conjugate to /x( 2 ). [Then to = fL{z) represents the interior 
of ACiBC on the domain bounded by the continuous lines of Fig. 10.] 
Similarly for a path crossing any number of sides, /x is ''schlichf* in 
every shaded, and in every unshaded region, taking in shaded regions 
values w belonging to 11, in unshaded ones values belonging to 11, the 
lower half i(j-plane. A point of the circumference |z| = 1 has an infinity 
of small triangles near it; hence /x takes any value other than 0 or 1 
infinitely often near the point. We see also, since [jl is “schlicht” in 
each quadrilateral composed of two adjacent triangles that ijf ^0 in 
1*1 <1. 

It follows that ^(w), the many- valued function inverse to fi, has 
to = 0, 1 (and oo ) as Us only singularities. If, for example, tOg is in 11, 
there exists in each shaded triangle a z such that n(z) = to,, and there 
exists a branch of 0(to), regular in 11 and so in the neighbourhood of to#, 
such that <f>(ui^ — z. There will exist an infinity of branches of but 
each is regular at tOg- 

24 . 3. The Biemann surface \S5r of w = fi{z). 

To a *-path from a point of triangle ABC to one of ABCi corresponds 
a lo-path represented by the broken line in Fig. 10 . We take an infinite 
number of half-planes 11 and 5. Start with Ilg, a particular 11, correspond- 
ing by to = iJi(z) to D. Corresponding to ACiB wo must have a IIi joined to 
II across (0, 1). If we now (in the ^-circle) cross BCi into AtCiB we must 
join a Ilg to Hi across (1, ® ). And so on. We obtain a surface W of ® * 
sheets with winding points of infinite order, in each sheet, at w = 0, 1, ® . 
Note that the w-paths corresponding to two z-paths from P to Q lead to 
the same point of •U13-. [Proof by induction : if a path is deformed to go 
into one new triangle it comes out by the same arc that it went in by.] 

The equation w — y-(z) represents y on W-. The inverse function ^(lo) 
is regular and “schlicht” on 113- (the points lo = 0 , 1 , ® in every sheet 
being taken as boundary points). 

The precise definition of W is as follows. Take an infinite number of 
planes, each out from -® to 0 and from 1 to +®. Take one such 
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plane, Wi. This has four edges, two companion edges from — oo to 0, 
two companions from 1 to + . To each edge we join the companion 

edge belonging to another cut plane (one plane for each edge, four new 
planes in all). The assemblage ot three sheets has twelve free edges 
(and corresponds to a dodecagon in the ; 2 -figure). We now deal with 
these free edges in a similar manner, affixing the companion edge of a 
new cut plane to each. And so on. We obtain a sequence Wi, Wt, ... 
of surfaces, and is limWn = SPTn. 

The following remarks may instruct the suitably informed reader. 
They are not used in the sequel and may be ignored if necessary. 

(1) W is simply connected. This follows from the one-one continuous 
correspondence with y; but it is intuitive from first principles, since a 
closed contour on 113’ cannot surround a branch point and can shriuk con- 
tinuously to evanescence. 

(2) The existence of a function w = F{z, po) representing y on with 
F(0) is a particular case of a general theorem that y can be repre- 
sented (with a triple arbitrariness) on any simply-connected surface of 
a certain type (to which conforms). (It then follows by an argument 
given below that P(z) is subordinate to jP. Actually we shall arrive at 
the function F via the ix of the preceding argument.) 

(3) [Sketch only.] F(z) is certainly an automorphic function. For 
let Py P' be any two homologous points (points with the same w) of 

To a path PQ from P to a variable Q corresponds a homologous path 
P^Q\ and the Q' corresponding to a given Q does not depend on the path 
PQ, The relation set up between Q and Q' is evidently conformal in 
the geometrical sense (is one-one and preserves angles), and transforms 
into itself. If Zy are the .^-points corresponding to Qy Q\ we may expect 
the transformation from z to z^ to be a conformal transformation of y into 
itself, and this is in fact the case. Such a transformation is necessarily 
linear (by Theorem 119), and since w is the same for Q, Q\ it leaves F(z) 
unaltered. F{z) is therefore invariant for some linear transformations, and 
therefore for their group. 

24.4. Picard’s Theorem for integral functions. — An integral 
function F(z) which takes neither of two distinct values a, b is a constant. 

We may suppose a = 0, 6 = 1, Then g{z) = ^(JP) is regular for all z. 
But I ^ I 1. By Liouville’s theorem g = constant, F = fx{g) = constant. 

Corollary. — A function F(z), meromorpkic in the whole plane and 
having three distinct misnng values ay byC, is a constant. 
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(P — a)~^ is an integral function with (6 — a)~^ and (c — a) ^ as missing 
values. 

24.5. Picard’s Thbsorbm fob a circle (Schottky). — 

M{p, P)<A(p,Po)- 

We have po ~ P(0) ^ 0, 1. Hence there exists a unique z — oq, 
corresponding by w = p-{z) to w =Po lying in D-\-Dji+(BA)-{-(AC) 
{Da being the inverse of D with respect to BG). Then 



transforms y{z) into yCf), z = into f = 0, and the triangle ABC into 
a ^-triangle A'B'C with zero angles. The function 

w = FiC, Po) = fi{z) = p (4^) . 

uniquely defined for given Po, represents y(f) on a w =Po (point Q say) 
corresponding to ? = 0. is locally schlicht, and every sheet contains 
all values ip except 0, 1, oo. A P(0 wiwt have its representative point, 
continued anayticaily from Q {w = p^ corresponding to J = 0, confined to 
U*", and so, by §22.1, must be subordinate to P(C). [Compare §23.7.] 
Consequently 

M(p, P) < M(p, F) = A (p, Po). 

24 . 6. There is an extension of the last result. 

Thboebm m.—If I P(0) I < or, then 

M{p, P) < Aiip, a). 

Corollary. — 1/ | P(0) | •< nr, then | Pi | < Aiiur). 

Suppose first that po is confined to the closed' D' defined by | w | < ic, 
|«) 1 > i, I to— 1 1 > i. Evidently oo is a continuous function of Po (if we 
allow Oo to go out of the fundamental region) and so P(f, po) is a con- 
tinuous function of the pair of variables arg f and p^ (if | f | = p < 1 is 
kept fixed and pg is confined to D'). Hence M(p, F) is continuous in pg, 


( 1 ) 


M(p, F)<A(p, w), 
|P| < A(p, tsr) 


(U\ = P)- 
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We show next that we may add the circle 1 w— 1 K 4 to D' (giving Dl) 
withont prejudice to the form of this inequality. The two branches of 
V-P aro P’s, and their constant terms are p\ and —p\' If now |po — 1 1 ^ 4’ 
one of these must lie in D'. By (1) we have 

\^P\<A(p,m), |P|<^(p,«r). 

Finally, we may similarly add | w | ^ 4 *0 since if li>ol ^ i> 1~P is 
a P whose jJq belongs to D|, 1 1— P \<. A {/>, tc) and | P | < 4 (p, ar). But 
jD{ has now become | «> | < ar, and we have proved the main theorem. 

The corollary follows since 4 I Pi I ^ -*^(4. <.A{rs). 

24.71. The following theorem is an application of Theorem 227. 

Suppote that a > j8, and that idth only a finite number of sin- 
gularities in * > jS, has the properties ; (1) for every 5 > 0 

'¥{x)— Hm |^(3;+iy)| 

is bounded in *^a+5; (2) for every 5 >• 0 T* is not bounded in 
x'> a — S. Then for every d >• 0 ^ takes every value, with one possible 
exception, an infinity of timet in \x — a | < d, y > 0. 

Suppose this false. Then there exist a, b, d > 0, such that 
yfr:^a, b in \ x—a \ ^ SS, y>v; in particular ^ ^ a, 6 in | z—Zo \ < 4d 
when Xg = a+d and y, is large. We may suppose a = 0, 6 = 1 [other- 
wise let ’F = (^— o)/(6— a)]. Since | yfr{z^ \ < K, Theorem 227 gives 

Max I ^(*,-|-4d/i«") I < A^{K, 4) = ; 

\\lf\<Ki in I*— Sol < 2d. 

Since the z circle touches x = a— S and y^ may run through all large 
values it follows that ^ is bounded in aj>a— d as y-^ + oo, and this is 
false. 

24.72. To give point to this application we digress to prove the 
following famous result (Bohr). 

The function f(«) = Sn“* has the property of yfr, with a = 1. 

It is well known that f(r) is regular except for = 1. In * > l-Hd, 
If I < it remains only to show that f is not bounded in any 
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X ">■ 1—^, y > 1, and we shall actaally prove that ^ is not bounded in 
* > 1, y > 1. To this end we most prove first : 

Dibichlbt’b Thborrm. — Given dj, .... t > 0, and a positive 

integer q, there exists a t'^r, such that 

ll<e4|<l/j (r<2j0+. 

and in fact such a t can be found satisfying also t ^ rq^. 

00 

CoBOLLARY. If is a convergent series of non-negative terms, then 
1 


lim 

1/— >Q0 1 1 

Consider the unit cube in N dimensions : divide each side into q equal 
parts and draw, through the points of division, planes ” parallel to the 
coordinate planes, thus dividing the cube into compartments. Con- 
sider the q^+1 points 


{rvOu TvOir) ( 1 / = 1, 2, j^+l) 

reduced (mod 1) in each coordinate. All lie in the cube, two therefore, 
say for vi and v^y ^ one compartment. Then 

I { Va) 0rH < 1/? (r < N), 

and we have what we want by taking t = t\vi—v^\'^ r. 

For the corollary, the theorem gives at once 

hm 3RS a„ = S 

1 ] 

and we can replace JV by oo on account of the uniform convergence. 

We return now to ^(z). Given a (large) positive g we choose first x, 
satisfying 1< a; < 2 and such that 

> %g ; 

,co 

then N so that 2 < g ; 

y+i 


t [x] denotes in general the difference between x and the integer nearest to x, and in the 
ambiguous case a; » r + } it denotes + 
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and then y greater than an arbitrary ^ and such that 

COB (y log n) > J in ^N). 

Then Vi^(x+iy) = 2n“* cos (y logn)+ S 

y+i 


> jLr*- 2 n- > i2n--2 2 n”* 

i^+i i^+i 

>Sg-2g=g. 

Since this happens for some y greater than an arbitrary j/, and g is arbi- 
trary, it follows that ^ is not bounded in a; > 1, y>l* 

Taking as known, (i) the corollary of the lemma, (ii) the general 
principle 

iim > lim Iim, 

V-»oo (a‘>l) aj->l+0 

valid for any real function of x, y (defined in the relevant range), we 
can condense the above proof into the single line : 

lim 3RJ(a) IS: fiin fim 3RS»“®~'‘'= Bin S»~* = oo. 

y->oo (ar>l) *-^1+0 if->-ao i *->1+0 1 

24 . 73. Theorem 227 gives an easy proof that a uniform function with 
3 missing values in the neighbourhood of an essential singularity is neces- 
sarily a constant^ . We may suppose the essential singularity at 2 = oo, and 
the missing values to be 0, 1, oo. It is enough, by the maximum modulus 
principle, to prove that F{z), regular and never 0 or 1 in Pq < I ^1 < 
is uniformly bounded on some arbitrarily large circles \z\ = R. Now 
by Weierstrass’s Theorem there exist large circles |»| = P each cc^ntaining 
a point, say, with | P(«o) | < ^ i^^y)- We can find a chain of N+1 < -4 
circles Cq, C^, ..., with centres Zq, z^, ..., 2 ^^ on | 2 | = P and satisfying 
Max(|2i— 2ol> •••> while the circles themselves 

have radius ^P. Applying Theorem 227, with p = to Co, Oi, 
successively, we find |P(2n)| < A (0^n<N); by a final application to 
each we have |P(2)|<-4 in each circle |2— 2^|<JP, and conse- 
quently on the whole circumference |2| = P. 


t In the early hiatory of the aubjeot this natural extension of Picard’s original 
theorem was regarded as a new major problem. That this is no longer true is another 
instance of the effeotiveness of the form (Theorem 227) as compared with the *'po ” 
one. 
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24 . 8. The inequalities so far proved for P involve functions A(p, po) 
or A ip, jsr) of unknown form, depending on the form of P(r, p^. Wo 
shall show now that without any farther inquiry into the special nature 
of F, and assuming merely its existence, we can obtain results of fair 
precision. We prove first : 

Lbmma.— l?il<^(lgol+l)‘ 

Let n be the least integer such that (| 3 o|+l)/( 2 MTr) < J. Then 
(?(r)/(2»«) = Oo+Oi«+... is a P, and |ool = I gol/(2Mir)< i. By 
Theorem 227, Cor., we have | aj | < ^, |gi | < /4« < ^4 (| 1+1), the result 

of the lemma. 

Our subsequent arguments can take either of two forms. 

(i) Consider = Qi^) = bo+biZ+..., where ^ = (z—z^Hz'^z—l) 

and I Zj I = p < 1 . ^ is a <^(x), and its q^, qi are 

Q{z^ and — Q'(«o)(l — kol*)- 
Hence \Q'{‘id)\< A . 

log { 1+1 QW 1} < log +log (1 +1 go |)> 

1 <?(* o ) I < 1 + 1 «(* o ) 1 < 4 (1 + 1 ?o |)(1 

Thus the “ order ” of Q{z) in the circle does not exceed an A. 

(ii) In proving the last inequality we may suppose without loss of 

generality that Zo = p. Let = ^{p+(l~/*)^l* X 1'^ ^ 1^'^ 

go, gi are Q(p), (1— p) Q'ip)- The lemma gives 

(i-f>)IQ»l<^ii+IQ(p)|}, 

and the argument is completed on the same lines as before. 

We shall meet again with arguments on the lines of (i) and (ii) ; we 
call them respectively the ^-argument and the p-argnment. The former 
gives a better inequality [since 1— p* 2(1— /») as p->*l] and in some 
connexions gives a best possible one. The latter, however, is always 

o 
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aimplftr in detail, and therefore preferable where neither method ia beat 
poBsible. 

What these arguments do is to show that in suitable circumstances 
[those in which w = /(a) is restricted to move on a given Biemann sur- 
face] all points of y are roughly on an equal footing : we can transfer a 
property of the origin to an arbitrary point zo. When the property of 
the origin is of type | a„| ■< Fiog, Ui, a»_i) the transferred property ia a 
differential inequation for /(a) of the n-th order. 


24 . 9. The lemma can be deduced from Bloch’s Theorem (Theorem 226) 
[and so without assuming even the existence of the function /«(a)]. 

Let/= ‘\/(QI2iti) (any determination), /is regular in y, and/ # ^y/n 
(n^O). Since the function arc coshw has w= ±1 as its only singu- 
laritiesf (any determination of) the function 

<7 = arc cosh/ 


is regular in y, and p # ± arc cosh •\/»±2«t»j* (m an integer)|. 

Now arc cosh \/(«+l)— arc cosh as »->oo. Hence there 

is an absolute constant h such that any w-cirole of radius k contains a 
missing value of g. By the corollary to Theorem 226 we obtain 

|p'(0)|<24i = il. 


Now 

and so 




the desired result. 


26 . 1. So far we have used only the bare existence of the function 
/t(s). To obtain “best possible” results we need full information about 
it; /t(s) is actually an elliptio modular fonotion. 

Let z = >Sf(r) be the linear transformation that makes the points 
z = i, e^, (points A, B, O of figure 10) correspond to the points 


t Consider the derivative, 
j Otherwiae eQeh^«/« Vn. 
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T =i: 00, 0, 1, respectively (points A, B, C of figure 11). Then /n(«) becomes 
the function 

(1) A(t) = ^(<S(t)). 

A(t) transforms the upper half r-plane into our Biemann surface the 
‘‘circular” r-triangle A, B, C being transformed into an upper half 
A-plane, the points t = oo, 0, 1 corresponding respectively to the points 


A 



B c 

Pig. 11. 


A==0, 1, 00 . Now it is well known that the elliptic modular function 
known as k^(r) transforms our r-triangle in exactly this manner. It 
follows that 

(2) A(t) = 

This then is the nature of our function 
Consider now the function 

(3) /t*(0 = 2{A(T)-^) = 

It transforms the unit circle y(5) into the Biemann surface U3-* = 2('U5-— J), 
which is of exactly the same nature as the surface except that its 
winding points are at w’” = oo, 1, —1, which are missing values of 
in y. The “ circular ” ^-triangle with comers — 1, 1, », and sides orthogonal 
to |i;| — 1, is transformed into an upper half w*-plane, the comers 

o2 
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corresponding to w* = — 1, 1, oo respectively. The symmetry principle 
shows that the function — /t*(— 0 transforms this triangle in exactly the 
same maimer. Hence = M*(£) is odd function. 

In particular /[**(0) = 0, and so A(») = = i. Clearly n*'{ 0 )> 0 . 

Hence 

= -4iA'(*) = 4|A'(i)| = a-i. 

where the value a is known to be 4;r®/r*(J). Finally the odd function 

= afi*(z) 

belongs to R (see § 23), has ±o as missing values in y, and transforms y 
into the Hiemann surface oltJ'* with winding points at ±a (and co). 

Thbobbu 228 . — Every function w — f(z) of R takes at least one value 
of each couple belonging to the circle 

(4) = ^0-228.... 

In particular, every odd function of R takes all values of this circle. If 
n> = r)a, |ij|= 1, the (odd) function is excepted, and (4) is best 

possible. 

Let 0 < ^ a, say. If/ 9^ in y, / is subordinate to tpi^z), where 

< = Wo/o^l. By Theorem 217 this is possible only if < = 1, that is 
Wq = a, and then f=pi. 


26 . 2. Put z = e'” and consider the function 

(1) H(*) = A(r) = A(^^). 

If 3 (t) > 0, then |2| < 1. By the symmetry principle A(t) has the period 
2, and so has e*’". Hence H(z) is regular and uniform in 0 < 1 2 1 < 1. Also 
-ff 1 for these 2. On the other hand, 3(r) ->oo and so A(t)->' 0 as 
2 ->0, Hence H (2) is regular at 2 = 0 also, and H (0) = 0. H transforms 
y into a Biemann surface with an infinity of sheets and winding points 
at 0, 1, 00, and differing from only by the fact that in one sheet the 
point w == 0 = (0) is not a winding point. 

By a known formula for A(t) (given in §26.6 below) we have 


( 2 ) 
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whence iy'(0)= 16. The function Hi{z) — 16~^P(2) thus belongs to ft, 
and applying Theorem 217 once more, we obtain 

Thbobem 229 (Hurwitz). — Every function f{z) of ft, vanishing at 
z = 0 ordy, takes aU values |w| If w — |ij| = 1, however, the 

function riHyfq-^z) is excepted. 


26,1. As we have seen already in § 25 . 1, the elliptic modular function 
A(t) = k^(r) transforms the upper half r-plane into the Biemann surface 
in such a way that the sheuled triangle A, B, C of figure 11 becomes 
an upper half A-plahe, the comers corresponding to A = 0, 1 , oo respectively. 

By the symmetry principle it follows that, given po ^ 0, 1, there exists 
in the region B composed of the shaded domain, its image in AB, and the 
(open) ares (AB), (BO, a t, such that X(to) = p^. Let to be the conjugate 
of To, and 


z 


T — Tb 
T — To 


or 


Tft— T qZ 

1-z ’ 


so that the t half-plane corresponds to y. Let now X(t) = P(z, p^. 
This defines a unique P (given p^. Then w = P(z) represents y on \S6-, 
and P is subordinate to P. We have, then. 


Theorem 230. — P(z) is subordinate in y to the function 

Piz) = P(z, Po), 

uniquely determined, for given pg, by the relations 


P(2) = X(t), z = ’!—^,, 

T — To 


X(Tg) =P„ 

(1) — l<»Tg<l, |Tg— i|>i, |To + i|>J; 

where X(t) [or A:’(t)] is the dliptic mod/ular function, and tq is the conjugate 

O/Tg. 

Theorem 231. — (i) Q{z) is subordinate in y to the function 

Q(») — Q(e, ?o). 

Q(.t) — log X(t), z = , 

1 T, 


( 3 ) 


l0gX(Tg) = gg. 



198 The ptmonoNS P, Q, S. 

where tq is subject to (1), and the determination of the logarithm is 
fixed by (2). 

(ii) R(z) is subordinate in y to 

B(s) = B(z, /•() = {Q{z, v'ro)}*. 

For if we have, with appropriate logarithms throughout, 

Q = \ogP and Q{0) = g,,. By Lemma 1, § 22, ^ == log P is subordinate 
to Q = log P. This proves the first part ; the second is very similar. 

26.2. Turning now to the study of the functions P, Q, B, we have 
first 

Thborem 232. — 

I Q(s, Jo) I ^ > 

|■P(«,l>o)l<exp(j^^|), 

I B(z, rg) ( ^ • 

We postpone a proof of the first result ; the second and third follow 
at once, since P =s expQ, R = Q^. We deduce at once from Theorem 282. 

Theobbm 233. — 

Mip, Q) < 

1— p 

M(p, P) < exp > 

M(p, B) < 0^. 

There is little more of interest to be said about functions P, as such, 
and we shall be chiefly concerned with functions Q( = logP) and R. 

26 . 3. Consider first the functions Q, and compare them with their 
subclass B, discussed in §23.4. Whereas functions B have a set of 
“missing values’’ fi lling the whole straight line SliosO, the assigned 
miaaing values of Q are only the discrete set ±2nfn; the B’s are a very 
special Bub«class of the Q’s. None the less Theorem 233 shows that an in- 
equality similar to § 23 . 4 . (3) holds also for Q. It is natural to inquire 
whether this paraUelism holds dso for the results §23. 4. (4) and (6), the only 
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change being a constant multiplier A(q 0 ) on the right-hand side of the 
inequalities; to inquire, that is, whether 


(1) 

lg,l< A(go), 

and 


(2) 

i— P 


It will be found that we can prove (2). Our methods are essentially 
incapable of proving (1), and it seems likely to be false, but they do give 

I q»| < A(q^ log n (n > 1). 

There is a corresponding parallelism between functions B and 
functions C(z), regular in y, with missing values filling the half line 
0 = 0, tt ^ 0 ; and here we can actually prove our case. 

A function C is of the form B*. Hence if 13(/>) and Cip) are the 
majorants of B(z) and C(z), we have 

C(P) < 

the inequality, moreover, extending to the separate powers of /o in the 
two expansions. We therefore deduce from the results for 16, 

(®) I C(z) I < €(p) < I Co I » 

W lc*l<4lcoln (n>0). 

[For (4) we gave a direct proof above in § 23 . 6.J We have seen 
(Theorem 232) that (3) holds for functions B, save for a constant multi- 
plier on the right, and we shall see presently that the same is true of (4). 

26 . 4. We require the following results about Q(z) = Q(e, g«). 
Thbobbm 234. — 

^ jj»0(p«")|<id<^(g,)log 

THBOBBlf 236. — 

More generally Mlip, Q) < (r > 1). 

The proofs of these theorems also we postpone. 
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Since | MiQ | is subharinonic, it follows from Theorems 210 and 234 that 


ieiQ)<A(qo)logY^. 

H-ence, for n>0, 

I I = I — r I < 2Afi(p, »Q) < A(qo) log ^ . 

I ’T J_, I 1 P 

and by taking p = 1— 1/n in this we obtainf 

Theorem 236, — I I < -d log n (» > 1). 

From Theorems 210, Cor. . and 235 we have, again, 

Theorem 237, — 

Ml(p,Q) = 2lqni’p*-<^. 

i—p 

More generally M^p, Q) < (r > 1). 

This gives at once 

Theorem 238.— ®(/)) < (p < 1), 

where Ihip) ** the majorant 2|g,|(r»" of Q(«).t 

Thus the inequality for |^(2)| extends to &{p), in accordance with 
the behaviour of the functions B, and Theorem 238 is a generalization of 
Theorem 233. 

Finally, since B = Q\ we have (with r, = gj) 

Mi(p, B) = M\ip, Q) ^ M\(p, Q) •< 

L—p 

From this there follows, by Theorem 213, 

Theorem 239.— \r^\<A{r^n (n > 0). 

t For Q) then ia no better upper bound than log* 

J la iaot if 1— pi « 4(1—^), m hare 

a U» I r* < {a I a. I'/i’" ■ 
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26 . 5. We take up now the postponed proofs of Theorems 233, 234, 
235. These concern the modular function A(t); they involve rather 
heavy calculations, which the reader need not take too seriously if he 
is prepared to take results about classical functions for granted. 

We need first some (very plausible) results about mean values taken 
on circles \z\=p modified by a linear transformation 


1+a'*’ 

where | a | ■< 1 , and a' is the conjugate of a. 

Lemma. Given an f{z) regular in y , let F(z) = /({), where ^ ie 
given by (1). Then 

(2) M,(p,F)^A{a)M,(p\f) (A>0), 

(3) M{p,F)^M{p\f), 

(4) V^P) < A (a) M^{p», V.f) (fc ^ 1). 
where p* — 1— /3(1— pi, and 0 is a certain A(a). 

Let b = (1— |a|)/(14‘ |a|), and let us choose 
/8 = ib, p* = l-/3(l-p). 


Let z = pe'*, C == re'*- The identity 


,1-1 « I, 

ll + a'Vl*- 


shows that 1— r>Jb(l— p), so that r<p* for all values of p, 9 . Let 
now Z = p* «**, and 

mrr p**—r* 


^ ~ p**-2p*rc08(V-^)+r*‘ 

When p and tfi are fixed, P is a function of 0 (throu gh C) satisfying 






+ For P \Z, ^(<)} isi for fixed Z , harmonio in m for | e 1 ^ and the left-hand i&de of 
(6) is therefore equal to the Talne of this at s • 0. 



202 


Thb FtmomtoNS P, Q, R. 


The function | F(z) | * = | /($) | ^ is a subharmonic function of 5 
(Theorem 206); hence (Theorem 203) 

I* < ^ \A^ Ody/r. 

Integrating with respect to d we have 

j' ^ I F(«) I" (W < ^ J” j fiz) h ( j' P(z. 0 de) dxp- 

<^(a) j'j/(Z)|^(if, 

by (5). This proves (2). (4) can be proved in the same way, since 
|S’/(^P is subharmonic in ^ when k'^l. The result (3) is an 
immediate consequence of the inequality r<p*. 

26.6. Betuming now to the function Q(z), we start from the formula 

m ' 1 \m ^mirri 

k ( t ) = logX(T) = 4 log2+7m+8^2 — ^ 

valid for a certain determination of the logarithm. Since Q(0) = go, 
we have from the definition of Q (Theorem 231) 

Q(t) = qt—K(rt)+K{r), r = 


Now q>{e) = = exp (iri 

satiafies | ^ | ^ 1 in y, and ^(0) = a, where a is a constant depending 
only on go> Hence ^(e) is subordinate to ^(z), where 


^(F) = 


z+« 

1+a'z’ 


and 

is subordinate to 


82 


(- 1 )" 


m 





Thus 

where 


’i'(») = ^K(*)} = 82^-^ 


1+W 


Q(z) = L(e)+TUt), 


L(z) = qo+irUT—Tiii = q^' 


27rg(Td) z 
1-z ’ 


and T(z) is subordinate to ‘^(z)— 'T'(0). 
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( 1 ) 


M(p, Q) < 

1 —^ 


(2) Mr(p, Q) < (»■ > 1). 

(8) Mi(p, «Q) < A (go) log . 

Since Mx(g+h) ^ Mx(g)+Mx(h) when A ^ it is enough to prove the 
corresponding inequalities for L(z) and T(z). Those for L(z) are easily 
verified.! To prove (1) and (2) for T(z), it is enough, by Theorem 210, 
to prove them for '^U), and the same thing is true of (3), since |1&T| is 
subharmonic. The lemma shows finally, since (1— p*)“^ <:4(a)(l— p)”^ 
that the inequalities are true for if they are true for yfp(z). It 
remains, then, only to prove that 


Mz) = 82^- 
^ 1 m 



satisfies (1), (2), and (3) (with xjr in place of Q). 


26.8. Let p = and let v be the greatest integer contained in L 
We have 

( 1 ) = = 

say. For m of /o* < «“* : hence 

(ffl 

For m of we have p"* ^ e~\ 1— p"* > (1 — p) merh Hence 

(’> I'Ail 


f AT ii trivial. For see § 8 . 4 (12) [a = 1, i9 = 0], while §8.4(11) shows that 
J»fi(p,I^)<A(go)log{2/(l-p)}. 

Ifi(SlL) itself is bounded [bj an A (go)], since 3dL is substantially the kernel of a Pouson 
integral. 



204 


The functions P, Q, R. 


Also, for f> 1, 

w < f i iIf) = H (s L i 

z^ = -Z = -/9-e®*, 


l+e" 


r V 1ft 

d$) 


,) . 


But if 


i ir I r r"" 1 Z ^ 

.JiTF* ^ = 

< A(r)(l-/o*)-('-'> 

by §8.4(12); and for m of \j/i this does not exceed A(r){m{\—p)} -<’'“0. 
Hence 

(4) Mrip, yki) < A Wd i < A (r)(l 


Finally 


LI 


ISt 


i+«" 


'« = L I “ I'® = L I 

^ i-aBcose+i?) ^ ~ 


de 


and BO 
( 6 ) 


Mi(p, »^i) < ^ 2 -1 < ^ log -1-. 

I m A "“P 


The desired results for ^ follow from (1), (2), (3), (4), and (5). 


26.9. A companion formula to that for K(r) = log k^(T) = log X(r) in 
§26.6 is 

* 1 /i2m+l 

log k'^(T) = - 1 6 ^2^ 2^^ I_,_g 2 ( 8 m+ 1 ) (? = 

valid for a certain determination of the logarithm. Replacing by z 
in this (as in §26.2) we obtain the function [a companion of ^( 2 ) of §26.6] 

^ ^®o2m+l l+**(»»H-i)- 

The function x(*) never takes any value ±2»*r* for z:^0 [compare ff(z) 
of §26.2]; it differs from a Q by taking one of the forbidden values 
(viz. 0) just once. The reader can easily verify that the ooefiioient of 
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in x(^) is not 0(1) ; actually it can be as large as A log logw. Thus a 
result ~ 0(1) is very improbable. 

26.10. We conclude our study of functions Q by showing that the 
similar behaviour of the functions B, Q breaks down in respect of means 
Mx(p) for which 0 •< A ■< 1. In the first place we have (§8.4) 

(1) Mx(p, B) < ^ (i. 6o) (0 < X < i < 1). 

On the other hand 

(2) AfA(p. Q) =3fc 0(1) (X > 0), 

asp->l. A direct proof of (2) does not exist, and we argue indirectly 
as follows. If the mean is bounded (for any particular A) it follows, 
by a known theorem, that Q tends almost always to a tinite limit as 
z tends radially to the circumference of y, further, that this limit cannot 
have the same value in any set of positive measure, and therefore differs 
almost always from all the values of any given denumerable set, in 
particular differs almost always from all numbers ±2n7ri. Then P==e^ 
tends almost always to a finite limit other than 0 or 1. Now the interior 
of y can be divided into fundamental regions for the function P. These 
are curvilinear triangles with corners on |2;| = I, and the sides are of 
three types, corresponding to (real) values of w? between — oo and 0, 
0 and 1, 1 and + respectively. A radius vector to a point of — 1 
other than a corner crosses one, and therefore two, sides of each of an 
infinity of triangles. It crosses, therefore, an infinity of sides of at least 
two types; it follows that the limit of P can in general only be 0, 1, 
or 00 , and we arrive at a contradiction. 

It is interesting to observe that we can prove 

(0<X<Z<1). 

so that the real and imaginary parts of Q behave differently. The proof, 
however, requires elaborations into which we cannot go. 


27. Functions S and S. 

27.1. We define a function S to be any function 
regular and “sohlicht” in y, for which i, = S(0) = 0. We saw in § 11 . 2 
that a “schlicht” w = /(«) conformally represents y on a simply-con- 
nected domain of the w-plane which does not ovwlap itself (is 
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“schlidit”)- We define a function S to be any funetion that is sub- 
ordinate to some 8, 

We denote by F the set of “missing values" of S in y. 

By Theorem 217 ('with t = ji>= 1) the function is either identical 
with S{z) or not subordinate to it, so that F contains at least one point w 
for which |t(;| ^|si|. Also it is the complement of a domain and is 
therefore closed. It is unbounded, and contains no bounded component 
F isolated from F— Fj, in particular no isolated point, since il?' is simply 
connected. Thus F is perfect and connected. Since w = 0 belongs to 
ii^, F has a positive distance d from 0. Also d < | Si|. 

To sum up : F a connected (dosed) continuum extending to infinity, 
and contains at least one point wfor which 0<|w| = d <|3i|. 

In what follows F will always denote a connected continuum ex- 
tending to 00 and not containing w =r 0 ; d(F) the distance of to = 0 
from F ; F(S) the set of missing values of 8. 

Thbobbm 240. — The necessary and sufficient condition for a function, 
regular in y and vanishing at z = 0, to be an S , is that its set of missing 
values should contain a F. When F is given, S is subordinate to an S 
with > 0, uniquely determined by F, whose set of missing values con- 
tains F. 

The condition is evidently necessary, since the superordinate S satisfies 
it. If, on the other hand, the condition is satisfied for a given F, the 
complementary set of F is a sum of simply-connected domains, each 
having as complete boundary part of F. One of these domains, 
say, contains w — 0. Let w = 2(«) give the conformal representation 
of y on 'll?- with 2(0) = 0, 2'(0) > 0, so that 2 is uniquely determined. 
F is clearly a part of the set of missing values of 2. Now any contour 
in y beginning and ending with z — 0 transforms by w = S(z) into a 
contour lying in and beginning and ending at w = 0 (otherwise the 
transform has a point in common with the boundary of and so 
with F). That is, 8 is subordinate to 2. This completes the proof. 

We may now abandon our original definition of functions 8, and 
take instead ; A function f is said to be an 8 if /(O) = 0, and the set of 
missing values of fin y contains a (given) set F. 

We may for convenience write r(8) for the F of the definition, and 
S(r) for the (unique) function S of Theorem 240. 

We see then that we can obtain inequalities of types (A), (B), (C) for 
the general function 8 of the class just defined, provided we can obtain 
appropriate inequalities for the general function 8, that is, for the general 
function “sdihcht" in y (and vanishing at s = 0). The subject of 
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functions 8 is of very great interest in itself, and vre shall now study it 
systematically , not always confining ourselves to results that have a 
bearing upon the theory of functions 8. 

Por convenience we shall state our results for fiinctions S whoso is 
unity, and we shall write a for such a function, for its »-th coefficient, 
so that oq = 0, = 1. 


27 . 2. We begin with an important group of theoremsf. 
Thboebm 241. — |a2K2. 

Theobem 242. — 


Theobbm 243. — 
Thbobbm 244. — 


(!+/>)* 




p 

(i-p)* 


(|*l=p). 




Theobem 246. — 


The function 



a{z) 


f+P 

l-p- 


Oo(2) — /?(Z) = ^;^ = 2+2 z2+38®H— • 


is a o whose F is the set of points « = 0, v < — J (§ 23 . 6). It shows that 
all the above inequalities are best possible. Theorem 241 turns out to 
be the key theorem, from which the whole group can be deduced fairly 
easily. We shall give two proofs for it; but it is convenient to postpone 
them, and to begin with the proof of the “ deductions ”. The deduction 
of a Theorem Y from a Theorem X will be denoted by {X -> Y), 

27.21. Pfoo/o/ (241 -)• 243). Let j3 be any point of r(a), Then 


is regular and “schlicht" in y. Hence 

|cra+l/^|<2, 1 1//3|< 2+1 (TjK 4, 
and this is the desired result. 


t Th^ are ftindamental in the general theory of the oonforiDal repregentation of 
Riemann surfacee. 
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27 . 22. Proof of (241 ->■ 244). This is an example of the “ ^-method ” 
(§24.8). 

Let ^(z) = <r(f)—<r(z^, where ^ = (z—z^l(zoZ—l). Then ^ is an S 
with ?i = (r'(z^(d(;ldz)t = — (!—/>*) (r'(«o), /> = Uol» 

2i8 = (1 -/t)V«r"(^o)-2r5(l-/>*)<r'(0o). 

The inequality { 9 ^|| ^ 2|<i | becomes (if we drop the suffix 0) 


( 1 ) 


1-p*’ 


This is equivalent to 

( 2 ) 

in which we have (for z = pe**) 




and so, from (2), 

< P ^ log I a' 1 < 
(4) 




^ a'iz) 

^IS 1 

2p* 




I*"'' « 


./ ’ * 

<r' 


— 4p ^3 ; ^ 4p 

YZ:^<Pa^arga'<^,. 

From (4) we can derive results concerning argo-'; we confine our- 
selves, however, to (3), which gives on division by p, integration and 
exponentiation [remember that <r'(0) = 1], 


and this is Theorem 244. 


27 . 23. Proof of (244 -► 242). The right-hand inequality of 242 follows 
at once by integration from the right-hand inequality of 244. To deduce 
the left-hand inequality let z = Zq be the point of \z\ =p for which |oj 
assumes its minimum value. This minimum increases with p [the image 
of |s|^p by w = a(z) expands] and is less than d. Hence the radius 
vector 6com w = 0 to u> = o(s«) does not meet F, and there is a cor- 
responding e-path from e = 0 to Zg. We take for parameter of this path 
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the distance r of the variable z from * = 0. Since 1*1— |»*i— we 
have on the path (taking the limit) | dz/dr\ > 1. Hence, if | 2 o| = p, 


I (r(*o) I = {length of w-path) = | <r'{e) d* | = | «r'(«) | j ^ 

But tihe integrand is at Irast (1 — r) (l-(-r)~*. 1. Hence 


dr. 






27 . 24. Proof of (242 ->-246). — Consider again the function 

^(z) = <r(0— v(*o)- 

where (*— *o)/(*o'*— 1) [§27.22]. Theorem 242 gives 

(l-p*)la'(*„)|^j-[^*<|a(0-a(*„)| < (l-p*)|o'(*„)| (p = |2o|)- 

This becomes Theorem 246 when we put 5 = 0 and so 2 = Zq. 


27.31. We come now to the proof of the crucial Theorem 241. Our 
first proof depends on the following result, which is of interest in itself. 

Thborbm 246 . — Let 

F(Z) = a-^lIZ) = Z-aj+aiZ-i+aaZ-2+..., 

80 that F(Z) is a function ^^achlicht^^ and regular (except at Z=^co) in 
|Z|>1. Then 

2n I On I* ^ 1. 

1 

As Z describes | JZ | = jB > 1 positively, a describes negatively a closed 
(simple) contour, and F describes positively a closed (simple) contour C, 
Let J = J(It) be the (positive) area of the interior of O, and let 

F(Be^-u(e)+iv(e). 

By the formula for an area (note that the sign is correct : the point is 
vital to the argument) 

J = J j** (ttu'— ii't>)ci0 = 

X |(B«"+JSe"")--2n(a,e“*"+a,e*^ J?”*| dd. 
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We need consider only terms of the product independent of 6, and obtain 

Since on the one hand / > 0, and on the other B may be arbitrarily 
near 1, we must have 

in|«,|*<l. 

Bemarha. (1) As R increases G expands. For, by Theorem 117, Cor., 
the a contour shrinks. (Or we may observe that two C’s for different JR’s 
do not intersect, and G is approximately a large circle when R is large.) 
It can be shown that lim J {R) is the area of the region left uncovered in 

ji-^i 

the w-plane when Z ranges over the whole exterior of the imit circle. 

(2) A variant of the proof of Theorem 246 proceeds on lines which we 
may sketch as follows. We prove first that Ji(R), the area of the image 
of 1 < I Z I < /{, is of the form 


iri?* — •jT+irSn | a, |*+o(l), 

when B is large. Next, it is not difficult to show that for large B J(B) 
differs infinitesimally from the area of the ellipse w = Z-[-aiZ~^, and so 
that J{R) = irIi*+o(l). Since J ^ Ji we obtain the desired result when 
we make B -*aa. 

We can now deduce Theorem 241. Given a cr(*), let 

^ is regular and “schhcht” in y. [^{z) = o 0 has at most two solutions, 
of type * = ±S- But and ±5 cannot both give = o.] 

Let Z = z~^ and 


F{Z) = ll</>(e) = Z-i<r,Z-^+...; 

F is “schlicht” in |Z|>1. By Theorem 246 

1 JoTj I® = I aj I* < 2n 1 0 , 1* < 1, 
l®’al^ 2. 

27.32. We proceed now to develop the ideas for another proof of 
Theorem 241. 

Thbobsm 247. Suppose that /(a) is regular in l«|^r. Let p be 
the maximum rtumber, for varying w, of solutions in | * | ^ r o/ /(a) = to. 
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Let po p) be the number of zeros of fiz) in {zj ^ r. Let 
M = Max 1/1, m = Min 1/1 

for 1*1 = r. Finally let f{z) — Be** and let h{x) be a monotonie and abao- 
Ivtdy conHnsioiia function of x'^0. Then (i), if h is increasing we have 

(1) PoHm) < 2 < PoMm)+p ] h(M)—h{m ) } ; 

(ii), if h is decreasing we have 

(2) PoA(m)+p 1 h(M)—h(m)} < 2 < PaMm), 
where 


Case (ii) reduces to case (i) if we change the sign of fc. In case (i) 
we have — 5“ 1 defining 

_ [0 

&(m) (ii > m), 


hiiB) = 


I, = /(A,) = I-p^h(m). 



This, on the one hand, is the integral of the non-negative function 
h[(B)IR over the area (multiplicity counting) of the image of |z| by 
w=f{z), and is therefore non-negative; on the other, it does not exceed 
p times the same integral taken over the cirole |w| = if. Thus 

0 < 2i < p f hi{B)dB = phi(M), 

JO 

which is equivalent to (1). 

A more geometrical version of the proof may be sketched, taking for 
simplicity the case po = P = 1- Consider the curve which is the image 
of | 2 | = r. It contains the t(;-origin O, and the radius vector from 0 
meets the curve in an odd number of points Pi, P 2 , As O 

increases points with odd suffixes move in the positive direction round 
the curve, points with even ones in the negative direction. The sector 
dA> contributes to 2nl = | hd<b an amount 

%TrdI = 

p2 
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This lies between hid^ and htn^id^, « fortiori between h(m)di and 
A(Jif)d$. Thus I lies between h(m) and h(M), the appropriate result. 

COBOLLABT. — For a function a-(z) we have 

(3) W(p)<p ^ < xaf*(/9) (X > 0), 

(4) |o-(z)|-'*dd<0 (/3>0). 

For any f(pe**) = Be** we have, by the Cauchy-Riemann equations, 

36 ~ B dp' 

Hence, by the main theorem with ^5 =p = 1, h(x) — x*‘ and x~^ respec- 
tively, we have 

P {- [\b-H^ = < 0, 

which are the desired results. 

To prove Theorem 241 let now 

/W=(^^) *= 1— i<ra«:-t-..., 
a function regular in y. Then 

/ 

i j' j, ;->i« = f-' ^ ji/ \‘M = (i+i |»,iv+.l 

where A?, ^ 0. The differential coefficient of this with respect to p ia 
non-positive, by (2) of the Corollary, with )8 = 1. Hence 

k.|*<4/,-*, 

and so'|<ri|* < 4. 

27 .41. So far we have succeeded in proving best possible results in 
all cases. Our remaining theorems about functions are (in general) 
not best possible. 
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Thbobbm 248. — 

Mi(p, 

1—p 

jor,] < en. 

Proof (i). Clearly 

^(«)= {(r(^®)[*= 2+6aa®4-68«*+-.- 

is regular and ‘‘schlicht*’ in y, and in virtue of Theorem 242 (applied 
to O’), 

( 1 ) 

Now 

xinl h IV*“ = j' rdr (2xSl nJ, IV-*) = rdr | ^'(re**) |*d0 

= {area of the transform o/ | « 1 < ^ by to = 4>{z) [ 

( 2 ) ^irM^p,4>), 

since ^ is ‘schlicM'’, so that the area does not exceed it times the square 
of the greatest radius from w = 0. Hence 

Integrating this from 0 to p we obtain 

( 8 ) 

But 

j|' I I dV' = j]' I <r(p‘e*‘») 1 dd 

= j]' I \'de = 2x S| i. |*p-. 

Hence (3) becomes 

2x3fV,<r)<^. 

^ P 

We may write p for p* in this, obtaining the first part of the theorem. 
The second part follows by the usual inference from Mi to e^. 
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27.43. Proof (ii). This extends naturaUy to prove the more genera] 
result (obtainable also by the other method) ; 

Thjbobrm 249. — 

■* t 

(1) ■ AT m^r) ^ a) < A r MHr) ^ (^ > 0). 

(2) 2Aff f r^“^(l+r)~®^rfr ^ a) ^2Xn f r^~^(l — r)~^dr. 

Jo Jo 

In particular 

(®) MJp, a)<A{X){l—p)-^+^ (A>i), 

W M^(p,a)<A(X) {X<i). 

(1) follows by integration from Theorem 247, Cor. (3), and (2) from 
(1) and Theorem 242. It is iuterestiug to o])sorve in connexion with the 
second inequality in (1) that for any function regular in y and vanishing 
at the origin we have the opposite inequality 



It follows from (4), the theorem mentioned in §26.10, and Theorem 
210, Cor., that functions S and S tend almost always to a limit as z tends 
radially to the circumference of y. 

We actually use'j’ the result for H in a moment, and therefore digress 
to give an ad hoc proof of it. 

If ^ is a missing value of S and ^ = (8 — (say), it follows from (4) 
that = 0(1). It is therefore enough to prove that a function u, 

harmonic in y and satisfying M^{u)=^0(l), has a p.p. radial limi t. If 

u = S(o„ cos»5+6„ sin»0) p», 

the condition if,(«) = 0(l) is S(|o„p+|6j2)^2»_ 0(1), equivalent to 
^ ( I »n r+ 1 I*) convergent. By the Riesz-Kscher Theorem (Theorem 44) 
S(a„oos«d+6„8in»d) is the Fourier series of a function U (of L*), and 
by Theorem 36 a„(d)-> 17(d) p.p. This is a stronger result thaii the p.p. 
convergence of « to O as p -► 1. (The “ Abel limit ” exists if the Cesaro 
mean converges, the proof being a summation twice by parts.) 


t Unezpeetedly 1 
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27.43. — ^Thbobbh: 260 . — The perimeter of the traruform of 
by to ssaiz) does not exceed 

(1— pr 


The perimeter being j \a'(pe^)\pd6 = pMi{p, a), our result follows 
from Theorem 248 and the following lemma : — 

/(«) *« regular in y, and 

ilfi(p,/)<A'(l-p)- (a>0), 
then Jlf,(p,/) < i4(a) Ail— p)“*~^t 

Let 1— Pi = i(l— p), x= pe", z = p,e**. We have 

< d<p I f(z) 1 i»/,(pi. /). 

and Milp^, f) < Ad -pi)-‘ < KA (a)(l -p)". 

Alternatively we can argue from Theorems 245 and 248 (without the 
lemma) : 


\ { (j 

O'') = ^ j V • ^ r*' d^*- 

27.44. Let /^(z) = s+p 3 Z® 4 -p.j«®+... be an odd function, “schlioht” 
in y. /a*(z) = z 2 + 2 /x 3 Z*+... has different values for different values of 
z* in y. Hence p(z) = {v(2*)}*, where 

a(z) = -z+2pjz®4-... 

is “ schlicht ” in y. Conversely, for any a, the function p. so defined is 
an odd schlicht function. This relation enables us to deduce properties 
of functions p from those of general a. For example. Theorem 241 gives 
Ipal <1: this is a best possible result, as is shown by p(z) = z/(l— z*). 
We prove now 

Thbobbm 261. — 

The best possible is not known. It is known, however, that for 
any assigned odd »>3 it is possible to have |pnl>l- To prove 

I If a - 0 it is possible to prove a little more, vus. that 
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Theorem 261 consider (ii(z) == and ftj( 2 ) = {/*i(**)}*. and 

so are “schlicht” in y. Also 

where a(z) is “ sohlioht If z = p^*, and p'^i, 

= p-iPiQK 
By Theorem 249 (3), 

(1) <A(l-p»)-i+i<A(l-p)-». 

Now 

increases with p, so that 

Hence, by (2) in §27.41f and Theorem 242, 

Q<A (l-p)-i Jfa(pi, fi^) < A (l-p)-^MHp, <t) 

( 2 ) < A(l-p)-i(l-p)-* < A(l-p)-S. 

It follows from (1) and (2) that 

^|j/(2)|(W<A(1-p)-i, 

and BO, taking p = 1— 1/», » > 1, 

the desired result. 


t Valid for any “ Mdilieht’’ We take f end for f. 
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27.5. We have seen (Theorem 241) that jcjal <2. It can also be 
proved (by a long and difficult argument) that | or,! < 3. Since | < en, 

by Theorem 248, it is natural to inquire whether | | ^ n is true generally. 

(No stronger result is possible, as the example (Tq(z) shows.) This problem 
is still unsolvedf. It is therefore interesting that we can answer it in 
the affirmative for two important sub-classes of functions a (the function 
(To(z) belonging to both of them). 

27 . 61. Theorem 261. — Suppose theU a(z) has real coeffiderUs. Then 

Since a is real on the real axis of z, the image D of y by w = a{z) is 
divided symmetrically by the real axis of Wy and the two halves are 
images of the two z semi-circles. Thus 

v{py 0) = Sflr(pe*^) = &mnd >0 (0 < 0 < 7 r), 

(this being the sense of the inequality for small p). Now | sin Tttf/sm 0 K n, 
and so 

(1) — — If v{p, 0 ) iim7bdd9 ^—[ v(py0)tiin0d0==^nai^n, 

^ IJo ^ Jo 

This, in the limit p“>l, gives the desired result. 

27 . 52. A domain li> (containing w = 0) is called “ starshaped ” (with 
respect to w - 0) if, for any point w; of 1^, the whole radius vector from 
0 to w? belongs to A closed (simple) contour is called ‘‘starshaped” 
if its interior is a “starshaped” domain. 

The following results are so striking and complete that we include 
them, but the proofs are rather difficult, and the reader may omit them if 
he wishes. 


Theorem 262 . — Suppose that a{z) transforms y into a starshaped'^ 
domain. Then | a^| < rt. 

The proof of this is based on 

Theorem 263 . — For a(z) to transforms y into a starshaped" domain 
it is necessary and sufficient thaty in y. 


** a(z) ^ 


t The corresponding result for function /i(z), viz. |/Un | < 1, is false. There are, how- 
ever, differences in the two c a s es which make this no presumption the truth of 

k,l<n. 
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GobolIiAby . — If W'(ff) is starshaped “ the transform by a(a) of each 
circle \z\ = pis‘* starshaped 

We must use the result noted in § 27 . 42, that a(pe^^)->o(d) as /> -> 1 for 
almost all ff. a{$) is a point of P (see §27 . 1), and a(d) 9 &O. 

Let 0 < 8 < 2 ir, and define 0(p, 0) — axga(p(f*) by continuation along 
the radius starting with 0(0, 0) = 0. Then 0(0) = lim 0(p, 0) exists 
and is finite for a p.p. set E of 0. For a 0 of ^ we denote by Ci{0) the 
transform of the radios z = pe**, 0 < p < 1 . Ci(0) joins to = 0 to a(0). We 
denote by eg(0) the “ray” w=Xa(0), A> 1 . If fi5(or) is “starshaped” Ci{0) 
and Cg( 8 ) have only the point a(0) in common, so that ci0) = ei( 0 )+C 2 i 0 ) 
is a simple curve extending from w = 0 to infinity. Let 0i, 0^ he 0 of E 
satisfying 0<^i<dj<27r. The curve Ci( 8 j) has with c{0i) (besides 
m; = 0 ) at most the point er( 8 a) in common, which then must be on 02 ( 01 ). 
From this [and our definition of 0(p, d)] we conclude that for 0i, 02 of E 

(1) MinO(p, 0i) < 0(p, 02) < MaxO(p, 0i)+27t, 

^<1 ^<1 

the extremes being finite, and also that 

(2) O(0i) ^0(02) < 0(8i)+2ff. 

From ( 1 ) we deduce further that |0(p, 0)\^M for all p < 1 and all 0-\. 
We may assume, without loss of generality, that 0(0) exists. Now 

(S) 


Hence, if « = pe*'* and p < r < 1, Poisson’s formula gives 


Ea 


o(») 

a(z) 



— p ^ 

r®— 2rp cos (^— 0)+p* 


# 


r*—p^ 

r*— •2rp cos 0+p* 



r‘—p‘ ,, 

2 rpcos(0— 0)+p® 


Since 0(r, is uniformly bounded, we may (making r ->■ 1) replace r by 1, 
obtaining 


Ez 


a'(z) ^ l-p« 
a(z) l—2pcoa0+p' 




l-p» 


2p cos (0 — ®)+p* 




I In the fint inetance for all 0 of SI, but the restriction to E (for a fixed p) can be 
dropped I 
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Now by (2) inoreases from <b(0) to ®(0)4-2»r as ^ increases (in E) 
from 0 to 27r. Hence, for a certain mean value 


"'<*) = 1-P 

a{z) l—2pooa$+p' 


1-P* 




-^C***) ^ S^X=2p«x{,t-»)+,l 

1— pg 1— p« 

1— 2pco8fl+p* J{ 1— 2p cos (f— fl)+p* 


i>0. 


This proves the necessity part of our Theorem. 

To prove the sufficiency, we note that the inequality Eaa'{z)la{z) > 0 
impliesf, by (3), that 0(p, 6), for fixed p, inoreases as 0 inoreases. Since 
the transform c(p) of {z| = p by <7(2) is a simple contour including w = 0, 
this again evidently impliesf that c(p) is “ starshaped ”. This, combined 
with the necessity part, proves the corollary. Finally, since any to 
belonging to is inside e(p) for sufficiently large p, the whole radius 
from 0 to to will then be inside c(p) and so in t.e. is "star- 

shaped”. 


It is now easy to prove Theorem 262. Since ai= 1, we can proceed 
by induction. Let » > 1 and let us assume that | | < Ji; for all & < rt— 1 . 

Let 

= = 1+Ci2+Cj2®+.... 

From a/= za' we obtain, equating coefficients of 2", 

By Theorem 263 3 R/( 2)>0 in y. This implies |c„| <2 [Theorem 110]. 
Hence 

(»- 1) 1 a„| < 2[(»- l)-i- (»-|-2)-|- ... 4-1] = n(»-l), 
the desired result. 


27 . 63. A domain US- is called convex if, for any two points and tOg 
of the whole stretch joining Wi and Wj belongs to It follows that, 
for any n points Wi, w„ ..., to^ of a convex 'U3', their arithmetic mean 

«,= (wi-|-tt>*4-—4-Wfi)/» 

belongs to 


t Actually *‘i8 equivalent to’* (in both caiea marked f)* 
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Thbobbm 264. — Suppose that <t(z) transform y itUo a convex domain. 
Then 

This is a best possible result, since z{l—z)-^ — 2+**+*®+ •• • transforms 
y into the (convex) half-plane u > — 

The proof of Theorem 264 is much the same as proof (iv) of Theorem 1 10. 
Ifa* = e*-<^“ 

**+••• = a(wrz^'^) 

^ r*0 

is subordinate to a{z), since the right-hand side is the arithmetic mean of 
n points of Hence | €^^1 ^ I ^il “ Theorem 212. 

27.61. From the theorems about functions o we can draw conclu- 
sions about functions S. 

Thborem 255.— 

where Si = «i(r) and d = d{X), as defined m § 25 . 1. 

By Theorem 240 8 is subordinate to an with > 0 whose F (S) 
contains F. Hence d(r) ^ d{r(S)} = ^ Jii, by Theorem 243. 

Theorem 266'now follows from Theorem 242. 

From Theorem 248 we deduce 

Thbobbm 266. — 

|«„| < e«i» < 4e(i», 

where ii= #i(F) and d — <i(F). 

For <1 ^ id, and we use Theorems 213 and 248. 

Theorem 267. — | <^ ] < 28i < 8d. 

For, by Theorems 212 and 241, 

|«,| < Bfax («i, |i||) < 2si < 8d. 

27.62. It is another open question whether |a„| whenever 8 

is subordinate to S ; the function eg( 2 ) (subordinate to itself) shows that 
more cannot be true We actually know it to be true for n = 1 and 



PtmOTIONS 8 AND S. 


n — 2 (Theorems 212 and 267). For general we shall now prove some 
results similar to those of §27.6 for We begin with 

Thnobeh 268. — Suppose that S{z) transform, y into a convex domain. 
If 8{z) is subordinate to S(z), then |»n| <|5i|. 

The proof is exactly the same as that of Theorem 264. 


27.63. We need the following results, which are of considerable 
intrinsic interest and have other applicationsf. 

Theorem 269. — | ^ 1 for all real 0, where 

{0) = Oi sin d+Oa sin 20+ . . . +o„ sin n0. 


Then 

Corollary 1. — 


M) 

sin0 


<». 


|®l+202+...+«0ft| 


Corollary 2. — Let | Q„(z)| < 1 for all z in y, where 
Then \ in y. 

Both the theorem and the corollaries are “best possible”, as the 
examples i8„(0) = 8in«0 and = show. 

We may assume 0 < 0 < w. If Jw/n < 0 < Jv, then sin 0 > Wjrt > 1 /n, 
and so | (sin0)~^/S„(0)| Similarly if ^0 Let now 
0 ^0 ^Irrln or ir— ^ tt/w < 0 < w. Let cob0 — x. The function cosn0 
is a pol 3 momial T^(x) of degree n, whose zeros are at = cos Ou, where 
= l)w/«, 1 Also 

(1) inwK**- 


This formula shows that (sin0)~^iSf,i(0) is a polynomial in a; of (at most) 
degree n— 1. Hence, using Lagrange’s interpolation formula. 


§fM= y /Sr,(0t) 1 TJX) 

sin0‘ t..i 8in0* T;(a:*) x—x^. 






t Correeponding inequalities with an extra factor A oq the ri^t-hand side are 
comparatively trivial, the essential exact ones not at all. 
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Now for our 6 we have a;i ^ a; ^ 1 or — 1 ^ a: ^ respectively, so that 

T„(x)Hx—Xfi) is of constant sign for all k. Hence 


8je) I TJx) 

8X0.6 » *-!«—»* 


n 


1 2*; (*)!<»• 


This completes the proof. 

Corolhuy 1 is the limiting csuae 6 — 0. As for Corollary 2, 


8J6) = - =*1^ Bin0+.. .+&„?* Bin»0 (|C| = 1) 


satisfies | < 1, and so, by Corollary 1, 

I e' (?) I = K<2' (£) I = 1 6i 5+ 26a S*+ • ■ . +»&« «" I < «• 

This (and the maximum modulus principle) proves Corollary 2. 


27.64. Thbobeh 280. — Suppose that 8(z) has real coefficients s„. If 
8{z) is sxibordinate to 8(z) thm K\^n\s,\. 

We recall [§22.5, Lemma 4 and (3)] that, if S{z) — S(o}{z)y 
2 cu*(2)= 2 

*-j fi-* 

and that in y 

\PM = I |< 1 , \^Pn{\) I ^ 1. 

We may assume that 5i,> 0. Then by § 27 . 51 (1), 

s, = — 6) S afp-* tmkddB = — ('«(p, 6) a^{6)d6, 

where v{p, 6) = 38(z), 

|<S„(5)| = |^S^a<*>p-*8inj5!0 = | (* = pe«), 

and v(p, 6)^0 if 0^9^ n-. Hence, using Theorem 269, 

I I < ^ ■ f v(p, 6) Bin 6 d6 = 

ir Jq 

Making p-*- 1 we have the desired result. 
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27.65. Thbobbm 261 . — Suppose that S{z) transform y into a “ator- 
shaped” domain. If 8{z) is svbordmate to 8{z), then |a„l <n|3i|. 

Consider 

»(=*) = j* ^ = M+ ^ **+ .... 

We have zQ'(z) = S(z), and so, by Theorem 263 and §27.62 (3), 

^a,Tg[izO'{z)]^^axg[zO'(z)) =^argS(*) = ^ >0 {z = pe**). 

Let c(p) be the transform of |z| = /» by 0{z). Then arg{«2 (?'(£)} iB the 
angle made with the positive real axis by the tangential vector of c{p) 
at the point v)~0{z) (for increasing 8). If z moves once round the circle 
|a| = p in the positive sense this angle increases steadily by a total 2w. 
This evidently implies that c(p) is convex; thus Q(z) is “sohJicht” in y 
and transforms it into a convex domainf. 

Let now /Sf( 2 ) — ;§(<u). The function 

g(z) = = ?i*+P* **+•.• (|?1 < 1) 

is subordinate to which maps y on a convex domain. Hence, by 

Theorem 268, 

\QM- =l8-„|<lSi?l^|5i|. 

i=X * 

Theorem 269, Corollary 2, now gives 

|sj= S =|(2;(l)|<n|3i|. 

k^l 

27 . 7. We turn now to type (C), which is particularly simple for 
functions 8. We define generally for a function/, 

«r(a) = «r(o,/)=:n(^j), 

where (as in Theorem 214) Zi(a), Zt(a), ... are the non-zero roots, in order 

of increasing moduli pi(a), pj(a) of the equation /— o =0, the 

product being taken over all p,, and a product containing no foctcvs being 


j- This remit provides a new' proof of Theorem 252, since, by Theorem 254, applied to 
the coefficients of G, < l^il* 
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interpreted to be unity. cr(a) < <o means, of course, that the product 
is convergent. 


Thbobbm 262 . — For a function 8, 


(1) 

ar(a) = w(a, ® + 

i) (a =jfc 0), 

(2) 




where e, is the first coefficient in that does not vanish, and where. 

d— d(r) is defined as in §26.1. (2) gives in particular |s,.| ^ ^ 4d. 

Fat a “schlicht" function S there is at most one ?»(«)> Ha) say, when 
a 0. By Theorems 214 and 243 we have 




where AT is determined by pi,{<x) < /» < /sjir+i(a). But the left side of (3) 
is not increased either if we increase or if we decrease the value of N 
(for fixed />), and it follows that (3) is valid for all values of n and p. 
Making 1, we have therefore, for any N, 


n(-4-,) 


Hence 


'"‘■XjM' 


Now by Theorems 242 and 243 


4dp(a) 


SO that 




and the first part of the theorem follows from (4). 

If a = 0, we have /a ^ 11= 1, in the right-hand side of the in- 

equality of Theorem 214, and so 
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first for a special N, and then, as above, for all N and p. Making first 
p-*l and then (o viie obtain the second part. 

For special functions S jo (a) is known, and (4) gives more precise 
results. Consider, for example, functions B(z) (§23.4). Here 

B(s)-6o = |^ (b = 8o+iyo). 

which is an S, say ; 

i(a, B) = i(a-6o, S,) = 2^ (a =f= b^, 

«T®0 

and we have 

«r(a, B) < I I (a ^ b^, 

where b'o is the conjugate of fig. Similar results hold, e.g., tot functions 
C (§26.3), and for fiinctions / satisfying | /| < 1 in y. 


28. Varioua developments, 

28 . 1. Thbobbm 263. — Suppose that j(z) = 0 iZ+ 02 *®+... is regular in 
|z| < 1, and that Oi = 1. Let r(/) be the radius of the greatestf cir- 
cumference 1 10 1 = f [not circle | lo | ^ r] , all of whose points are values 
taken by / in |z | ^ 1. Then r(f) At. 

If we add the hypothesis that / is “schlicht” the theorem is con- 
tained in Theorem 243 ; the additional hypothesis is, however, unnecessary. 
Before proving the theorem we generalize it a little further. Let 

u(/) = Max I / 1 , and let us replace the hypothesis Oi = 1 by pif) = 1. 

i»i = » 

To see that the change does generalize the theorem, suppose the final 
form true. If now Oi = 1, Cauchy’s inequality | Oj | ^ r~^M(r) shows that 
whence, writing <p = flptf), we have r(^)>dj, 

r(/) = r(^) p{/) > J.4,. 

We have, then, to prove : 

If f is regular in |z| ^ 1, /(O) = 0, and /*(/) = 1, then r{f) ^ A. 


t Th« oi r, oi whioh r(/) u to be the greoteit, form a eloied art. 

t It ia not knorm whathar r{/) » i U trua; no atronger reault ia, of course, poaaibla, aa 
the examine ag(a) sbowa. 

Q 
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This follows easily from Theorem 227. In fact, if r(/) < ft, then, for 
appropriate valnes of a and he** and ^Tce^ are missing values of /, and 


2ke*—ke'‘ 


is a P(z), with | po I ^ 1. Hence 


mW < ■<f 1. 

1 = /“(/) < k+SkAi, 
k > (1+S4j)-*, 

and this proves the result. 


28.2. A theorem on integral f unctions What are the conditions 
that an integral function of an integral function should be of finite order? 
The answer seems very obvious, but the only known proof has to appeal 
to the very sophisticated Theorem 263. 

Thbobbm 264. — Suppose that /, g, h are integral functions of z, and 
that f s g{h). If now f is of finite order, then either (i) h is a poly- 
nomial and g is of finite order, or (n) g is of zero order and h is of finite 
order. 

If we set out to prove that g and h are not both of “ large ” order 
we naturally begin a reductio ad absurdum : ”h is of large order in z 
for some z, say | h | = it ; g{w) is of large order in i2 on | w | = i?’’. But 
this much does not prove that f(z) is of large order ; the difficulty is that 
the h(z) that have |h| = B may have the wrong amplitude to make giw) 
large in R. The point is met by the following 

Lbmma . — Let 


F{r) = M(r,f), G{r) = M(r,g), H(r) = Jf (r, A). 

There exists an absolute positive constant a such that, if hiO) = 0, then 

F{r) > GjaH(ir)}. 


Let 


_ hirO 


^ is regular in |^K 1 and ja(^) = 1. By Theorem 263 (generalized) there 


t No knowledge of the epeoial theory of integral fonotione ii required here. An integral 
function /[«) is said to be of finite order ^ if | / 1 < exp (| s I'**) for (arbitrary positWe f and) 
large | # |, and if p is the smallest number with ^s property. 
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exists an absolute constant a and an such that every w 

satisfying | w| = £ is a value of h{z) in | s| < r. ^eie is a Wq such that 

1 «»« I = -B, I y(«>o) I = Om = G(\ «>, I). 

There exists a zq satisfying | So i ^ for which Wo ss h(so)> Then 

G{amir)} < GdfCol) = l!l(«»o)l 
the result of the lemma. 

28 . 3. Consider now Theorem 264, We may suppose h(0) = 0 
[otherwise let h* = h—h(0), g*(fo) = g{M>+h(0)} ; then g{h) = g*{h*), 
and the result is true for g, h if it is true for g*, h*] and that neither 
g nor b is a constant. Let 

h{z) = 

and let m be an integer for which ^ 0. We have 

ffrXZexpfr*), 

mr)>\ajr^, 

G(a I a„ I 2-»r*) < G {afl(ir)} < Fir) < K exp(r*), 

(1) (?(a I a, 1 2-»r) < JSTexpCr*/*). 

We now distinguish two cases : 

(a) h is not a polynomial. Then m may be taken arbitrarily large, 
and it follows from (1) that g is of order zero. Further we have, for 
every n, 

(2) 1 6, { oHi^r) [ " I < G { oHCir) } < exp(r*). 

Since | |>- 0 for some n > 0 (g not being a constant), (2) shows that h 

is of finite order. 

Case (b). h is a polynomial. Here (1) shows that g is of finite order. 

We observe that case (ii) (with h not a polynomial) is a possible one. 
It occtirs, for example, if b is any function of finite order and 

g(w) = Ss""*!®*. 

A comparison of Se”"*!?" with the integral shows without 

difficulty, in fact, that 

GCR) < AexpiA log* 12), 

whence if b is of order p, / is of order 2p at most (in point of fact of order 
2p exactly). 

q2 
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28.41. The inequalities (3) for functions C (§2.63) show that a set 
of xnissing values filling a half -line restricts the “order” of the function 
to that of (1— /o)~* at most ; Theorem 233 shows that the same restriction 
is effected by a discrete set ( — in* n*) of 'points on a half linet. Finally 
Theorem 242 shows that the same restriction of order is effected by 
any P of missing values, for example, any Jordan curve extending 
to 00 j . A comparison of these results inevitably suggests that if the 
curve, in its turn, is replaced by a discrete string of points, with gaps 
not too large, the order of the function will still not exceed (1— 
Since it combines the depth of the very special modular theorems with 
the generality of the “schlicht” functions, .this theorem can hardly be 
easy. Provided, however, that we abandon the ideal of a best possible 
power of (1— /j)~' for the order, we can not only prove the suggested 
result, but extend it materially. It will appear, in particular, that a 
very sparse set of missing values is enough to reduce the order of the 
function below a constant power of (1— p)“'. 

Theosbm 265. — Sttppose that we are given an integer k'^.O, a constant 
c > 1, and an infinite sequence Wy, w^, .... where ltt’«l = r«, J'l > 0, 
< r»i+i < cr», and r,-^ao as n-rcc. Suppose now that, in y, 
f{z) = ao+Oi«+-.- is regular and takes no value w„ more than k times. 
Then 

M(p.f)<A{k)m{l-p)-\ 

where /i = A(i)c(ri+1), m = Max(l, |ao|, loij, ..., latj). 

The proof depends on 

Lbmma 4. — Suppose that, in y, — Uo-\-Uiz-\-... is regular and 
takes neither of the values 0 and 1 more than k times. Suppose, further, 
that 

(1) |w«l<l (n<*). 

Then 

(2) M{p,<l,)<Aik,p), 

(8) |«*+i| <^(*;). 


t This is, we may observe in passing, in striking contrast to the effect of even a domain 
of misdDg values, provided the domain is hounded. Thus the function exp ( ] has a 

C jt » \ 1 “S / 

i — )' 


X A preoisely sixnilar group of results holds for the order of the n-th ooeffioient. 
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The second part follows from the first by taking in 

|ui^i| ^ M(p). The first is a particular case of 

Theobbm 266. — Given m > 0, n > 0, positive numbers fcj, fc», 

0O<l, ij>0: there exists aE = A{m, n, k^, 9, B) with the 

flO 

following property. Let f(s) — 'Za^z'’ be regular and have at most m 

0 

1-pomts ond n zeros in | z 1 < B. Further let | o, | ^ (v < »). Then 

1/1 (lzl<9B). 

28.42. This theorem we deduce from two more lemmas. 

Ltbmma 6 . — Let N be integral and N 0, and let K^, ..., be 
positive numbers. Then there exists a J = A{N, Kq, ...» Kjf) with the follow- 
ing property. Let F(z) = SjS.z* be regular and have exactly N zeros in 
\z\ < 1, ond let | /8»1 < fiT, (v ^N). Then 

P = MinlB’|<-J. 

1*1=1 

This is true f or JV = 0 since P ^ |/3o | • Suppose then > 0 ; also that 
P > 0. Let ^1, .... iy be the zeros, and let G{z) be defined by 

(1) n(z-i,) = n(i-^:z).p(z) G(«), 

.1 I 

where is the conjugate of i,. 0{z) = 27,2’' (say) is regular in |*K 1. 

For I z I = 1 the two ll’s are equal in modulus ; hence 

lGl = l/lFl<P-‘. 

Therefore | | < P~‘. The right-hand side of (1) is therefore majorized 

^ (l-j-lz|)^(jBro+...+Fy|z |^-|-...)P"* 2|zl', ■ 

0 

a fortiori by 

(2) 2»i:izi-'(i:o+-+js:yUr+-)P-‘2lz^ 

1 0 

Hence | coefficient of z^ in (1) | < coefficient 0/ 1 z 1^ i» (2), 

1 ^%^P~^{<weffiaientof z‘’ in (iL*+---+F»|zK)(l— 1*1)”*}* 

P<J. 

28.43. T.wmma 6. — Let E>0, There exists an 

Q = A{E, Bi, Bj) with the following property. Let /(z) be regular 
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and never equal to 0 or 1 in < |ir| < i2j, and let 

ma\/\<E. 

Then 1/1 <0 (|*| = iJ|). 

Let B,—Bi = 2r, and let e, 1^1 =^8 wfaioh 

I /(^o) I < Theorem 227 1 

\/\<Ar(E) = E^ (I*-*, Kir). 

Let Z| be the point in which | r— «•! = ir cute | « | = i2s ! 

\/\<A^{E^) = E, (|e-e»l<i»')- 

This procees can be continued, and covers the circumference | e | = it, 
in A(rlB^ = il(lti, B^ stages. Lemma 6 follows. 

28 . 44. To prove Theorem 266 we now divide the interval &B to B into 
m+n+1 equal parts. Foe at least one of them, which we call (Jii, it,) 

/=jfeO, 1 (iii<l8|<2t,). 

Also, taking F of Lranma 6 to be /(it|Z) and observing that 
|i8» I < KBi < KB', N ^n, wo have 

Min 1/1 = MiniFKF = .d(.A^, k^, kjB, ..., kjfB^) ^A(n, kg, ..., k», B). 

Isl^it, |<|>1 

By Lemma 6 

1/|< = ■^(^* -Ri* -Sj) = d(m, n, kg, ..., kn, 3, it) 

for I z I = Bg. A fortiori this holds for 1 z 1 = SB. 

28 . 45. We have now established Lemma 4. Beturn now to Theorem 
265; it is enough to prove l/(f»)| < A(k)m{l—p)~’". Let 

F(z) =/{^+(l-p)*} = 6o+6ii*+..., 

where /^“H/#). 

Since |^+(1— ^)z(< 1 in y, the function F(z) is regular in y and 
takes no value io» more than k times. Let 

(1) ft = ft(p) = Vj+l 6,1+1 6i 1+... + 1 6*1 > fj. 

It is evident from the hypotheses about the that there emete a v > 1 
such that 

2m <1 w,| < 


Nolt Hull TlMorem 837 ii Tliaortm 266 wiih m » n » 0. 



Thas 

( 2 ) 

and 
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I Iff,— toi I < 2 | Iff, I < 4 e/t 


(3) M< 2m— ri<lio»|— tcj. 

Let now d(«) = ^ 

Wp — Wi 

Clearly ^ takes neither of the values 0 and 1 mere than k times; also, 
for 0 < n < 


«• = 


Iff,— tOll^ltC,— Iffll 


< 1 . 


and l^l = li!lZ:!£li<lM±Li<i. 

' ® ' I Iff,— Iffi I ^ M 

Thus Lemma 4, (3), is applicable to and we have 

lttfc+i| 

(4) 1 6fc+il = luk+iCiCr— Wi) 1 < icfjtA(k) < c4(k)(ri+l + |) 

< fc(l+ibol + l + ^»l)» 

where we denote by h a constant of the form 4(fe)c(ri+l) (not always 
the same at different occurrences). (4) may be written 

( 6 ) (1 -/»)*^‘ ( (1 -p)‘ l/^V) 1 + . . . +(1 -/») I/' (m) l+l/(^) 1 + 1 ) 

= h,T, 

say. Now let i/r(p) = (l—p)*''''*r. Since Dll''(p)l J’'(p)|, where 
is the upper right-hand, derivate of 0(/>), we have 

Dyfrip) = 2 (1-P)*2>|/-V)| 

*=o 

- 2 (Ai-bl-|-n)(l-p)^+*l/<»>(p)|-(hi-t-l)(l-p)‘' 
«>o 

t+1 / * \ 

< (1-p)** 2 (l-p)»l/W(p)l -(Ai+l)(l-p)‘-( 2 (l-p)-|/<*>(p)l +l) 

n^l \»»0 / 

< (i-p)». j a-p)*^‘ l/*+«(p) \-h (.2 (!-/>)• l/‘"’(p) l+i) } 

< 0 , 
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bj (6). Hence 

= S |/<‘>(0)|+1 < 4(i)(l+|a,|+...+|a*|) < A(k)m, 

ii»0 

»nd BO finally (1 — | /(/>) \<%lf(p)< A (k) m. 

28.5. It is natural to generalize ^^scUioht functions” to ‘^functions 
of valency p ”, which take (in y) no value more than^ times. The questions 
at once arise : are such functions of order 2p and coefficient order 
(at most) ? The answers are afifirmative. The proofs, due to Cartwrightf, 
are difficult, and depend on ideas unlike any we have been considering. 
A further important generalization is to functions of “ mean valency p ”, 
which, in a certain defined sense, take values ‘‘on the average ” not more 
than p times : p now need not be integral (and may be less than 1). [See 
D. C. Spencer, Trans, Ainerican Maih. Soc., 48 (3) (1940), 418-436, 
and references there given.] Cartwright’s theorems (and to a great 
extent their proofs) are, rather surprisingly, true for the wider class, and 
this greatly extends their scope. 


* M. L. Cartwright, Math, AnadUof 111 (1936), 98-118. 
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Addenda and Corrigenda. 

P. 25. Before § 3 insert the following : 

Suppose that /„(z) -►/(z) at each point z, or (*, y)t, of a bounded 
closed set R. Let d^{z) = so that at each z of R. 

The convergence off„ to f {or of to 0) is uniform in R if and only if 
every function (or sequence) z„ of n (z„ altoays belonging 

to R). 

Let be the upper bound of |d;,| in R. Uniform convergence 
is eq^uivalent to Also |d„(z„)|^3f„ for aU functions z„, 

|rf„(z,) I ^ for some function z„. 

Suppose /„->/ ai each z of a bounded dosed R, and that each /„ is 
continuous in R. Then (i) if the convergence is uniform the continuity {of 
/„) is uniform {in »)|; (ii) conversdy, if the continuity is uniform so is the 
convergence.- 

Further, (iii) if fn ie uniformly continuous in R, and convergent, to f 
say, in a set E dense in R, then f^ converges uniformly to a limit fin R. 

(i) Given the convergence uniform, / is continuous, /„— / is con- 
tinuous, and we may suppose /= 0. If aU z’s concerned belong to R, 
and Az = z'—z, Af = F{z')—F(z), we have 

I Vn K I /»(*') l+l/n(2) I < = « (» > »o). 

where no — nf,{e) is independent of z and z'. Also /i,/, /„, are con- 

tinuous. It follows that 

I A/„ I < e for I Az I < 8(e), independent of n. 

(ii) Given the continuity uniform, we have 

for |Az|<8(e). 

Hence |A/|=:lim|A/„| ^e for |Az|<8; / is continuous, /„— / is uni- 
formly continuous, and we may suppose /= 0. If the convergence is 
not uniform, there exists a function z„ giving | fn(^^^) | > a > 0. If { is 


t The results that follow are true in n dimensions; n » 2 is perfectly typical. 

{ The continuity of cm continuous in (a closed) B being necessarily uniform in 2 of 
JR, TefiBrence to it is usucJly suppressed; any uniformity aotuidly mentioned is with respect 
to some further parameter. The/^ of the text is thus oontimious uniformly in t and n. 
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a limit point of the z„, /„(f) differs little from /„(*„) when z„ is near C, 
by the uniform continuity. Hence |/„(0i>^ foi* 
contraiy to f„(0 -* 0. 

(iii) It is enotigh, by (ii), to prove /„ convergent at each z of-JB. 
Now given e there exists a 8(e) (independent of ») such that for all n 
I A/, 1 1 < ^e whenever |Az| < 8. If now z is any point of B, there exists a 
point z' = z'(z, e) of S for which | A* | < 8. Then 

!/„(*)-/«(*) I < l+l AA l+l A/„ I 

<|/»(*')-/,»(*')I+Je+i€- 

The first term on the right, however, is less than |6 for 
m,n> N{z^, e) = N{z, e), 

on account of the convergence of/„ at z' (a point of B). We have, then, 

!/«(*)-/»(*) I < e [«».»> 0]. 

and /„ is convergent at z. 

We can use these results with advantage later. Meanwhile, the 
“ Continuous Selection Principle ”, namely the Corollary of Theorem 6, is 
an immediate consequence. 

Note first, however, a correction and an addition to the Corollary, 
(i) At the end of the fiirst sentence of the enunciation add : “and /„ w 
bounded (as n -»■ oo) /or some fixed z of D.“ (ii) Add at the end : 

“ There is a corresponding resrdt with a hounded dosed set B in place of 
the opem D. If /„ is umforndy continuous in B and bounded at come 
fixed point of B, then there exists a subsequence (»,) such that /„, converges 
to a eotUinuous /, uniformly in B.“ 

After the proof of Theorem 6 we continue : A function F^, uniformly 
continuous in a bounded closed set, and bounded at a fixed point of the 
set, is uniformly bounded in the set. (There is a finite network of 
squares covering the set, independent of n, and such that |AJ'„| < 1 m 
any one square). Hence /„ is uniformly bounded in any D'_ and in B 
in the respective cases. Choose a denumerable set E dense in D 
(in B, in&e easier “closed” case); by the Theorem there exists a 
subsequence (n,) for which /„, converges to some f ia E. Then in 
any DL /«, converges uniformly to some /, and clearly this involves 
the existmoe of an /, continuous in A such that f^~*-f uniformly in 
any A. 
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P. 37, Omit Theorem 16 (used only to prove the vital Theorem 21, 
but originally an unpleasant necessity. Theorem 21 now receives a new 
proof). 

P. 42, 1. 6 to 1. 16. Substitute : “ By the Addendum to p. 26 con- 
verges uniformly in Ef^to a, continuous limit, which must be /«.” 

P. 42, Theorem 21. The first two sentences of the proof stand. For the 
rest substitute : 

We prove first that for any bounded function h{d) 

(1) ghde. 

Suppose |A|<0. For arbitrarily small positive e, S there exists, by 
Theorem 6, a step function h* such that | A* | < 0 and \h—h* \ < e except 
in a set X of measure mX < 8. Then 

\\{g^h-gh)de-\^ig^h*-gh*)de 

JOX JX 

The first term on the right-hand side is small with € [since g is integrable 
L and lfi(S'n) ^-^r(9'n) ^ second is small with mX since 

|A|-f-|A*| <2(7, g is integrable L, and jig'll is u.a.c. Hence the right- 

hand side is small with 8 and e. Finally the second integral on the left- 
hand side tends to 0, since A* is a step-function. This proves (1). 

Now let <l> = spi Since 0 is bounded, 

^gn^d$-i-^gtf>de 

= ^igm-^d0; 

< lim = a(^ 1 1^ 
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where A = Um Since j | ^ is finite this gives 

which includes the desired result. 

P. 43, proof of Theorem 22. This should read: “By Theorem 6, 
Corollary, there exists a subsequence (n,) such that uniformly in 

(the whole of) .S,. By Theorem 20, /= j gd0+c”. Conclude with the 
last sentence of the text. 

P. 46, Theorem 26. For the proof substitute : “ This follows (with/„ for 
p„) from (2) of the Addendum to Theorem 21 (p. 42) ”. 

P. 64, §6.91, Lemma. Replace from “hence” (1. 1 of the proof) to the 
end of §5.91 by “and if |A|<A’, lanj^jK" (Theorem 34), and so 
kn~A| ^ 2if. The result follows by Theorem 10.” 

P. 66, §6.1. Add (at appropriate places): " F{D) is a closed set. . . . 
C is the frontier of each of the domains (and is a closed set). The 
domains have no common point, and a Jordan curve joining a point of 
one to a point of the other must have a point in conunon with C 
4 lines from end. For “ continuous ” read “ bi-oontinuous ”. 

3 lines from end. For the second “ D ” read “ A ”. 

P. 67, line 13 on. We must distinguish L^, •— Z/j, Zj, — Zj, upper and 
lower bounds for positive t and negative t giving p{f) = r, and make the 
obvious modifications in the subsequent argument. 

P. 88. From “and” (1. 18) to “^p).” (1. 19) substitute “and let B be 
a frontier point of E' After “ Clearly ” (1. 19) iiusert “ B is interior 
to D,”. 

P. 106, end of §9.2. The “minimum” idea can be applied to prove 
the existence of a solution of z” = k also ; we therefore give a complete 
proof of the “fundamental theorem”, independent of the theory of 
circular functions (or processes of integration). 
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1^/(0= is never zero, then, since |/| is large for 

large | $ ], | /| attains a minimum other than 0, at say. Let d = do+*» 
/(*) = -404- -4„^2”‘+ •••+«". where and is the first of 

Ai, A^, = 1 that is not 0. If m == 1 we can choose * = —iAJAi, 

when |/(C)| = |^o|{l~S+0(8*)}<|.do] for small 8, a contradiction. A 
similar argument succeeds, with z = 8«, and u a solution of tt"» = — A 
provided we can always solve 


■P(i) = C"*-ifc = o. 


Repeat the “minimum at do” argument on | J^(d)| itself. If do is not 0 
then “ Ai” is not 0, and the crude form of the argument succeeds. It 
remains only to show that for i!#0 If] is not a minimum at d = 0. 
We now observe first that we can always solve d”*'^ i 1> i*- For we can 
solve d® = a+i6, ±d being solutions, with 

d = sgn6 -v/{— ia+i \/(o®+6*)} ; 

and we may therefore suppose m odd, in which case d*" takes the 4 values 
±1, ±1 in some order when d does. Finally, if (v= 1, 2, 3, 4) are 
respectively solutions of «”•= ±1, ±», the four points (8tt„)»» are at the 
small distance 8”* respectively E, W, N, S of the origin. One of these 
must be nearer the point k than the origin, and |F| is not a minimum 
at d = 0. ' 

Alternatively we can apply the “N, 8, E, W” idea at the do of the 
general case /(d). 

The history is interesting. The theorem was stated by d’Alembert 
in 1746, and is called “d’Alembert’s theorem” by Gauss. The first 
“proof”, by modem standards, was given by Gauss in 1799; of this 
Klein says “vom heutigen Standpunkte . . ! er ist im Prinzip richtig, 
aber nioht vollst&ndig”. His second proof, not merely complete, but 
the best from the purely algebraic standpoint even to-day, is dated 
December 1816. (There is a third of 1816.) In 1816 Argand [Oergonne’s 
AnwUea, 6 (1816), 204] gave a proof by the “minimum” argument, but 
took the solution of 2" = ifc for granted (by the “ Argand Hin gm-m » and 
circular functions). The ideas of the proof given above are all to be found 
(heavily overlaid with detail) in Cauchy [Journal de VEcole Polytech., 
11 (1820), 411 ; also later in Exeracea de Mathimatiguea, 4 (1929), 98, or 
Coura de I’Analyae, Ch. X, 331]. The alternative proof indicated above 
is given (still overlaid) in Todhunter’s “Theory of Equations” (pp. 10-20 
in the 3rd edition, 1876; Cauchy’s name is mentioned). Since then the 
proof seems to have been largely forgotten. 
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P. 110, 1. 16. The tegulAiity of ^ is a oonsequeuoe of the following very 
general theorem. 

Suppose fhai for each fixed tofa finite range (a, 6) of the real variable t 
F{z, t) w regular in z of a fixed domain D, and ihat F is continuous in 

(z, t) foraU z of my DL and t of {a, b). Then j F{z, t)dl is a regular 

function of z in D, The result is valid also for an infinite range (a, b) of 

t, provided ^ is convergent uniformly in z of any DL. 

This follows immediately from the following “ Converse of Cauchy’s 
Theorem ” (Morera’s Theorem), which we suppose known. 


If F(z) is continuous and one-valued in a domain D, and if for every 


simple polygon C whose interior is contained in D we have 
ihen F is regular in D. 



= 0 , 


For ^ F{z, t) dt^ dz= ^ F{z, t) dt^ df = j 0 d< = 0. 


[The scope of the F{z, t) ” theorem and its dependence on Morera’s 
Theorem have not everywhere been recognized. Morera’s Theorem gives 
a similar immediate proof of Weierstrass’s Theorem on the regularity of 
a uniformly convergent series of regular functions (and its differenti- 
ability term by term.)] 


P. 112, after §9.8. We add one or two additional theorems. 

Thbokbm. Suppose that A>0, and that f>i(z), ^t(z), ..., are 
regular in a bounded domain D, and continuous in U. Then 

s{z)^i\<l>M^ 

*-1 

attains its upper bound for O' at a pomt of F[D). 

We shall have established this if we show that, given any s, of D, 
either (i) there is a of D' with i8(*i) > S(Zff), or (ii) there is a Zj of 
F{D) with 8{Zi) > S{Zo). [The bound is attained, at j say. If ( belongs 
to D (i) is impossible for Zg = {.j 

Let /I be a typical suffix for which ^,,(Zg) = 0, v one for which 
M*e)¥‘0. Then the ^(z) are regular at z, (whatever branqhes are 
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taken). Let 

r 

so that F{Zf,) = I J'(*o)l == S{Zf,). 

If F{z) is not constant there is a Zi near Zq, where |J^(sj)| > l-i^Cso)!* 
and so 

a case of (i). If, however, F is constant, it is constant in the whole of 
2)', and for any point Zi of F{D) 

There is an application of this to prove : 

Let ^{z) be regular in |s|<£ and continuoue in | 2 |<J{. Then 
Jf X {r,<f>)ia a monotonic increasing function of r in 0 ^r 

Let (1 < n < JV). 

Let r<B. For any of |*| = r there exists, by the Theorem, some ti 
of |a| = i2, varying with N when that varies, such that 

(1) ^ S S l^(axe*»-/^)|\ 

n-l fi-1 

Since \<l>{z)\^ is continuous in 6 for |«|==p^/?, we have, for any Cn 
varying with N but satisfying | | = p, 

lim ^ S = \4>{P^*)M. 

" n-l Jo 

Applying this to (1) with p = r, B; Ca = ZQ, Zi, we obtain 

^Mi(B, f>), 

and this is equivalent to the desired resrdt. 

Thbobbm. Suppose Aat f{z) is regular for all (finite) a, and suppose 
for simplicity that /(0)#0. Let M(r)=^ M(r, f), and let n(r) be the 
number of zeros of fin \z\ <r. Then 

^ log Jf (3r)+A^, 

where J^isa constant. 

Let a„ [n = 1, 2 N = n(r)] be the zeros of / in |z| <r, and let 
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Then 

|/(0)| = 1^(0)| <Jlf(3r, <!>) <lf(3r,/)/n(|^-l) <Jlf(3r)2-^. 

P. 113, 1. 4. fjz is bounded as a->0 since /'(O) exists. 

P. 116, end of § 10 . 4. Add : As a typical application we have ; 

If f(z) ia regular for every {finite) z and 

«/(*)= 0 ( 61 * 1 *) 

06 2 00 , then f{z) is a polynomial of degree not exeeednng k. 

Let f{z) == Sa„iS**. For large positive R 

(|C1<1). 

By Theorem 110 | a„ /i* | < 2(2 B*— Boq) (» > 0), 

and making R-*-ao we have a„ = 0 if n > k. 

This result is fundamental in the theory of integral functions, and 
something like Theorem 109 or 110 is indispensable to its proof. 

P. 118, 1. 6. For “Also .... Thus [8 lines lower]’' read “^ince the 
continuity is uniform in any DL 

L. 16. For "may . . . deduced” read “follow”. 

P. 119, Theorem 116. Add at the end of the enunciation: "Further, if 
r' ie auffieienUy amaU, f takea no value more than n ti/mea in 1 2 — a | < r' ”. 

Add at the end of the proof [p. 120, 1. 3]: “For the last part we 
observe that if e, r have the foregoing properties, then an r' <r such that 
for all z satisfying |2— o| <r' will have the desired property ”. 

P. 120, 1. 4 Omit "f'{z) 0 in A and ” ; and omit the second sentence. 

Add : “ By Theorem 116 /' is never 0 if / is ‘ schlicht ’ ”. 

P. 121. At the end add: “Similar arguments give the following result 
for a circle, in its way best possible. 

Let f{z) = where Oi # 0, 6e regular tn |s| <r, and never 

zero there except at z = 0. Let Min | f{z) \ = m. Then t^ inverae function 

l#l-f 

^(w) = 6iW+6,w*+... (certainly regular and "achlicht” in aome circle 
cAout w — 0) ia regular and "acMieht" in |t 0 |<tn, and aatiafiea \4>\<r 
there. 
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Suppose the value to satisfies |w| < m. Then as z describes \z\ = r 


A arg {f{z)—w} = A arg/(z)+ A aig (l— 

= 2v+0, 

since \wlf\ <1 on |z| = r. Thus f—w has exactly one (and a simple) 
root, ^(w) say, in |z| <r. Let w+Sw be a value near w;f takes this 
value somewhere near z, and nowhere else : thus ^{w+Sw) = z+Sz, 
where 8z is small. Hence (since Sz->0 when Bw is made to tend to 0) 


8^ V 8z 




(where the last denominator is not 0 since 2 is a simple root of f—to)- 
Thus ^ is one-valued and differentiable in \w\<.m, and so regular. In 
this domain it is further the inverse function of /, since is a « 

giving w 


P, 132, L^mma 4. Whatever the relations of 2> to the point at 00, if Zx 
and 22 are points of F{D) a closed contour composed of points of D 
cannot separate Zx and 2a- In the proof of the Lemma we can, without 
reducing to 22 = 00, suppose 2^, 22 finite points of F(D) and take 

L. 2 of the proof. After “ Then ** insert “ the point at 

P. 141, Lemma 9. After the first two sentences of (o), substitute the 
following for the rest of the proof of (a): “Since the nuclei D, A are 
domains, they contain 2=0 and f = 0 as interior points ; also 

/(O) = lim = lim 0 = 0, 

and similarly ^(0) = 0. If now / is constant, its value is 0, and since 
uniformly in any JDl, we have/,j(2,^)->0 for an arbitrary of any 
Let 7 ) he a small positive constant, so that | | ^ 17 is a Al, and let 
Cq be a point other than 0 ; for large A„ D Al and is defined at ; 
let = ^n(Co)* ^ ^ continuous, so ^(^q) is small; so also then is 4 ^n(Co)> 
since at {q. Hence 2^ = snciall, and belongs to a Dl, and 

also toX>^. Consequently ^ contradiction since the left-hand 

side is (2”. 

s 
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(6) and the first tiro sentences of (c) stand. Continue : “ It is enough 
to show that any SI C An l^Tge ». If corresponds to SI by /, and 
X^cDoCD, we have 2)Jc2)„, the image of Dq by contains SI, a 
fortiori A„ contains SI 
[(d) stands).] 

P. 142, §17 .3. In 1. 8 insert “in A” after “® In 1. 10 insert “By 
Vitali’s Theorem, <!>„-»■ in A*” after the full stop. Substitute for the 
passage from “It follows ...” in 1. 11 to the end of Case (i) the 
following: “Tkus A* and so are completely determined, and every 
convergent subsequence leads to them. Hence ^ 

respectively A and the inverse of /”. 

P. 142, last line. Delete from “ and ” to “ S ”, and delete “ Dg ”. For the 
first three lines of p. 143 substitute: “s-domain (D_ contains 2 = 0). 
Since DicD^ for laige n, we have 81 C A„ ; 8_ being arbitrary this gives 
8 C A, which is false ”. 


Minor or small corrigenda. 

P. 20, f.n. In the second inequality the k's should be k’s. 

P. 33. Delete the Corollary, the line above, and the proof. 

P. 34, Theorem 13. Delete'the line after (5). 

P. 36. Delete from “To see . . .” (1. 11) to “ = 2”i(l. 16). 

P. 39, Theorem 19. The necessity part is a luxury from the point of 
view of applications. 

P. 41, 11. 6-7. Substitute for the expression in 1. 7 “ Bm/(0) ”. 

Note : the same points occur several times later ; we shall sometimes 
indicate the alteration^by the phrase “ use Urn ”. 

P. 48, 1. 4 from bottom. For f^ read 

P. 71, Theorem 49. Use “ lim ”. 

e-*PlaO 

P. 78, last four lines. “ U+{^q) = Em U(A), CL(i^) = Im 

P. 81, Theorem 63. In|the second and third lines^of the proof, for D 
read IF, and insert “continuous ” before “ limit ”. 
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P. 90. A less awkward notation would be u^, «_ for «j, (lea-ving the 
rest, e.g. Ux,^, unaltered). Note a slip: in 1. 9 below {2), for «i read «|. 

P. 103, Theorem 101. Use “ Im 

P. 104, Corollary 3, 1. 2. Before “constant” insert “the same”. 

P. 106, Theorem 102; p. 106, Theorem 102a; p. 107, Theorem 103: Use 
“ lim |/|<Jf”. 

r-»<taD 

P. 107, 1. 3 from bottom. After “IT” insert “depending on e (at any 
rate in the possible case of if = 0) ”. 

P.108. In lines 1, 2 for “if ” substitute “if 4-e”. Add at the end of 
1. 3 : “ and theh e-»-0 ”. Compare the f.n., p. 109. 

P. 110, Theorem 106. Use “OnS^^if”. 

P. 113, 1. 3. ^ is bounded near z = 0 since /'(O) exists. 

P. 114, 1. 13. For “A ” read “ U ”. 

P. 117, 1. 2. For |»/| read ^ j' \%f\d9. 

P. 121, 1. 6 from bottom. For lying in D read containing only pointa 
ofD. 

P. 122, 1. 12. After “every” insert “convergent”. 

P. 123, §11.52, (2). After the parenthesis insert “We show that if ^ 
is any point of A then / # f in U.” 

P. 133, 1. 12. For DP read P. 

P. 138, 11. 6, 7 from bottom. For since . , . = if (®)’read_by Theorem 120, 
Cor. 1. 

P. 142, 1. 4. Should begin “ (d) Ac8 ”. 

In Theorems 62, 63, 64, 102, 102a, 106, 113, 116, and in Lemma 8 
(p. 134), the domain D should be given bounded. 








